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Abstract. Multimodal logic has been studied for various purposes. Al-
though some studies have considered an infinite number of modalities,
propositions for the quantification of modalities, such as “For all modal-
ities [i] in an infinite set of modalities S, [i]p is true” have not been
discussed in general. In this paper, a simple method for expressing these
propositions is discussed and deduction systems for new logic are estab-
lished. The conditions on Kripke frames that include these notions are
also discussed.

1 Introduction

Basic modal logic has only one primitive modal operator. A multimodal logic has
more than one modal operator, and it has been researched in various ways. For
example, in epistemic logic [4] [5] [6], we use the same number of modalities as
the number of agents, and we use a Kripke model that has the same number of
relations as the number of agents. [i]p is translated as “Agent ¢ knows that p is
true.”

Some logic includes a proposition, such as “For all ¢ € I, [i]p is true” or “For
alli e I' (I' C 1), [i]p is true.” If the numbers of modalities are finite, then we
can represent such a proposition using a formula composed of traditional modal
logic. For example, in epistemic logic, if the number of agents is five {1,2,3,4,5},
then we can represent “All three agents in {1,2,4} know p” as [1]p A [2]p A [4]p.
However, if the number of modalities is infinite, then we cannot represent such
a proposition because we cannot use a formula that includes an infinite number
of symbols. These types of propositions are important in some areas of logics.
For example, dynamic quantum logic [1] [2] [3] has propositions based on closed
subspaces of Hilbert space H, and [JA represents “For all relations P? that
represent a projection to a closed subspace of H, [P?]A is true.” The number of
relations P? may be infinite because a Hilbert space may have an infinite number
of closed subspaces. Another example is dynamic logic with program quantifiers
[9]. Dynamic logic considers dynamic propositions of computer programs. In [9],
the proposition “After executing any possible program a, p is true” is used. As
a fundamental study of these types of propositions, in this paper, we discuss a
simple expansion of multimodal logic.

Another important aspect of multiple relational models is the condition on
relations. In modal logic, basic conditions such as reflexive, transitive, and sym-



metric are studied. In multiple relational models, we can introduce more compli-
cated and developed conditions. In a model of dynamic quantum logic, infinite
numbers of types of relations are included and the following type of condition is
used:

For all elements z,y and z in a model, there exist relations R and R’ such that
Ry, yR' z.

In this paper we use a specific symbol for each subset of N in the same
manner as basic multimodal logic. In this method, if S represents the set of all
odd numbers {1,3,5,7,...}, then [S]p means “For all i € {1,3,5,7,...}, [i]p is
true.” We can consider formulas for conditions using these symbols in the same
manner as original modal logic.

In section 2, we discuss the basics of multimodal logic and models that have
an infinite number of modalities. The complete axiomatization of the logic is
also discussed. We call this infinite modal logic (IML).

In section 3, we discuss labeled sequent calculi for IML, which is useful for
managing the conditions of frames. A labeled sequent includes not only formulas
but also relations based on a Kripke frame. This type of sequent calculus has
been used to prove the cut-elimination theorem and other useful theorems [8]
[12]. The development of labeled sequent calculi is summarized in [11].

2 IML

We use a language that has a denumerable infinite set of propositional variables.
The propositional variables are denoted by p,q,r,... and composite formulas
are denoted by A, B,C,.... We express each element of the power set J(N)
using symbols, and use 5, T, ... to denote these symbols. Formulas are defined as
follows:

Auz=p| L] -A| ANA | [S]A.

We use AV B as an abbreviation of =(=A A =B), and A — B as an abbre-
viation of =A Vv B.

An oco-relational frame is a pair (X, R), where X is a non-empty set and
R is a set {R,|n € N}. Each R,, is a binary relation on X. We write z(n)y if
(z,y) € R,. We write x(S)y if there exists n € S such that z(n)y, or if S =0
and for all n € N, z(n)y.

An oco-relational model is a triple (X, R, V), where (X, R) is an oo-relational
frame and V is a function that assigns each propositional variable p to a subset
of X. We simply use frame and model to refer to an oo-relational frame and
oo-relational model.

Set ||A|| for (X, R,V) is defined by induction on the composition of A as
follows.

Ipll =V (p)



[AAB| = [lA[ N[ B]

I-All = [|A]|°
I[S]A]| = {x € Xlfor every y € X and n € N, if z(n)y and n € S, then
y € [|A[I}(S # 0)

I[0]A|| = {z € X|for every y € X, if x(n)y for all n € N, then y € || A/}

[I[#]A]| is a upper bound of ||[S]A]|. We adopt the above definition of ||[@] Al
to satisfy the completeness theorem of a system in later sections. It is difficult to
create natural rules for a modal symbol if we adopt another upper bound such
as ||[0]A4]| = X. If we use ||[#]A]| = X, then we have to add another axiom to the
calculus because [#]A is always true.

We say formula A is true at x € X if z € ||A|| and write = A. We say
formula A is false at x € X if A is not true at x. We say formula A is valid in a
model (X, R, V) if A is true at each € X. Logic IML is defined as the set of
all formulas that is valid in all models.

A sequent is defined as I' = A, where I' and A are finite sets of formulas.
We say a sequent I' = Ais true at z € X if v € || A — VA, where Al is a
conjunction of all A € I and VA is a disjunction of all A € A. We say a sequent
I'= Ais false at © € X if ' = A is not true at . We say a sequent I' = A is
valid in model (X, R, V) if I' = A is true at all z € X.

Because I' and A are finite sets, the number of symbols for sets {S,T,...}
that appear in I' = A is also finite. We denote by {81, B2, ..., 0} the set of such
symbols. We define base set B of I' = A and Bgy, of I' = A as follows:

B(I' = A)={p N psN...N S| each BF is B; or G5}
Bor(I' = A) ={fiNGsN..NBN..N S| each B} is 5; or 57}

The base set provides minimum units of the set of all modalities in I" = A.
Sequent calculus for IML (SIML) is given as follows:

Axiom:
A=A
Rules:
I'=AA All=>X
T Ay e
I'= A I'= A
AT=a W A VB
AT= A B, I'=A I'=s=AA I'=s>AB
aBT=a " Tproa b r=aing B
I'=AA AT'= A
—AT = A L) 7= A, A (=R)
I'= A [SIA, "= A "
sir=isa Y marsa Wb
(Vvmel) I = A,[S,lA UR)®)

I'= A [T]A



(1) SCT.
(2) Iis a finite set. T = |J Spm.-
mel

SIML consists of sequent calculus for classical logic and the rules for [S]A.

Theorem 1 (Soundness theorem for SIML). If I' = A is provable in
SIML, then I' = A is valid for all models.

For the completeness theorem, we prove a contrapositive; that is, we prove
that if sequent I' = A is not provable, then there exists model (X, R, V') such
that I' = A is false at x € X.

Suppose I' = A is not provable. A canonical model (X., R.,V.) can be
constructed by executing following procedure. We start from X = {I" = A} and
R = {(0}. The procedure adds formulas to sequents in a model, and creates new
elements and relations to a model. X. and R, are defined by X and R at the
end of this procedure.

Step 1:
Forall I = A’ € X

— Provided the resulting sequent is not identical to the original sequent: if
AAB €I, then we add A and B to I". This new sequent is not provable
because of rule (AL).

— Provided the resulting sequent is not identical to the original sequent: if
ANAB € A, then at least one of I" = A’, A and I" = A’, B is not provable
because of rule (AR). We add A or B to A’, which preserves unprovability.

— Provided the resulting sequent is not identical to the original sequent: if
—A €I, then I'" = A’ A is not provable because of rule (—L). We add A
to A'.

— Provided the resulting sequent is not identical to the original sequent: if
—A € A’ then A, I" = A’ is not provable because of rule (—R). We add A
to I".

— If [S]A € A" and if we did not execute this procedure on this formula and
if S ¢ B(I' = A), then we add [T]A to A such that I'" = A'/[T]A is
not provable and T' € Bg(I" = A). If every I" = A’ [T]A such that T €
Bs(I' = A) are provable, then by (UR), I'" = A’ [S]A would be provable
since |JBs(I' = A) = S. Therefore, there exists T' € Bg(I" = A) such that
I'" = A’[[T]A is not provable.

Step 1 ends at some point because I'"" and A’ are finite sets, sub(A) is also
finite, and Bg(I" = A) C B(I' = A). Then, we move to the next step.

Step 2:
For all I = A’ € X that already existed before this step:

~If [S]A € A" and S € B(I' = A) U {0}, and if we did not execute this
procedure on this formula, then we add a new sequent = A to X. We say



that this new sequent is created by [S]A. For all [T|B € I, if S C T,
then we add B to the premise of this new sequent. This new sequent is
not provable because of rules ([S]) and (UL). We denote by I = A” this
new sequent. If S # (), then we choose element n from S randomly and
add (I" = A"\ I" = A") to R,. If S = 0, for all n € N, then we add
(I'"= A" T" = A") to R,.

Step 2 ends at some point for the same reason provided above. Because new
sequents are created by Step 2, we return to Step 1. This repeated procedure
ends at some point for same reason provided above.

We define V. as follows:

Ve(p) ={I" = A'|pe I}

Lemma 1. For all (I" = A') € X., if A € I, then A is true at (I" = A'),
and if A € A', then A is false at (I" = A"). Therefore, I' = A is false at some
(I''= A" e X...

Lemma 1 provides the following theorem.

Theorem 2 (Cut-free completeness theorem for SIML). If I' = A is
valid for all models, then I' = A is provable in SIML without using the rule

(cut).
A Hilbert-style axiomatization for IML (HIML) is defined as follows:

All axiom and rules of traditional modal logic for all [S] and
[S1]A A [S2]A A ... AN[Sp]A — [T)A for all S; and T such that T C |JS;.

Theorem 3 (Soundness and completeness theorem for HIML). A is
valid for all models iff A is provable in HIML.

3 Labeled sequent calculus LSIML

In this section, we discuss labeled sequent calculus for IML to manage condi-
tions for frames. Conditions for frames can be defined as natural expansions of
conditions for basic modal logic.

We say frame (X, R) satisfies the {S}-reflezive condition if (X, R) satisfies
the following condition:

For all z € X, z(S5)x.

We say frame (X, R) satisfies the {S, T, U}-transitive condition if (X, R) sat-
isfies the following condition:

For all z,y,z € X, if x(S)y and y(T)z, then x(U)z.

We say frame (X, R) satisfies the {5, T}-symmetric condition if (X, R) sat-
isfies the following condition:



For all z,y € X, if 2(S)y, then y(T)z.

The above conditions can be summarized as parts of the following Geach
formula-type conditions. For Geach formula, see [7] [10]. We say frame (X, R)
satisfies the {S1,..., Se, 11, ..., T¢, U1, .., Uy, Wi, ..., W } - condition if (X, R) sat-
isfies the following condition: e, f, g, h are zero or natural numbers.

For all {zq,...,ze,y1,....,yr} C X, if 2(S1)z1,21(52)x2, ..., Te—1(Se) e,
zo(Th)y1, y1(T2)y2, ..., yr—1(T¢)yy, then there exists {z1, .., zg,
W1, .o, Wp—1} € X such that z.(Uy)z1, 21(Uz) 22, ..., 2g—1(Ug) 7g,
yr (Wi wr, wi(Wa)wa, ..., wn—1(Wh)2g.

Although we proved the completeness theorem for SIML, this type of sequent
is not suitable for IML with conditions. For example, we can introduce the axiom
for {S, T, U}-transitive as follows:

[U]A = [S][T)A.

This axiom is a generalization of the basic transitive axiom A = OOA.
However, we cannot prove the cut-elimination theorem if we add this axiom to
the calculus. We have to introduce a rule for {S,T, U}-transitive not an axiom.
The rule for a basic transitive condition is as follows:

Or = A.
Or=0A4

It is difficult to introduce a rule for {S, T, U}-transitive by modifying this rule
because each square has a different role. In this section, we use labeled sequent
calculus to overcome this problem.

We define the infinite set of labels, which is denoted by {a,b,c,...}. A labeled
formula is denoted by a : A, where a is a label and A is a formula. Sets of
labeled formulas are denoted by I, A, X, .... We say label a appearsin I"ifa: A
is included in I" for some A. We define a set relation of S on labels a and b by
a(S)b.

A labeled sequent is defined as {R}I" = A, where {R} is a set of set relations
on labels, and all {R}, I', and A are finite sets. {R} U {a(S)b} is denoted by
{R,a(S)b}. We say that letter a appears in set { R} if a(S)b or b(S)a are included
in {R} for some b and S. We define set { R}, which is a set of letters that appears
in {R}. We say set S appears in {R}[ = A if a(S)b € {R} for some a and b, or
[S]A is a sub-formula of B such that a : B € I'U A for some a. We say a labeled
sequent {R'}" = A’ is a subsequent of {R}I" = A if {R} C {R},I" C I', and
A C A

An embedding of labeled sequent {R}I" = A to model (X, R, V) is function
E from {R}1 to X that satisfies the following conditions:

If a(S)b € {R}, S # 0, E(a) = z, and E(b) = y, then there exists n € S such
that z(n)y.
If a()b € {R}, E(a) = z, and E(b) =y, then for all n € N, z(n)y.



We say labeled sequent {R}I" = A is true in (X, L, V) under F if for some
a:Ae€l, Ais false at E(a), or for some b : B € A, B is true at E(b). We say
labeled sequent {R}I" = A is false in (X, 1,V) under E if {R}I" = A is not
true in (X, L, V) by E. We say labeled sequent {R}I" = A is wvalid in (X, L, V)
if for all E, {R}I" = Ais true in (X, L, V) under E. An infinite labeled sequent
is defined as {R}I" = A, where {R}, I', or A is an infinite set, and the other
conditions are the same as those for labeled sequents. We say that labeled sequent
{R'} I = A'is a subsequent of {R}" = Aif {R} C{R},I" CI',and A" C A.

The labeled sequent calculus LSIML is defined as follows. {R}, I', and A
are finite sets.

Axiom:
{R}la:A=a:A
Rules:
{R}II'=>Aa:A {R}a:AT=A .
(RIT = A (cut)
{R}I[ = A {R}I[ = A

e ar=a " wmrsaaea W

{R}a:A,a:B,I'= A {R}II'=A,a: A {R}[ = A,a:B
{R}a: ANB, ' = A (AL) {R}I" = A,a: A\AB
{R}I'= A,a: A {R}a: AT = A
{Rla:-AT = A (°L) {R}I[ = A,a:-A (°R)
{R,a(S)b}b: A, = A " {R,a(S)b}["= Ab: A @
(R.a(S)la: AT =2 I (Rl = Aa: 54 IR
(VvmelI) {R,a(Sm)b}I'= A
{R,a(T)b}I' = A

LV®

(1) SCT.
(2) b does not appear in {R}, I', and A.
(3) I is a finite set. T = |J Sp,.-

Theorem 4 (Soundness theorem for LSIML). If {R}I" = A is provable
in LSIML, then {R}I" = A is valid in all models.

Because {R}, I', and A are finite sets, the number of symbols for sets
{S,T,...} that appear in {R}I" = A is also finite. We denote by {f1, B2, ..., 5i}
the set of such symbols. The definitions of set B of {R}I" = A and set Bgj of
{R}I" = A are the same as those in the previous section.

For the completeness theorem, suppose {R}I" = A is not provable. Canon-
ical model (X, R.,V.) can be created from {R}I" = A by adding new la-
bels and relations in this sequent while preserving unprovability. These changes
of the sequent are denoted by {R}ol9 = A¢(= {R}[ = A),{R}h[1 =
A]_, ceny {R}le = Ai7 {R}i+lpi+l = Ai+l7

We execute following procedure until the sequent does not change.



— Ifa: (AAB) € I';, then we define I';11 = I';U{a : A,a: B}, A;11 = A; and
{R}it+1 = {R}i. {R}ix1Ii+1 = Ai41 is not provable because of rule (AL).
—Ifa: (AN B) € A, then at least one of {R};,I"; = A;,a: A and {R}I; =
A;,a: B is not provable because of rule (AR). Therefore, we define A; 11 =
A;U{a: A} or A; U{a : B}, which preserve unprovability. In either case,

we define I'; 11 = I'; and {R};+1 = {R};.

—Ifa:-Ael';,,{R}I; = A, thena : A is not provable because of rule (—L).
Therefore, we define ;11 = 'y, Ajp1 = A; U{a: A} and {R};11 = {R}..

— Ifa:—-A € A;, then {R};[";,a : A= A, is not provable because of rule (—-R).

Therefore, we define ;11 = I'; U{a: A}, Ajp1 = A; and {R}i1 = {R}..

Ifa:[TNA € Iy, a(S)b € {R};, and S C T, then {R};b: A, I'; = A; is

not provable because of rule ([|L). Therefore, we define I';11 = I'; U{b: A},

Ai+1 = A7 and {R}i+1 = {R}l

If a : [S]A € A; and if we did not execute this procedure on this formula,

then we consider label b that does not appear in {R};I"; = A; and we define

FiJrl = Fi, AiJrl =AU {b : A} and {R}i+1 = {R,G(S)b}l {R}iJrlFiJrl =

A;41 is not provable because of rule ([JR).

- If a(S)b € {R}; and S ¢ B{R}I = A), from S € {1,0,....0} and
UBs{R}I" = A) = S, at least one of {R — (a(S)b),a({U}b}:[; = A;
(U eBs({R}I" = A)) is not provable because of rule (U). We define I'; 11 =
Fi, Ai+1 = A, and {R}i+1 = {R*(Q(S)b), CL({U})b}Z such that {R}i+1pi+1 =
A4 is not provable and U € Bs({R}I" = A).

This procedure ends at some point because of the following reasons: The num-
bers of labels, relations, and propositional variables that appear in {R};I"; = A;
are finite. All these procedures decrease the complexity of the formulas. We
can add only one label b for each a : [S]A € A; because of the condition
Bs({R}I" = A) C B{R} = A).

We write the final sequent as { R}.I". = A.. Note that { R}, only includes the
set relations of S € B({R}I" = A)) because of the final procedure. The canonical
model (X, R¢, Ve) (R. = {Ric, Rac, -..}) of {R}I" = A and the embedding E.
are defined as follows:

X. ={a | a appears in {R}.}.

Starting from R,. = () for all n, if a(S)b € {R}. and S # (), then we choose
element n from S randomly and add (a,b) to Ry.. If a(0)b € {R}., then we
add (a,b) to all R,..

Velp) ={a|a:peT.}.

E.(a) = a.

Lemma 2. Ifa: A €I, then A is true at a € X.. If a : A € A, then A is
false at a € X.. Therefore, {R}I" = A is false in (X., L., V) under E..

Theorem 5 (Cut-free completeness theorem for LSIML). If {R}[ = A
is valid for all models, then {R}I" = A is provable in LSIML without using the
rule (cut).



For a frame with conditions, we add the following rules to LSIML.
{S}-reflexive

{R,{aj(%fijl}:l;: 4 ({S}-ref)

{S, T, U}-transitive

{R,a(S")b,b(T")e,a(U)c} = A
{R,a(S8")b,b(T")c} " = A

({S,T,U}-tra)™
{S, T'}-symmetric

{R,a(S")b,b(T)a}I" = A
{R,a(SHO}T = A
{517 ceny Se, T17 ceny Tf, Ul, ey l]g7 Wl, ceey Wh}-COHditiOH

({57 T}—sym) )

{R, G17G2}F: A
(R,G1} = A
G={S1,....8e,T1,.. Ty, U, .. Ug, W, ..., Wi }

G1 = {ao(S1)a1,a1(S2)az, ..., ae—1(Se)ae, ao(T1)b1, b1 (T3)ba, ..., by -1 (T} )by}
Go = {ac(Ui)cr, c1(Us)ea, ..., cg—1(Ug)cg, bp (Wi)dr, di (W3)da, ..., dn—1(Wp)cg }

({G}-con)®

(1) 8"CS.(2) 8" CSand T’ CT.
(3) All labels in G2 except a. and by do not appear in the under sequent. S; c Sj, TJ{ C Ty,
UJ’- C Uj, and WJ' C Wj for all j.

We simply use G-condition to refer to {Si, ..., Se, Tt, ..., Tf, U, .., Ug, W1, ..., Wy, }-
condition. We say {R} satisfies the G-condition if for all a;,b;, 57,77, if G1 C
{R}, then there exists G2 € {R}.

Theorem 6. If{R}I" = A is provable in LSIML+({G}-con), then {R}[ = A
is valid for all models that satisfy the G-condition.

For the completeness theorem for LSIML+({G}-con), we change the defini-
tion of B and Bgy to manage new relations created by ({G}-con).

BURIT = A)= {B;N...03; NS N...nS2 AT N..Ti U3 N..NU; AW .. |
each * is empty or c}

Ber({RM = A) ={fiN..0BN..0BNSTN...NSENTFN..TFnUF N
- NU;NWEN...N W each * is empty or c}

We add the following step to procedure to create a canonical model.

— If {R} does not satisfy the G-condition and G; C {R} is a cause, then we
consider labels ¢1,...¢q,d1, ...,dp—1 that do not appear in {R},I"; = A; and
define Fi+1 =1}, Ai+1 = A, and {R}’iJrl = {R, Gg}l {R}i+1pi+1 = AiJr]
is not provable because of rule ({G}-con).
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Different from the case of LSIML, there is a possibility that the procedure
does not end at some point. Therefore, the final sequent {R}.I". = A, is defined
as {R}.= U{R}i, ['c= U and A, = U A,.

i=0 i=0 i=0

1=

Theorem 7 (Cut-free completeness theorem for LSIML+ ({G}-con)).
If{R}I" = A is valid in all G-conditional models, then {R}I" = A is provable
in LSIML + ({G}-con) without using the rule (cut).
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