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Deterministic finite state automata
Deterministic finite state automata

A deterministic finite state automaton is a 5-tuple A = (Q, %, 4, qo, F),
where

Q is an alphabet, the elements of which are called states;
> is an alphabet, the elements of which are called input symbols;
§ € Q9*> is called the transition function;

qo € Q is called the initial state;

F C Q is a set of final states.
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Deterministic finite state automata
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Finite state automata Deterministic finite state automata

Deterministic finite state automata

Q =1{q,q1,q, 93} 0(90,0) =q1 0(q2,0) = ¢2
¥={0,1} 6(q0,1) = qo (g2, 1) = g3
F={gs} 5(q1,0) = g2 0(g3,0) = 1

6(q1,1) =q0 d(g3,1) = qo
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Deterministic finite state automata
Deterministic finite state automata

Extended transition function:

5 e Quxxr
dae) = ¢
6(q,ac) = 6(6(q;a), )
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Deterministic finite state automata
Deterministic finite state automata

Extended transition function:
Se QO

A

6(g,€) =

a
6(g,a0) = 6(6(gq,a), @)

Language accepted by a DFSA:

L(A) = {a € 2 : §(qo, ) € F}
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Deterministic finite state automata
Exercice

Design a DFSA that recognizes the natural numbers divisible by 3.
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Non-deterministic finite state automata
Non-deterministic finite state automata

A non-deterministic finite state automaton is a 5-tuple
A=1(Q,%,0,q0, F), where

Q is an alphabet, the elements of which are called states;

> is an alphabet, the elements of which are called input symbols;
§ € (29)9*> is a transition function;

qo € Q is called the initial state;

F C Q is a set of final states.
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Non-deterministic finite state automata

01

()
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Finite state automata

Non-deterministic finite state automata

Non-deterministic finite state automata

01

()

Q = {QO,CIL q2, QS}
5 = {0,1}

F={gs}
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Non-deterministic finite state automata
Non-deterministic finite state automata

Extended transition function:
§ € (29)@x=

6(g,e) = {q}

~ ~

5(‘], aa) = Upeé(q,a) 5(p7 O[)
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Non-deterministic finite state automata

Extended transition function:
§ € (29)@x=

6(g,e) = {q}

~ ~

5(‘], aa) = Upeé(q,a) 5(p7 O[)

Language accepted by an NFSA:

~

L(A) ={a e X" :0(q,a)NF # o}
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Non-deterministic finite state automata
Non-deterministic finite state automata

Extended transition function:
§ € (29)@x=

6(g,e) = {q}

~ ~

5(‘]7 aa) = Upeé(q,a) 5(p7 O[)

Language accepted by an NFSA:

~

L(A) ={a e X" :0(q,a)NF # o}

Remark: every DFSA A = (Q, X, 6, qo, F') may be seen as an NFSA
A =(Q,%,¥, qo, F) by defining §'(q,a) = {0(q,a)}.
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Equivalence of NFSA and DFSA
Equivalence of NFSA and DFSA

Let Ay = (Qn, N, 0N, qn, Fiv) be an NFSA. Define a DFSA
Ap =(Qp,>p,0p,qp, Fp) as follows:

° Qp=29v

e Xp=23yn

° p(S,a) = Uyeson(p, a)

° gp = {qn}

e Fp={SCQ:SNFn# o}
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Equivalence of NFSA and DFSA

Let Ay = (Qn, N, 0N, qn, Fiv) be an NFSA. Define a DFSA
Ap =(Qp,>p,0p,qp, Fp) as follows:

° Qp=29v

e Xp=23yn

° p(S,a) = Uyeson(p, a)

° gp = {qn}

e Fp={SCQ:SNFn# o}

Proposition L(Ay) = L(Ap).

Corollary A language is accepted by an NFSA if and only if it is accepted
by a DFSA.
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Equivalence of NFSA and DFSA
Equivalence of NFSA and DFSA

PROOF:
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PROOF:
We prove by induction on the length of « that p(S, o) = Uges on (g, )

Basis:

5D(S, E) =S5
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Equivalence of NFSA and DFSA
Equivalence of NFSA and DFSA

PROOF:
We prove by induction on the length of « that p(S, o) = Uges on (g, )

Basis:

5D(S, E) =5
= quS{AQ}
= Uges On(g:€)
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Equivalence of NFSA and DFSA
Equivalence of NFSA and DFSA

PROOF:
We prove by induction on the length of « that p(S, o) = Uges on (g, )

Basis:
6p(S,e) =58
= quS{Q}
= quS 3N(q7 €)
Induction:
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Equivalence of NFSA and DFSA
Equivalence of NFSA and DFSA

PROOF:
We prove by induction on the length of « that p(S, o) = Uges on (g, )

Basis:
6p(S,e) =58
= quS{Q}
= quS 3N(q7 €)
Induction:

6p(S,aa’) = dp(6p(S,a), o)
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Equivalence of NFSA and DFSA

Equivalence of NFSA and DFSA

PROOF:

We prove by induction on the length of « that p(S, o) = Uges on (g, )

Basis:
6p(S,e) =58
= quS{Q}
= quS 3N(q7 €)
Induction:

0p(S,aa’) = 6p(3p(S,a),a’)
00(Uges On(g, ), )
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Equivalence of NFSA and DFSA
Equivalence of NFSA and DFSA

PROOF:
We prove by induction on the length of « that p(S, o) = Uges on (g, )

Basis:
(§D(S, E) =S5
= UqES{Aq}
= Ues 0n(g:€)
Induction:
0p(S,aa’) = 0p(6p(S, a), )
=0p (qus on(g,a),a’) by definition of dp

=U el s dn (@.a) 5N(p, " by induction hypothesis
q
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Equivalence of NFSA and DFSA
Equivalence of NFSA and DFSA

PROOF:
We prove by induction on the length of o that §p(S, o) = Uges on (g, )

Basis:
(§D(S, E) =S5
= UqES{Aq}
= Ues 0n(g:€)
Induction:
5D(Sa (IO/) = 8D(6D(Sa CL), O/)
= SD(qus on(g,a),a’) by definition of dp

= Upeuqes sx (¢,a) Sn(p, ) by induction hypothesis
= Uges(Upesy (g,a) ON (P, @)
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Equivalence of NFSA and DFSA
Equivalence of NFSA and DFSA

PROOF:
We prove by induction on the length of o that §p(S, o) = Uges on (g, )

Basis:
(§D(S, E) =S5
= UqES{Aq}
= Ues 0n(g:€)
Induction:
5D(Sa (IO/) = 8D(6D(Sa CL), O/)
= SD(qus on(g,a),a’) by definition of dp

= Upeuqes sx (¢,a) Sn(p, ) by induction hypothesis
- qus(up65N(q,a) ON (p> O/>)
= Uyes(0(g, aa’))
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Equivalence of NFSA and DFSA

0,1

%3 B—@D-0)
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Equivalence of NFSA and DFSA
Equivalence of NFSA and DFSA

0,1

%3 B—@D-0)

0a(9,0) =2 da({qo, a2}, 0) = {qo0, a1} da({g05 q1, 93}, 0) = {q0, 91, g2}
04(2,1) =2 d4({90, a2}, 1) = {q0, g3} 04({q0, 91,93}, 1) = {90}
d4({qo0}, 0) = {q0, q1} da({90 g3}, 0) = {90, 1} d4({q0, g2, g3}, 0) = {90, a1}
d4({go}, 1) = {qo} da({q0, g3}, 1) = {q0} da({q0, g2, g3}, 1) = {0, g3}
dq({q1}, 0) = {g2} da({a1, g2}, 0) = {q2} da({a1, a2, g3}, 0) = {2}
dal{q}, 1) =2 sa({a1, g2}, 1) = {g3} da({q1, 92,93}, 1) = {ga}
04({g2},0) =2 da({a1, g3}, 0) = {2} 04({90, q1,92,93},0) = {90, 91, 92}
da({g2}, 1) = {g3} da({q1, 93}, 1) =2 d4({q0, 91,92, g3}, 1) = {qo, g3}
0q({gs},0) =2 da({a2, q3},0) =2
da({ash, 1) =2 da({a2, a3}, 1) = {g3}
da({q0, q1},0) ={q0, 91,92} 64({q0, g1, g2}, 0) = {q0, g1, 92}
da({g0, a1}, 1) = {qo} da({g0: g1, 92}, 1) = {q0, g3}
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Equivalence of NFSA and DFSA
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0,1

%3 B—@D-0)

3a(9,0) =2 da({qo, a2}, 0) = {qo0, a1} da({g05 91, 93}, 0) = {q0, 91, g2}
04(2,1) =2 d4({90, 42}, 1) = {q0, g3} 04({q0, g1, 93}, 1) = {90}
da({ao},0) ={q0, 91} da({90 g3}, 0) = {90, 1} d4({q0, g2, 43}, 0) = {90, a1}
d4({go}, 1) = {qo} da({q0, g3}, 1) = {q0} da({q0, g2, a3}, 1) = {0, g3}
dq({q1}, 0) = {q2} da({a1, g2}, 0) = {q2} da({a1, a2, g3}, 0) = {2}
dal{q}, 1) =2 sal{a1, g2}, 1) = {g3} da({q1, 92,93}, 1) = {ga}
04({g2},0) =2 da({a1, g3}, 0) = {2} 04({90, q1,92,93},0) = {90, 91, 92}
da({g2}, 1) = {g3} da({q1, 93}, 1) =2 d4({q0, 91,92, g3}, 1) = {qo, g3}
dq({gs},0) =2 da({a2, q3},0) =2
da({ash, 1) =2 da({a2, a3}, 1) = {g3}
da({q0, q1},0) ={q0, 91,92}  64({q0, g1, g2}, 0) = {q0, g1, 92}
da({g0, a1}, 1) = {qo} da({g0: g1, 92}, 1) = {q0, g3}
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Equivalence of NFSA and DFSA
Equivalence of NFSA and DFSA

0,1

%3 B—@D-0)

3a(9,0) =2 da({qo, a2}, 0) = {qo0, a1} da({g05 91, 93}, 0) = {q0, 91, g2}
04(2,1) =2 d4({90, 42}, 1) = {q0, g3} 04({q0, g1, 93}, 1) = {90}
da({ao},0) ={q0, 91} da({90 g3}, 0) = {90, 1} da({90, g2, 43}, 0) = {q0, q1}
dq({qo}, 1) = {go} d4({q0, g3}, 1) = {qo} d4({q0, g2, 93}, 1) = {q0, 43}
dq({q1}, 0) = {q2} da({a1, g2}, 0) = {q2} da({a1, a2, g3}, 0) = {2}
s}, 1) =2 da({ar; a2}, 1) = {gs} da({a1; a2, g3}, 1) = {gs}
04({g2},0) =2 da({a1, g3}, 0) = {2} 04({90, q1,92,93},0) = {90, 91, 92}
da({g2}, 1) = {g3} da({q1, 93}, 1) =2 d4({q0, 91,92, g3}, 1) = {qo, g3}
da({gs}, 0) =2 da({a2, q3},0) =2
da({ash, 1) =2 da({a2, a3}, 1) = {g3}
da({q0, ¢1},0) =1q0, 91,92} 64({g0, q1,92},0) ={q0, 1, g2}
da({g0, a1}, 1) = {qo} da({g0, 91, g2}, 1) = {qo, g3}
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Equivalence of NFSA and DFSA
Equivalence of NFSA and DFSA

0,1

%3 B—@D-0)

3a(2,0)=9 da({qo, a2}, 0) = {qo0, a1} da({g0, 41,93}, 0) ={q0, 01, g2}
da(2,1)=2 d4({90, 42}, 1) = {q0, g3} d4({90, a1, g3}, 1) = {qo}
da({ao},0) ={q0, 91} da({90 g3}, 0) = {90, 1} da({90, g2, 43}, 0) = {q0, q1}
dq({qo}, 1) = {go} da({90, g3}, 1) = {qo} d4({q0, g2, 93}, 1) = {q0, 43}
dq({q1}, 0) = {q2} da({a1, g2}, 0) = {q2} da({a1, a2, g3}, 0) = {2}
s}, 1) =2 da({ar; a2}, 1) = {gs} da({a1; a2, g3}, 1) = {gs}
04({g2},0) =2 da({a1, g3}, 0) = {2} 04({90, q1,92,93},0) = {90, 91, 92}
0a({a2}, 1) = {g3} da({q, a3}, 1) =2 d4({q0, 91,92, g3}, 1) = {qo, g3}
da({gs}, 0) =2 da({a2, q3},0) =2
da({ash, 1) =2 da({a2, a3}, 1) = {g3}
da({q0, a1}, 0) =40, a1, a2} da({q0, a1, g2}, 0) = {q0, @1, @2}
da({q0, q1}, 1) = {qo} da({g0, a1, 92}, 1) = {90, 93}
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Equivalence of NFSA and DFSA

0,1

%8 B—@D-0)

0a(2,0) =0 6a({q0, g2}, 0) = {q0, a1} da({a0, a1, g3}, 0) = {qo, a1, g2}
da(2,1)=2 d4({90, 42}, 1) = {q0, g3} d4({90, a1, g3}, 1) = {qo}
04 ({ao}, 0) ={qo0, q1} 84({q0, a3}, 0) = {q0, a1} d4({q0, g2, 43}, 0) = {90, a1}
da({ao}, 1) = {qo} da({qo, a3}, 1) = {ao} da({g0, 92, g3}, 1) = {qo, g3}
dq({q1}, 0) = {q2} da({a1, g2}, 0) = {q2} da({a1, a2, g3}, 0) = {2}
s}, 1) =2 da({ar; a2}, 1) = {gs} da({a1; a2, g3}, 1) = {gs}
04({g2},0) =2 da({a1, g3}, 0) = {2} 04({90, q1,92,93},0) = {90, 91, 92}
0a({a2}, 1) = {g3} da({q, a3}, 1) =2 d4({q0, 91,92, g3}, 1) = {qo, g3}
da({as},0)=2 da({a2, q3},0) =2
da({ash, 1) =2 da({a2, a3}, 1) = {g3}
da({q0, a1}, 0) =40, a1, a2} da({q0, a1, g2}, 0) = {q0, @1, @2}
da({q0, q1}, 1) = {qo} da({g0, a1, 92}, 1) = {90, 93}
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Equivalence of NFSA and DFSA
Equivalence of NFSA and DFSA

0 1
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Finite state automata with e-transitions
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Finite state automata Finite state automata with e-transitions

Finite state automata with e-transitions

An automaton that recognizes binary words with at least two consecutive 0's.
0,1
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Finite state automata Finite state automata with e-transitions

Finite state automata with e-transitions

An automaton that recognizes binary words with at least two consecutive 0's.
0,1

An automaton that recognizes binary words with at least two consecutive 1's.

*@—1"“

0,1
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Finite state automata Finite state automata with e-transitions

Finite state automata with e-transitions

An automaton that recognizes binary words with at least two consecutive 0's.
0,1

An automaton that recognizes binary words with at least two consecutive 1's.

*@—1"“

0,1

An automaton that recognizes binary words with at least two consecutive

On

identical digits. 01

0,1
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Finite state automata with e-transitions
Finite state automata with e-transitions

A finite state automaton with e-transitions is a b-tuple
A= <Qv Za 57 q0, F>v where:

Q is an alphabet, the elements of which are called states;

> is an alphabet, the elements of which are called input symbols;
§ € (29)@xEUHeY s a transition function;

qo € Q is called the initial state;

F C Q is a set of final states.
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Finite state automata with e-transitions
Finite state automata with e-transitions

e-closure of a state ¢:

e g < Cl(q);
o if pe Cl(q) and s € §(p,€) then s € Clc(q).
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Finite state automata with e-transitions
Finite state automata with e-transitions

e-closure of a state ¢:

e g < Cl(q);
o if pe Cl(q) and s € §(p,€) then s € Clc(q).

Extended transition function:
§ € (29)@*

~

0(q,€) = Cle(q)

5((]’ a’a) = UpECle(q) Useé(p7a) 5(5’ Oé)
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Finite state automata with e-transitions
Finite state automata with e-transitions

e-closure of a state ¢:

e g < Cl(q);
o if pe Cl(q) and s € §(p,€) then s € Clc(q).

Extended transition function:
§ € (29)@*

~

0(q,€) = Cle(q)

5((]’ a’a) = UpECle(q) Useé(p7a) 5(5’ Oé)

Language accepted by a e-FSA:

~

L(A) ={a e X" :0(q, ) N F # &}
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Elimination of e-transitions
Elimination of e-transitions

Let Ap = (Qp, Yk, 05, qp, Fi) be an eFSA. Define an NFSA
AN = (QN, 2N, 0N, qn, Fi) as follows:

° Yy =CQp

L EN = EE

o 6N<q7a) = UpeClé(q) 5E(p7 a’)

® gN = (qE

° FN:{QEQE: Cle(q)ﬁFE#Q}
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Elimination of e-transitions
Elimination of e-transitions

Let Ap = (Qp, Yk, 05, qp, Fi) be an eFSA. Define an NFSA
AN = (QN, 2N, 0N, qn, Fi) as follows:

° Yy =CQp

(] EN = EE

o 6N<q7a) = UpeClé(q) 5E(p7 a’)
® gN =d4E

-} FN:{QEQE: Cle(q)ﬁFE#Q}

Proposition L(Ag) = L(An).
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Elimination of e-transitions
Elimination of e-transitions

Let Ap = (Qp, Yk, 05, qp, Fi) be an eFSA. Define an NFSA
AN = (QN, 2N, 0N, qn, Fi) as follows:

° Yy =CQp

(] EN = EE

o 6N<qva’) = UPEClé(q) 5E(p7 a’)
® gN =d4E

-} FN:{QEQE: Cle(q)ﬁFE#Q}

Proposition L(Ag) = L(An).

Corollary A language is accepted by an e-FSA if and only if it is accepted
by an NFSA.
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