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Motivation

We are interested in the most
natural way of forbidding
dupplication in quantum
programming languages

and formal logics



Outline

Quantum mechanics, in two slides

Simply typed lambda calculus, in two slides

Motivation, better explained

Our work: A quantum lambda calculus



Quantum mechanics, in two slides
(1) The postulates 1 and 2
Postulate 1: Quantum states Postulate 2: Evolution

(A bit) more precisely:
Normalized vectors € C?"

<g> =al0)+5]1) € C (A bit) more precisely:

o Unitary transformation (matrix)

= aemrsmeny  U(5)=view s

5) (1) ®]0)+4(]1) @[1)) 5
o ~sl0)++10 = (?)
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Quantum computing, in two slides
(1) The postulates 3 and 4
Postulate 3: Measurement Postulate 4: Composition

More precisely: Tensor product

oy

« 7Y _ ad 2 2 _ 4
(e () - || coee-c
8o

Consequence: No cloning
A superposed state cannot be cloned

S Y o] Y o]
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(A bit) more precisely:
Z,?:o «a;|i) collapses to |k)
with probability |a|?




Simply typed lambda calculus, in two slides

(1) History, definitions, and intuitions
Introduced in 1936 by Alonzo Church
Motivation: Studying the foundations of mathematics
(in particular, the concept of recursion)

Why we still use it?
» Simplest model to study properties of programming languages
(base of functional programming)
» Connection with logics (Curry-Howard isomorphism)
Grammar
ti=x| Ax.t]tt
Rewrite rule
(Ax.t) r — t[r/x]
Example: Let x> + 1 be a A-term (with some codification)
flx)=x>+1 would be written Ax.x? +1

f(t) is written (Ax.x?> + 1) t and reduces to
CC+D[t/x] = t*+1
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Simply typed lambda calculus, in two slides
(1) Types and logic

Terms t o= x| MMttt
Types A = 7|A=A
> T is a basic type » A = B is the function type
Context: A set of typed variables: = x{", ... x/
Typing rules | Derivation rules
rxAh-e:B [Ft:A=B [Fr:A
FxAkx: A r-xAt:A=B MN=tr: B
Example of type derivation
yAZAEy A= A XA Ex:A

FAWA Ay (A= A) = (A=A FXXAx: A=A
FOyA4y) (xAx) A= A

Verification: (AyA=A.y) (Ax?.x) rewrites to Ax?.x (of type A = A)
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Motivation

Two approaches in the literature to deal with no cloning

Linear-logic approach Linear-algebra approach

e.g. Ax.(x ® x) is forbidden
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Motivation

Measurement

The linear-algebra approach does ... but the linear-logic
not make sense here. . . one, does

e.g.
(Ax.7x) (.]0) + B.]1)) — a.(Ax.7x) [0) + B.(Ax.7wx)|1) Wrong!
(Measurement operator)
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Key point

We need to distinguish
superposed states
from basis states
using types
Superposed states canmot.

Functions receiving superposed states, cannot clone its argument
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Grammars

First version, without tensor

Types
V=BS5SV Qubit types
A=V |V=A]|S5A) Types
Terms

ti=x | AVt | [0) | 1) et | wt| 7] t+t]at| s
—_— —
basis terms linear combinations

where o € C
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Typing applications

M-t v= A AFu:\Il:}E
MAFtu: A

What about (Ax®.t) (by + by) ?
——

S(B)

NMFt:v=A AFu:S5)
A tu:S(A)

What about ((AxE.t) + (A\y®.u)) v?

S5(B=-A)

NMEt:S(W=A) AFu:SV)
AR tu: S(A)

=ES
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Measurement

7T(Ct1.b1 + Oég.bg) H(

» Fori=1,2, b; =0) or b; = |1).
> k=1,2

Example

. [0)
(i 0) + 2. 1)) <(5)
1)

)
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Adding tensor products

Intepretation of types
S(B) wvs. B
[B] = {|0).[1)} c C?
[A® B] = [A] x [B]
[S(A)] = GlA]

Examples

0 ® (Yva.0) +1/v2. 1)) € {|0),]1)} x C?
~—~

B S(B)

1/v3.(10) ®|0)) + Yva(0)® (1) € C*®C?

S(BRB)
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Some information is lost on reduction
Subtyping

{|0),]1)} € C* then B < S(B)
G(GA)=GA  then  S(S(B)) < S(B)

{|0),[1)} xC? c C°®C%? then B®S[B) < S(B®B)
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Some information is lost on reduction
Subtyping

{|0),]1)} € C* then B < S(B)
G(GA)=GA  then  S(S(B)) < S(B)

{J0),]1)} xC? ¢ C2®C? then B®SB) < S(BRB)
0) @ (|0)+1)) : B® S(B)

00 + 0@l : SBB)
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Some information is lost on reduction
Subtyping

{|0),]1)} € C* then B < S(B)
G(GA)=GA  then  S(S(B)) < S(B)

{|0),[1)} xC? c C°®C%? then B®S[B) < S(B®B)

(|0> ® (10)+1)) : BoS(B)
0)®[0) + [0)®[1) : SBB)
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Some information is lost on reduction
Subtyping

{|0),]1)} € C* then B < S(B)
G(GA)=GA  then  S(S(B)) < S(B)

{|0),[1)} xC? c C°®C%? then B®S[B) < S(B®B)

(|0> ® (10)+1)) : BoS(B)
0)®[0) + [0)®[1) : SBB)

i Same happens in math!
| (X-1)(X-2) — X2-3X+2
| we lost the information that it was a product
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Some information is lost on reduction
Subtyping
{|0),]1)} € C* then B < S(B)
G(GA)=GA  then  S(S(B)) < S(B)

{10),|1)} xC?> ¢ C?’®C?> then B®SB) < SBRB)

(|0> ® (10)+1]1)) : B®S(B)
0y®1]0) + [0)®]|1) : S(B®B)

i Same happens in math!
| (X-1)(X-2) — X2-3X+2
1 we lost the information that it was a product

Solution: casting
0)®(10)+[1)) - [0)@[0)+[0) @ 1)
Nogae) 00 ® (10)+[1) = [0)®[0)+[0) ® [1)
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Full grammars

Types
Q=B|Q®Q Basis qubit types
V=Q|SWV)|vaw Qubit types
A=V |V=A|SA)|ARA Types
Terms
ti=x [ AVt | [0) [ 1) |t |mt| 2| t+t]at]| s

| t@t | head t | tail t | 1505 ) t

where o € C
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Measurement of the first j qubits

Example

m(2.(10) @ (1) @[1)) + [0) @ (1) @[0) + 3.(]1)@ (1)@ 1))

— T
0)® (1) @ (Z-11) + - 0)) 1)@ 1)@ (1.1)
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The fu" type system Q=B |Q®Q Basis qubit types

V:=Q|S(V) | vawv Qubit types
A=V |U=A|SA)|ARA Types
- — 3§ _—_ ax _  ax
U W FOsm:SA) R0 B FeB
. NS
[FtiA o THEZA AbuiAg, — D0 g
TFat:S(A) ™ TAFt+u:SA) 7' Tt @t
MN=t: A @=<B) " Mx:VEt:A =,
rFt:B ~— F7 B=>B=B=B" TFrx:Vt:VU=A
Ft W= A Ary:w  TRESW=A) AFu:sV)
MMAFtu:A A tu: S(A)
FrEt:A Nx:Qy:QFt:A
Mx:QFt:A Mx:QF (x/y)t: A
rN-t:A AFu:B NrM-t:BeQ rl—tZB@)Q@
FTAFtou - AoB ' TFheadt:B & Trtailt:Q ©
TEt:S(S(A) @ B) It S(A® S(B)) THISE £ S THISE) £ S(A) ARISE rS(A)
THSED) 1 S(AeB) | THISAZE), 12 S(AeB) " I Hig(s) ot S(A) A FgE) t+r: S(A) !
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Summarising

v

Extension of (pure) first-order lambda-calculus for
quantum computing

v

Logical-linearity and algebraic-linearity both used for
no-cloning

Denotational semantics:
Types: sets of vectors or vector spaces
Terms: vectors

v

Works in progress

» Strong normalisation and confluence proof (with J. P. Rinaldi)
» Categorical model (with O. Malherbe)
» Haskell implementation (with I. Grimma and P. E. Martinez Lépez)
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Backup slides



Why first order

CM = 2y ® (AP (x[0) @ (x]0))) (Az".y))

M (- [0) + 5.11))

= (7B (x]0)) @ (x]0))) (Az.(a [0) + 8.11)))

= ((Az%.(a-]0) + 8.11)))0)) @ ((Az" (e 0) + B.11))) |0))
=2 (a.[0) + 5. 1)) @ (e [0) + 8.]1))



Deutsch algorithm

Preliminaries

(Hadamard

1 1 1 1
HIO = 5100+ =) HI=—=10) = 71



Deutsch algorithm

Preliminaries

H10) = }|> f|1> HI1) = f|o> ﬁm

H = M\®.1/v2.(10) 4+ x?—|1)-[1))



Deutsch algorithm

Preliminaries
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A "black box" implementing a function f : {0,1} — {0,1}

Ur([x) @ ly)) = Ix) @ ly @ £(x))



Deutsch algorithm

Preliminaries
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Deutsch algorithm

Preliminaries

HIO = =10+ = 1) M) = —=10) = =)

1 1
N YA Nela

H = M\®.1/v2.(10) 4+ x?—|1)-[1))

Oracle

A "black box" implementing a function f : {0,1} — {0,1}

Ur([x) @ ly)) = Ix) @ ly @ £(x))

not = Ax®.x?|0)-|1)
Ur = AxP®® (head x) @ ((tail x)?not(f(head x))-f(head x))



Deutsch in )\

o A £ 17(0) & £(1)
by A HI-

not = Ax®.x?|0)-|1)
H = Mx®.1/v2.(10) + x?7—|1)-[1))
H®2 = \xB®B (H(head x)) ® (H(tail x))
Ur = \E9E (head x) @ ((tail x)?not(f(head x))-f(head x))
Hy = M\xB®E (H(head x)) ® (tail x)

Deutschy = 7r1(TT (S(B ®B H1(Ur ﬂ§ gg? ﬂﬁ?ﬁ{’?@@s(m H®?(10) ® |1))

 Deutschr : B ® S(B)
Deutschiy —yy m1(Y/v2.[1) @ [0) — /v2.|1) ® |1))
— 1) ® (Y/v2.|0) — ¥/v2.]1))



Teleportation in A

epr = AxZ®E cnot(H; x)
alice =

S(BRBRB)
B)QB®B) H; (cnots MsEoseEen) Ts(s@os@ar) X))

AxSB)®S(BSB) - o ﬂs(mmB (B®S(B®IB))

UP = (ALPAXB.b?Ux-x) b
bob = \xB®BEB Zhead xpqphead (tail x) (tajf (tail x))

Teleportation = Aq°®) .bob (ﬂs ﬁggg%)) alice (g ® (epr |0) ®10))))

F Teleportation : S(B) = S(B)
Teleportation ¢ — (1) q
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