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Abstract

Roughly speaking, there is one main model of pattern recognition support vec-
tor machine, with several variants of lower popularity. On the contrary, among the
different multi-class support vector machines which can be found in the literature,
none is clearly favoured. On the one hand, they exhibit distinct statistical properties.
On the other hand, multiple comparative studies between multi-class support vector
machines and decomposition methods have highlighted the fact that each model has
its advantages and drawbacks. These observations call for the evaluation of combina-
tions of multi-class support vector machines. In this article, we study the combination
of multi-class support vector machines with linear ensemble methods. Their sample
complexity is low, which should prevent them from overfitting, and the outputs of two

of them are estimates of the class posterior probabilities.

1 Introduction

The inferential principles of most of the models developed for pattern recognition share
a common property: they do not change fundamentally with the number of categories.
This is not the case for the support vector machines (SVMs). Initially, Vapnik and his
co-authors devised a (1-norm) machine dedicated to the computation of dichotomies [5].
Although bi-class variants of this machine exist that exhibit appealing properties, such as
the 2-norm SVM [5] or the least squares SVM [25], their use has remained marginal so
far. The first studies dealing with the use of SVMs for multi-category classification report
results obtained with decomposition methods [24] involving Vapnik’s machine. Multi-class
support vector machines (M-SVMs) were only introduced three years later [31].

During the last decade, many M-SVMs and decomposition methods involving bi-class
SVMs have been introduced and evaluated (see [9, 11| for a survey). Currently, the atten-
tion of the community is focused on four main models of M-SVMs: the model of Weston
and Watkins [31], the one of Crammer and Singer [6], the one of Lee, Lin, and Wahba
[17] and the M-SVM? [12]. From an analytical point of view, their learning problems can
be seen as straightforward extensions of those of bi-class SVMs. However, they exhibit
distinct statistical properties (see for instance [19, 26] for analyses of their consistency).
In recent years, several comparative studies between M-SVMs and decomposition methods
have been published [8, 15]. In short, they establish that in practice, no model is uni-
formly superior or inferior to the others with respect to the standard criteria: prediction

accuracy, sparsity, computational complexity, etc. In accordance with what was predicted



by the theory, the behaviours observed are different. Strangely enough, to the best of
our knowledge, nobody has tried so far to take benefit of that phenomenon by combining
different M-SVMs. Filling this void is the subject of this article. More precisely, we deal
with the combination of M-SVMs with two requirements in mind: the outputs must be ex-
ploitable class posterior probability estimates and the sample complexity of the combiners
must be low. The first requirement is motivated by the will to make the post-processing of
the outputs easier. Indeed, it is well know that none of these machines produces outputs
from which class posterior probability estimates can be derived straightforwardly. As for
the second requirement, it simply stems from the fact that overfitting is one of the main
limiting factors in the field of model combination.

Taking our inspiration from the works of Breiman and Friedman dealing with multi-
variate regression [4], we propose to combine the post-processed outputs of M-SVMs with
linear ensemble methods. These methods are based on a multivariate linear model and
differ with respect to their objective function. Their sample complexity can be upper
bounded thanks to the use of a y-¥-dimension [10] and two of them generate class pos-
terior probability estimates. Their use requires to post-process beforehand the outputs of
the machines so that they are nonnegative and sum to one. This is obtained by applying
a polytomous logistic regression.

The organization of the paper is as follows. Section 2 introduces the M-SVMs through
our generic model encompassing all of them. Section 3 is devoted to the definition and
statistical analysis of the linear ensemble methods. Their implementation and assessment
are addressed in Section 4. At last, we draw conclusions and outline our ongoing research

in Section 5. To make reading easier, proofs have been gathered in appendix.

2 Multi-class support vector machines

The theoretical framework for the M-SVMs is the one of large margin multi-category clas-

sifiers [10]. It is summarized below.

2.1 Theoretical framework

We consider the case of Q-category classification problems with @ € N\[0,2]. Each object
is represented by its description x € X and the set ) of the categories y can be identified
with the set of indices of the categories: [1,Q]. We assume that (X,.A) and (Y, B) are

measurable spaces and the link between descriptions and categories can be characterized



by an unknown probability measure P on the measurable space (X x V, A® B). (X,Y)
is a random pair with values in X x ), distributed according to P. We are given a class
G of functions g = (9k>1<k<Q from X into R9. By default, it is supposed to be of infinite
cardinality. To each function g in G corresponds a decision rule dy from X into [1, Q] {*}
defined as follows:

if Ik €[1,Q]: gr(x) > maxj, gi(x), then dy(x) =k
Ve e X,

else dg(x) = *
where * denotes a dummy category introduced to deal with the cases of ex &quo. In that
context, the learning problem consists in minimizing over G the risk P (dy (X) #Y). In
practice, since P is unknown, the risk cannot be used directly as objective function. The
optimization process, called training, makes use of a training sample, i.e., an m-sample

Dy = ((Xi,Yi))1<i<rm made up of independent copies of (X,Y), to infer knowledge on P.

2.2 Class of functions and learning problem

Defining a bi-class SVM is simple once the concept of mazimum margin hyperplane [28]
has been introduced. This initial linear separator can be turned into a nonlinear separator
(in the description space), the hard margin SVM |[3], by substituting in the formulas the
Euclidean inner product by a kernel, i.e., a real-valued positive type function [1]. The model
is then linear in the reproducing kernel Hilbert space (RKHS) [1| spanned by the kernel.
Finally, tolerance to misclassifications is obtained by introducing slack variables in the
constraints and the objective function of the learning problem. This last model is called
the soft margin SVM [5]. Unfortunately, the concept of maximum margin hyperplane
does not extend nicely to the multi-class case. One can find in this difficulty the main
reason why among the different models of M-SVM, none is clearly favoured, and the first
unifying definition of this family of machines, introduced with minor differences by several
researchers (see for instance (33, 19, 10]), is recent. Its main drawback rests in the fact
that it does not cover the class of quadratic loss M-SVMs [12]. In [11]|, we introduced the
first generic model of M-SVM encompassing all the machines of this kind published so far.
In the sequel, the M-SVMs are considered as instances of this model. To keep the article
self-contained, the rest of the section is devoted to its presentation. Given k, a real-valued
positive type function on X2, a Q-category M-SVM with kernel s operates on a vector
space of R%-valued functions: Hy,- This class is derived from another one, H, g, which

is endowed with a structure of RKHS of R@-valued functions according to the definition



provided in Section 6 of [30].

Definition 1 (RKHS of R?-valued functions H, ) Let X be a non empty set and
Q € N\ [0,2]. Let r be a real-valued positive type function on X? and let & be the real-

valued positive type function on (X X [[1,@]])2 deduced from k as follows:
N (:r,x’) € X%V (k1) e [[1,@]]2 , R (($,k) , (:c',l)) = 0K (m,x’)

where & is the Kronecker symbol. For each (x,k) in X x[1,Q], let us define the R?-valued

function /%;Qk) on X by the formula

RD () = (R ((2.5) . (51)1crcq - 1)

The RKHS of R%-valued functions at the basis of a Q-category M-SVM whose kernel is
K, (HN’Q, <"'>HHQ)’ consists of the linear manifold of all finite linear combinations of
functions of the form (1) as (x,k) varies in X x[1,Q], and its closure with respect to the

inner product
Y (z,2') € X2, ¥ (k,1) €[1,QF, <;;If§j,r~;§c,§>H J=F ((z, k), (2',1)) .

Proposition 1 (Alternative characterization of H, o) Let X' be a non empty set and
Q € N\[0,2]. Let k be a real-valued positive type function on X? and let (H,.67 (-, >Hn) be
the corresponding RKHS. Then, H, g = Hg Furthermore, the inner product of H, o can

be expressed as a function of the inner product of Hy as follows:

Q
(h, h/>H,€,Q = Z (P, h;c>H,i

k=1

v (Bv Bl) € Hi,Q? h= (Bk)lgkng’ h' = (B;c)mkgcg’

Definition 2 (Class of functions H, g) Let X' be a non empty set and Q € N\[0,2].
Let k be a real-valued positive type function on X2 and let H, ¢ be the class of functions
derived from k according to Definition 1. Let {1} be the one-dimensional space of real-valued
constant functions on X. The class of functions at the basis of a Q-category M-SVM whose
kernel is K 1s

Heo=Heo @ {1}9 = (H, o {1})°.

For all z in X, k, denotes the element of H,; such that for all 2/ in X, k, (2') = k (x,2').

For all h in H, g, there exist h = (Bk?)1<k<Q €HY and b= (Ok)1<keq € R? such that

Vee X, h(z)=h(z)+b= ((hi,ka)y, +bk>1<k<Q'



Thus, the functions in H, o can also be seen as multivariate affine functions on H,. For
dim = (i, Yi))1<icm 0 (X X [1,Q)D™, RP™ (d,,) denotes the subset of R2™ made up of

the vectors v = (v1); ;< Satistying:

(v(ifl)Q+yi)1<i<m = O (2)

For the sake of simplicity, the components of the vectors of R (d,,) are written with two
indices, i.e., vt in place of v;_1)g4x, for (i,k) in [1,m] x[1,Q] Thus, (2) simplifies into
(viyi)lgigm = 0. For n in N*, let M,, , (R) be the algebra of n x n matrices over R. Let
Mom,om (dm) be the subset of Mg, om (R) made up of the matrices M = (th)lgt,qum
satisfying:

vj e[1,m], (mt,(j,l)ij)KKQm = 0gm.

Our generic model of M-SVM is defined as follows.

Definition 3 (Generic model of M-SVM, Definition 4 in [11]) Let X be a non empty
set and Q € N\ [0,2]. Let r be a real-valued positive type function on X2. Let H. o
and He g be the two classes of functions induced by k according to Definitions 1 and 2.
Let Py, , be the orthogonal projection operator from H, g onto Hyq. For m € N*, let
dm = (26, Y1) )1<icm € (X x[1,QD™ and & € RO™ (d,,). A Q-category M-SVM with ker-
nel k and training set d,, is a large margin discriminant model trained by solving a convex

quadratic programming (QP) problem of the form

Problem 1 (Learning problem of an M-SVM, primal formulation)

rgién{HMng +A HPHN-,QhHiIm,Q}

Vie[l,m], Vk €[1,Q]\ {vi}, Kihy,(x;) — hi(z;) > Ko — &

Vi e[1,m], (k1) € ([1,QI\{w:})*, Ks (& —&u) =0

Vie[l,m], vk €[1,Q]\ {yi}, (2—p)&k >0

(1-K)X% hpy=0

where A € RY, M € M@m.gm (dn) is a matriz of rank (Q —1)m, p € {1,2}, (K1, K3) €
(0,1}, and Ko € R%.. If p=1, then M is a diagonal matriz.

s.t.

2.3 Discussion

The reformulations of the learning problems of the four main M-SVMs evoked in introduc-

tion as instances of Problem 1 can be found in [11|. Looking at this problem, it appears
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clearly that even though the concept of maximum margin hyperplane is no longer at the
origin of the M-SVMs, the meaning of the values taken by their outputs remains geometri-
cal. Indeed, denoting Hy; the hyperplane separating categories k£ and [ in the RKHS H,,
for all z in X, the distance between s, and Hj; is given by:

(@) — h(2)]

d(“xa Hk,l) = Hhk — hl

e,

In contrast, the values of the outputs do not provide directly class posterior probability

estimates.

3 Linear ensemble methods

For all nin N*| let U,, be the unit (n—1)-simplex, i.e., U, = {u = (Up)1cpen ERY 1 D00 1 up
In this section, we make the hypothesis that N classifiers (functions from X into R?) are
available to perform the classification task of interest. Their outputs are supposed to be
nonnegative and sum to one, so that they belong to Ug. We first give a general description
of the multivariate linear model (MLM) at the basis of the combiners considered. The
linear ensemble methods (LEMs) are obtained by minimizing over this class of functions

different objective functions derived from convex loss functions.

3.1 DMultivariate linear model

Let ) = (glgj))l re0 be the jt* classifier. Let § denote the function from X into Ug
<k<

obtained by appending the component functions of the classifiers ¢\, i.e., § = (g(j ))

Precisely, g,ij) is its component function of index (j — 1)@ + k.

1<j<N®

Definition 4 (Multivariate linear model) We consider the multivariate linear model

parameterized by the matriz B € Mg ng (R) such that
Vz e X, gp(r) = Bj(x)
st. Vv e Uy, Bve U.

This model generalizes the convex combination gg, = Zj\[:l 09" with ©. = (6.;)
Upn. The transposes of the rows of B are denoted [, so that the model can be rewritten

as:

Ve e X, Vk € [[va]]7 (gB)k(Z') = gﬁk(w) = ng(x) (3)

1<<N €



We denote 5 = (ﬁk)1<k<Q € RNQ” and use alternatively gg to designate gg. For the sake
of interpretability, the general term of B (or ) is written with three indices, i.e., Biji (Bji

is the component of vector fj of index (j — 1)@ +1). This provides a simple reformulation

of (3):

N Q
vz e X, Yk e[1,Q], g5 (2) =3 Bug’ (@

7j=11=1
The convex combination is the degenerate case obtained by setting Bij; = O ok We
define:

V(k,j) E[[LQ]]XHLN]], ﬁ],c] = min Bkjl

1<I<Q
For all n in N*, let 1,, be the vector of R” whose components are all equal to 1. The

constraint Vv € Ug , Bv € Ug defines a convex polytope in RNQ?,

Proposition 2 The expression of the system of constraints of the MLM as a function of

the components of matriz B (vector [3) is:

Vi e[1,N], Y €[1,Q —1], %, (Brji — Brjg) =0
1%@25262

3.2 Generic definition of a linear ensemble method

We consider LEMs corresponding to choosing the matrix B as a sample-based minimizer

of a convex risk functional subject to the constraints of Proposition 2.

Definition 5 (Linear ensemble method) Given a convez loss function (g, a linear
ensemble method trained on d,, is an instance of the MLM whose maitriz of parameters,

B*, is obtained by solving the following convex programming problem.:

Problem 2
min Z Crem (9 (i), yi, B)

s.t. Yv € UQ, Bv € Ug.

Remark 1 Problem 2 is underdetermined. This is due to the fact that the predictors
. 1
gl(J)(:c) are linearly dependent. Let (Ug) = {w eRNQ . wy e Ug7 wlv = O}. If B* is

1L
an optimal solution of Problem 2 and v € {(Uév) } , then B* + v is also an optimal

solution of Problem 2.



Since we are only looking for one optimal solution of Problem 2, the linear dependency
of the predictors can be turned into an advantage by making use of Remark 1 to apply a
restriction on the feagible region keeping the quality of the optima unchanged while simpli-
fying computation. The restriction systematically considered in the sequel is characterized

by Proposition 3.

Proposition 3 Irrespective of the nature of gy, there is an optimal solution of Problem 2

which belongs to the nonnegative hyperorthant, i.e., to the convex polytope Vi o given by:
B eRYY
Vi e[1,N], VI e[1,Q 11, 2, (Brj — Briq) =0
1?\}@25 =Q

An additional benefit of this restriction is that the set of constraints is directly expressed in

standard form. Above all, it makes it possible to characterize the LEMs as implementing

a two-level weighting of the predictors. This weighting is defined by Proposition 4.

Proposition 4 (Alternative characterization of Viyg) A vector 3 in RNQ? belongs to
Vi@ if and only if there exists a vector © = (0;), .y in Un and a vector § in [0, 1|ve?
satisfying
V() €[LN]x[1,Q], (Okji)icheq € Ua
such that
V(5,0 €[LN]x[1,Q], (Brjihckeg = ©5 (Okjt)1creq -

This proposition highlights the difference between an LEM (with 5 in Vivg) and a con-

()

vex combination. With a convex combination, each predictor g;”’(z) gives its

‘vote” to
the corresponding category (frj = dx,;), and this vote is weighted by the weight of the
corresponding classifier, ©. ;. With an LEM, each predictor can split its vote between the
different categories ((fkji),<p<o € Ug)- The introduction of this degree of freedom can

affect the weighting of the classifiers, i.e., for a given loss function, one can have ©* # 7.

3.3 Estimation of the class posterior probabilities

In this subsection, we focus on two natural choices for the loss function fp gy that give
rise to class posterior probability estimates. For all &k in [1, Q], let ¢; denote the one of Q

coding of category k, i.e., ty = (0k,) The quadratic loss {quaq is defined as:

1<I<Q”
- 1
V(%Qaﬁ) c X x y X VN,Q7 EQuad (g(x>7y76) = 5 ||ty —9gp (x)Hg .
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Let G be the matrix of M,, ng (R) such that its row of index 4 is the transpose of the
vector § (z;). For all kin [1,Q], let yi = (dy, k)1<icp, € 10,1} and let y = (yr)1<<q €

{0, 1}Qm. The objective function corresponding to the quadratic loss is given by:
1 ~ = -
Jauaa (8) = 557 {IQ ® (GTG) } 8- {yT (IQ ® G) } 3

where ® denotes the Kronecker product. The minimization of Jquaq (8) subject to 5 €

Vi, is a convex QP problem. The expression of the cross-entropy loss {cr is:

Q
V(z,y,8) € X x Y x VNng, Lew(§(@),y,8) ==Y 6yxn(gs, (z)).
k=1

The expression of the corresponding objective function is

m Q
Jee (B) = — 225 ok (B (20)) -
i=1 k=1

The minimization of Jcog (8) subject to 8 € Vi ¢ is a convex programming problem.

To specify the way those two LEMs estimate the class posterior probabilities, we need
to introduce additional notations. For all z in X, let P, be the probability measure on )
given by:

Vk e[1,Q], P.(k)=P(k|z).

For all x in & and all 8 in Vv g, let P, g be the probability measure on ) given by:

VE €[1,Q], Pup(k) = gp, ().

Furthermore, let Dkp, denote the Kullback-Leibler divergence. The aforementioned speci-

fication is provided by the following proposition.

Proposition 5 Irrespective of the nature of {rpu, let B* (m) = (B}, (m))1<k<Q in Vg be
an optimal solution of Problem 2 with Dy, as training sample. Then if the loss function is

the quadratic one,

m—+oo  BeV;
k=1 AeVN.Q k=1

Q Q
Ex {Z [P (k| X) = gge (m) (X)]Q} — L inf Ex {Z [P (k| X) - gg, (X)]Q} ,
(4)

whereas with the cross-entropy loss we get

P .
Ex [Dkr, (Px || Px,g(m))] pe——— Bé{}}f@ Ex [Dkz (Px || Pxp)]- (5)



The proof of Proposition 5 is inspired from the proofs of similar results obtained for
neural networks (see for instance [22]). There are however two fundamental differences
regarding the asymptotic behaviour. On the one hand, the classes of functions at the
basis of the neural networks considered are universal approximators [13], unlike the MLM.
This means that in the first case, the approzimation error could be null, whereas in the
second case, it should be positive. On the other hand, an advantage of the LEMs over
the aforementioned neural networks, for which the training algorithm may get stuck in
local (suboptimal) minima, is that since Problem 2 is a convex programming problem,
the training procedure systematically produces an optimal solution. In other words, the
estimation error should asymptotically be null. This analysis calls for a justification of the
choice of an LEM. As was pointed out in the introduction, it rests on our concern to devise
combiners of low capacity, with the aim to avoid overfitting. We conjecture that in many
practical cases of pattern recognition, the capacity of a combiner should be superior to that
of a simple convex combination and inferior to that of a neural network (or an M-SVM).

The quality of the class posterior probability estimates is primarily governed by three
factors: the number of classifiers combined, the nature of their outputs, and the correlation
of their errors. Obviously, this quality will be all the better as the predictors g,gj ) (z) are
themselves good estimates of those probabilities. This should be taken into account when

processing the outputs of the M-SVMs so as to obtain vectors in Ug (see Section 4).

3.4 Model selection with the ¢; norm

The main advantage of the choice of the ¢; norm in place of the ¢ one is well known in
machine learning: it leads to sparse solutions. In the framework of our study, instantiating
1M With

V(z,y,8) € X x YV x VNng, Lo (3(2),y,8) = Ity — g5 (@),

produces the following linear programming (LP) problem:

Problem 3

m T
min { — [Z (ty, ® 7 (xz))] B

i=1

st. peVng.

The sparsity of the optimal solutions of Problem 3 can be characterized exactly. This calls

for the characterization of the extreme points of Vi .
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Lemma 1 (Extreme point of Vi g) A vector 5 in VN g is an extreme point of Vi g if
and only if

E]jo e[[l’N]]: Vi 6[[17@]]7 Elko (l) EﬂlaQﬂ: (Bkjol)lgng :tko(l) . (6)

Vi € [L,N]\ {jo}, ¥ (k,1) €[1,QF, Brju=0

Remark 2 A vector By in Vg is an extreme point of Vi g if and only if

0l = jmax 18, = v/Q

The following proposition is a direct consequence of Lemma 1.

Proposition 6 There exists an optimal solution 8* = (B,’S)KKQ of Problem 8 that can be
characterized as follows: there exists jo in [1, N] and a map ko from [1,Q] to itself such
that

vkel1.Ql, g = Y. g™ (7)

L:ko(1)=k

Corollary 1 Let us consider the LEM whose learning problem is specified by Problem 3.
Keeping the notations of Proposition 6, it appears that except in pathological cases, the map
ko should be the identity, with the consequence that gg = g : the LEM is in fact a model

selection method.

3.5 Sample complexity of the linear ensemble methods

To compute the sample complexity of the LEMs, we derive an upper bound on the capacity
of the MLM. To that end, we consider an extended definition of this model, corresponding
to changing its domain for Ug . Indeed, the bound only depends on the predictor vector
through the domain in which it takes its value (irrespective of the nature of its components).

The extension of Definition 4 is thus:

VB = (ﬁkhgng €Vno: 98: Ug — Ug
v gg(v) = (ﬂlz;”)lgkg@'

In [10], we enriched the Vapnik-Chervonenkis (VC) theory of large margin multi-
category classifiers by proving that for the classes of functions at the basis of these classi-
fiers, the appropriate generalizations of the standard capacity measure of the binary models,
the VC dimension [29], are the y-W-dimensions. Their use is based on the application of
margin operators. The operator needed to characterize the capacity of the MLM is the A

one.
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Definition 6 (A operator) Let G be a class of functions on a set X taking their values

in RQ. A is defined as an operator on G such that:

A: G— AG
g—Ag= ((Ag)k)1<k<cg
1
Ve X, Ag(x :<gkx —maxgla:> .
(z) = 5 { 9n(2) ’f’f()mng

The v-U-dimension used is a scale-sensitive extension of the Natarajan dimension [20].

Definition 7 (Natarajan dimension with margin v) Let G be a class of functions on
a set X taking their values in R?. For v in R, a subset syn = {x; : 1 <i < n} of X is
said to be y-N-shattered by AG if there is a set I (san) = {(i1 (x;) ,i2 () : 1 < i< n} of
n pairs of distinct indices in [1,Q] and a vector ¢ = (ci);c;c,, in R™ such that, for each

vector y = (Yi)1<icp i {—1,1}", there is a function gy in G satisfying

1 i = 1, A . N X)) — ¢
D s
if yi = —1, (Agy)w(@) (75) + ¢
The Natarajan dimension with margin v of the class AG, N-dim(AG,~), is the mazximal
cardinality of a subset of X ~y-N-shattered by AG, if this cardinality is finite. If no such

mazimum exists, AG is said to have infinite Natarajan dimension with margin .
Let Gg = {gp : B € Vn,@}. An upper bound on N-dim(AGg, ) is provided by Theorem 1.

Theorem 1 (Upper bound on the capacity of the MLM)

Q)NQ_

2 ) 4~2 (8)

1} . N-dim (AGs,7) < (

A4 0
(o

For ~v > %, N-dim (AGg,v) = 0. Theorem 1 thus deals with the nontrivial case. In
conjunction with Theorem 4.1 in [10], it can be used to optimize the split of the training
set into data used to train the M-SVMs, their post-processing, and the selected LEM. It
is noteworthy that for the different models of interest, a guaranteed risk can be obtained

that involves an alternative measure of capacity: the Rademacher average [7].

4 Implementation and assessment of the linear ensemble meth-

ods

Since the M-SVMs do not take their values in Ug, their outputs must be post-processed

prior to being combined. This post-processing is all the more important as it performs a
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Cross-entropy
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N/

X

Figure 1: Flowchart of the computation of the outputs of an LEM. For each level, the set

of possible training criteria is mentioned on the left.

transition between models based on different notions of risk. The objective function of an
M-SVM is more directly related to the ultimate criterion, the recognition rate, than the
objective function of an LEM (using the quadratic loss or the cross-entropy loss) with the
problematic consequence that there is no guarantee that the combination should improve
this rate. This calls for the choice of a post-processing maximizing the correlation between
the behaviours assessed by means of the different measures of prediction accuracy involved.
The solution we propose is a variant of the polytomous logistic regression model [14]. Thus,
the functional dependency between an input x € X and the corresponding output of an
LEM, g3 (z) € Ug, is represented by Figure 1.

The predictors of the LEMs take the form

exp <ajkhg)(x) + bjk)

2?2:1 exp (ajlhl(j)(fﬁ) + bjl)

Vi €[1,N], ¥k €[1,Q], Vo € X, g (x) =

This formulation is used to emphasize the fact that the classifiers ¢\ actually take their
values in Ug. It is noteworthy that this model can also be seen as a multivariate extension
of Platt’s model [21]| consisting in fitting a sigmoid after a bi-class SVM. A maximum
likelihood estimation of the N models is performed, thanks to an extension of the training
algorithm introduced in [18]. The outputs g,(gj )(x) are initial estimates of the class posterior

probabilities, which is a useful feature given the specifications of the LEMs. The learning
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problems of the two LEMSs introduced in Section 3.3 are solved by means of a variant of
the gradient projection method [23].

An evaluation of the LEMs can be found in [2|. This comparative study of the accuracy
of several combiners focuses on two criteria: the recognition rate and the quality of the class
posterior probability estimates. LEMs are also used as structure-to-structure classifiers in
our method of protein secondary structure prediction [27]. In this hybrid architecture
inspired from [16], discriminant models organized in cascade generate estimates of the
class posterior probabilities from which the emission probabilities of a generative model
are derived. Thus, this application in structural biology provides another evaluation of the

LEMs with respect to the aforementioned criteria.

5 Conclusions and ongoing research

In this article, a class of linear ensemble methods devoted to the combination, after an
appropriate post-processing, of Q-category classifiers taking their values in R%, has been
introduced. Their specifications should make them well suited for the combination of M-
SVMs. Indeed, the corresponding loss function can be chosen so that the outputs are class
posterior probability estimates and their low sample complexity should prevent them from
overfitting.

We are currently performing a large scale comparative study of the performance of the
LEMs. The focus is laid on the quality of the probability estimates. The application on
problems involving large numbers of categories and base classifiers, i.e., large numbers of
parameters, calls for the design of dedicated training algorithms. From a theoretical point
of view, it should be instructive to carry on this study by comparing the combinations of
M-SVMs we consider with the extension of the M-SVM of Lee and co-authors to a Bayesian
model described in [32].

Acknowledgements The author would like to thank the anonymous reviewers for their
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A Proofs of the main results of the article

A.1 Proof of Proposition 2

The proof of Proposition 2 is made up of three steps.

14



1. Vv € UY, BveRY

vk € [1,Q] Yo € UY, BTv = S S22 Brjiv—1)q+1- Given the vector By, the

minimum of this inner product is obtained for a vector v satisfying:

Vj e [[LN]]a Z Vi-1)Q+ = L.
L:Bkji=By,;

As a consequence, minveUg Bgv = Z;V: 1 B,’{j, from which it springs that Vk €
[1,Q], Zjvzl ﬁl’{j > 0 is a necessary and sufficient condition of nonnegativity of

the outputs.

2. 3K :Yw e UY, 1{Bv=K

To derive the corresponding constraints, it suffices to notice that given any two vectors

v©@ and w in Ug, one can generate a finite sequence (’U(”)) of vectors in Uév

1<nn*

such that (") = w and v("*1) is deduced from v(™ by applying an elementary step

of the form:
(a) cl?o)ose (J,01,02) € [1,N] x[1,Q] x [1, Q] such that I; # Ia, 0821)@“1 < 1 and
Vet = 0
(b) choose 0 € R satisfying 11((;.21)@“1 +d<1and UE;LZI)Q+ZQ —0=0;
(¢) set (D) equal to v(™ except for its components of indices (j — 1)Q + I; and
(j — 1)@ + Iy which are respectively set to “821)@“1 + 6 and to vgﬁl)QHQ — 9.

Given the generative algorithm detailed above, keeping the sum lng constant over
the whole set Ug boils down to ensuring that this sum does not vary when an

elementary step is applied, so that

AK eR: Vo e UY, 15Bv =K <

Q
V(01 02) € [LNIX[LQIX[1LQT, D (Brji — Brjt,) = 0 <>

k=1

Q
Vi €[1,N], Vi €[1,Q —1], Z(ﬂkjl — Brjq) = 0.
k=1

3. K=1

Once the conditions of the second step of the proof are satisfied, 1531) does not

depend on v anymore. Thus, the constraint corresponding to K = 1 can be derived
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from an arbitrary choice of v in Uév . Setting v = %1 NQ gives:

Q N Q
K—lﬁszzﬂkﬂ—lﬁlT(yﬁ Q.

k=1 j=11=1

The conjunction of this constraint and the ones obtained at the second step provides

us with a stronger result that will prove useful in the sequel:

Q N
VZE[[LQ]]? ZZﬂkjlzl' (9)

k=1 j=1

A.2 Proof of Proposition 3

With Remark 1 in mind, to prove Proposition 3, it suffices to establish that for all vector

1)@
B satisfying the constraints of Proposition 2, one can exhibit a vector ~ in {(Ug) }
such that 5+~ € Rfcy. For § satisfying the constraints of Proposition 2 and k € [1, Q],
let I,_ and I, be the subsets of [1, N] such that I_ = {j €[L,N]: B, < 0} and
Ty =[1, N]\ Lp—. The vector v* = (7}), <4< defined as follows:

ifjoEIk_, 'y*. :_,8/
Vk €[1,Q], Yjo €[1,N], vl €]1,Q], kjol kjo

761k Bk_}

if jo € Tkt Vit = Prjos 57

JE€I Brej
with 7, , being the component of index (jo —1)Q 41 of 7} € RNQ meets the aforemen-

tioned requirements.

A.3 Proof of Proposition 4

A possible construction of vectors © and 6 corresponding to a given vector 3 in Vi g is:

Vi €[LN], ©;=> Buq
and

if@; >0, (O =01 (B
v el NIxLe) 7" Pthase = O Pthag

if@; =0, (ekjl)1<k<Q = élQ

Indeed, we deduce from (9) that
N

Z@J—Zzﬂw—l

=1 k=1
which implies that © € Uy. Provmg that the vectors (ki) <)o belong to Ug is also
straightforward. Conversely, if two vectors © and 6 satisfy the hypotheses of Proposition 4,
then obviously the vector § of general term [ = ©;0;; belongs to Vi .
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A.4 Proof of Proposition 5

Given the hypotheses made in Section 2.1,

2 x v) [luaa (3 (X) .Y, B)] = /X =95 @I P ).

and Fubini’s theorem for nonnegative measurable functions can be applied to the measure

P. This gives:

Q
2E(xv) [lquaa (9 (X),Y, B)] = Ex {Z It — g5 (X3 P (k | X)}
k=1

Q
=Ex {ZZ (2.1 = 2095, (X) + g5, (X)°] P (| X>}

k=11=1

Q Q
=1-2Eyx {Zgﬁk P(k|X) }—i-EX{Zg,Bk(X)Q}
k=1

k=1

Q Q
—1-Ex {ZP(k | X)Q} +Ex {Z[P(k | X) — gs, <X>]2}.

k=1 k=1
Thus,

Q
argminE(y ) [fqued (5 (X) , Y, )] = argminEx {Z [P (k| X) — g5, (X)P} o)
BEVN,Q BEVN,Q =1

Given (10), (4) simply expresses the consistency of the principle of empirical risk mini-
mization for the class of functions {{quad (-, 5) : 8 € Vn,o} (see Chapters 3 and 5 in [29]).
Thus, to finish the proof of (4), it suffices to establish this consistency. Without going into
particulars, this can be done by proving the finiteness of the capacity of the MLM. A result
of this kind is provided by Theorem 1.

Ecx,y) [lor (9 (X / Z%kzln 9p, () dP (z,y) .
XY =1

Applying Fubini’s theorem for nonnegative measurable functions to the measure P gives:

Exy)ller (9(X),Y,8)] = —Ex

Q
> P (k| X)n(gp, (X))]

k=1

Q
Z (k| X)In( (k|X))]

k=

ip (k| X) 1n<gfkk(‘);>

= Ex [Dxy (Px || Px,)]

Q
x |Y_P(k|X)In(P (k:|X))].
k=1
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Thus,

argmin E(x vy [lce (9 (X), Y, 8)] = argmin Ex [Dkr, (Px || Pxg)] -
BEVN,Q BEVN,Q

With this equation at hand, the proof of (5) can be completed by using the line of argument
used to complete the proof of (4).

A.5 Proof of Lemma 1

The simplest way to establish Lemma 1 consists in making use of the alternative represen-
tation of the vectors of Vi g introduced in Proposition 4. Then, the proof is made up of
two proofs by contradiction. Since they present no difficulty, we only give the sketch of the
reasoning. The first proof by contradiction consists in establishing that if 8 is an extreme

point of Viy @, then necessarily © is an extreme point of Uy, which implies that

0, =1
Jjo e[1,N]:{ "
Vje[[l,N]]\{jo},V(k,l)e[[l,@]]Q, 6kjl:0

The second proof by contradiction establishes that for all value of [ in [1,Q], the vector

Ok must be an extreme point of Ug. This means that:
Jol)1<k<@Q Q

Vi € [[17 Q]]a Jko (l) € [[17 Q]] : (ekjol)lgng = tko(l)'
Combining the two partial results and using the fact that for all (k,) in [1,Q, Brjor =
O1jo1, we get (6), which concludes the proof.
A.6 Proof of Proposition 6

Since Problem 3 is an LP problem in standard form, there exists an extreme point of the
feasible region which is an optimal solution. Thus, (7) simply corresponds to a restriction

of (6) to the extreme points of Vi g that are also optimal solutions of Problem 3.

A.7 Proof of Theorem 1

The proof of Theorem 1 follows the sketch of the proof of Theorem 4.1 in [10]. In the same

way as this proof, it is based on two lemmas.

Lemma 2 Let v € (0,3] and n € N*. If a subset s, = {v;: 1 <i<n} of Ug is N-

shattered with margin v by AGg, then there exists a subset s, of s, of cardinality p equal
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n

to [(Q)—‘ such that for every split of s, into two subsets sp1 and s, 2, the following bound

2

holds true:

il
Z v — Z vif| = \/(2—2) v
v;€sp,1 vi€sp2 ||,
Proof Suppose that s, = {v; : 1 <i < n} is a subset of Ug N-shattered with margin ~
by AGg. Let (I (sp),c) witness this shattering. Without loss of generality, we can assume
that I (sy) satisfies: Vi € [1,n], i1(vi) < i2(v;). According to the pigeonhole principle,
there is at least one couple of indices (k1,k2) with 1 < k1 < ko < @ such that there
are at least p = (7?) points in s, for which the couple (i1(v;),i2(v;)) is (k1,k2). For
the sake of simplicity, the points in s, are reordered so that the p first of them exhibit

this property. The corresponding subset of s, is denoted s,. This means that for all

vector y = (y;) in {—1,1}", there is a function gg(, in Gg characterized by the vector
Bly) = (ﬁk(y»KkéQ € Vi, such that:

T

Vi € IIl p]] if Yi = 1’ % (Bkl (Y)TU’L' — MaXp£k, ﬁk(y) Ui) —¢ > 7y
if Yi = _1’ % (BkQ (Y)TUZ' — MaXg£k,y Bk‘(y)TUz) +¢ > y
which implies that
ify; = 1, 3 Ty, Ty) — e >
vie[p], { " ¥ A0 To—fas) =20

Consider now any split of s, into two subsets s,1 and sp2. Consider any vector y in

{—1,1}" such that y; = 1if v; € sp1 and y; = —1if v; € spo. It results from (11) that:

%(ﬂkl(y)—BkQ(Y))T Sooui- Y w] - Y a+r Y azm. (12

ViESp,1 Vi ESp,2 Vi ESp,1 Vi ESp,2

Conversely, consider any vector y such that y; = —1if v; € 5,1 and y; = 1 if v; € 5,2. We

have:
1
5 B =B | D vi- D w|+ D - Y azpn (13)
ViE€Sp,1 ViESp,2 ViESp,1 Vi E€Sp,2

Combining (12), (13), and the Cauchy-Schwarz inequality, it appears that (whatever the
sign of ZWESN ¢ — Zvi&sp , Ci 18) there is a function gg in G such that

1
5 1Bk = Brall S wi— D ui| =py. (14)

Vi€Sp,1 ViE€Sp,2 9
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VB € Vivg, (k1) : 1<k <1< Q, 18k~ Bill = I18kll3 + 18l — 288 B < 1Bell3 + 153
Thus,
VBE Vg, | max (16— Ailly < max {l83+ 15} < 1615

1<k<I<Q 1<k<

Since we know that maxgevy , [|6]l; = V@ (see Remark 2), we get

— < .
VB € Vig, | amax I8k = Aill; < V@

A substitution of this upper bound in (14) then concludes the proof. [ |

Lemma 3 For all n € N*, all subset s, = {v; : 1 <i<n} of Ug can be split into two

subsets s,1 and s,2 satisfying

Z v — Z vil| < VINn. (15)
Vi €8n,1 Vi€8n,2
’ * 2
Proof Let s, = {v;:1<i<n}C Uév. Let 0 = (0i);<;<,, be a Rademacher sequence,
i.e., a sequence of i.i.d. random variables taking the values —1 and 1 with probability %

We have:

2 n n n n
;|| = Eg ZZaiajviij = ZZUZ-TU] [oi0;] ZHUZH? nmax Hv||2
2

i=1 j=1 i=1 j=1

Obviously, the vectors of Ug whose /5 norm is maximum are its vertices (extreme points).

The corresponding value of the norm is v/N. Thus,

n 2
E OiV;
i=1

2

<

This implies that there exists a binary vector y = (¥i),<;c,, € {—1,1}" such that

Vil < VINn.

Setting s, 1 = {vi € 8, 1 y; = 1} and s,2 = sy, \ Sp,1 then concludes the proof. |

With Lemmas 2 and 3 at hand, the proof of Theorem 1 is elementary.
Proof Let s, = {v;: 1 < i< ¢} be a subset of Uév N-shattered with margin v by AGg.

According to Lemma 2, there is at least a subset s,, of s, of cardinality n equal to {(g)-‘
2

satisfying

2



for all its splits into two subsets s, 1 and s, 2. Since, according to Lemma 3, there is at

least one of these splits for which (15) holds true,

2
“n <VNn

which implies that

which is precisely (8). [ ]
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