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Abstract

The logic BI of Bunched Implications was introduced by O’Hearn and Pym in the late 90s. It freely combines
a multiplicative fragment, that of (exponential free) multiplicative intuitionistic linear logic (MILL), with an
additive fragment, that of intuitionistic propositional logic (IL). Considered separately, both MILL and IL are
decidable. For 20+ years, BI was believed decidable as well, a belief even backed by several published “proofs”
mostly based on semantic considerations. In 2010, the Boolean BI variant of BI (where the additives are those
of classical/Boolean propositional logic) was established undecidable by Brotherston and Kanovich on the one
hand, and independently by Larchey-Wendling and Galmiche on the other hand. These results did not directly
contradict the existing belief about BI, but however shed some doubts and generated a series of tries for alternate
(more syntactic) proofs of decidability for BI, which turned out to contain flaws. In a recent breakthrough paper,
Galatos, Jipsen, Knudstorp and Ramanayake (2026) prove the undecidability of BI using two different approaches.
The first proceeds by many-one reduction from Wang tiling problems. The second approach reduces from two
counters And branching Minsky machines acceptance. We adapt that latter proof to the constructive framework
of synthetic undecidability, as mechanized in the Coq Library of Undecidability Proofs. Given the checkered
history of this decidability question for BI, we think that such strong formal insurances are a worthy contribution.
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1. Introduction

The logic BI of Bunched Implications was introduced by O’Hearn and Pym [1] as the free combination
of multiplication intuitionistic linear logic w/o exponential (MILL, the multiplicative part) and proposi-
tional intuitionistic logic (IL, the additive part). While the merger of Hilbert style proof systems was
straightforward, designing a sequent system enjoying cut-elimination was much less obvious and led to
a kind of nested proof system where additive and multiplicative contexts are intertwined into “bunches;
algebraically structured into the free merger of two commutative monoids.

As both MILL and IL had decidable provability predicates, it was at first natural to imagine that BI
was decidable as well, and this belief was reinforced with later proof arguments [2] leaning towards
that property. These arguments were grounded on the properties of (semantic) models generated by
tableaux proof search. Other published claims of decidability followed like [3] or [4]. The community
was very much convinced of the decidability of BI but, as discussed below, not always bought the
arguments used to justify the claims, hence proposing alternate approaches.

The Boolean variant of BI (BBI for short) where the additive part IL is replaced by classical proposi-
tional logic (CL) essentially consists in adding the law of excluded middle to the Hilbert calculus, but
this breaks the sequent calculus which looses cut-elimination. To recover it, a possible solution is to
switch to display calculi [5]. The BBI variant got some specific attention because it can be viewed as the
logical foundation of separation logic (SL for short) [6]. While it was initially believed to be “simpler” or
“less expressive” than Bl itself, [7] proved that (the partial deterministic variant of) BI faithfully embeds
into BBI, which somehow came as a surprise. Then in 2010, two independent teams established the
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undecidability of BBI, as well as its interpretation in various models of SL [8, 9]. Unknown to them,
the two teams actually rediscovered a consequence of a former undecidability result for logics with a
binary modality, studied before the inception of Bl itself [10]. This undedicability of BBI did not directly
contradict the decidability claim for BI but, in addition to the above embedding, it did give the feeling
that the proof theory of BI and BBI was possibly misunderstood. Hence the later attempts at “better”
proofs of decidability, for instance, based on syntactic arguments [11], e.g. terminating proof-search.

Early march 2026, Galatos, Jipsen, Knudstorp and Ramanayake broke the ground with a claim that
Bl is undecidable after all, disproving earlier decidability claims (including some of their own). This
contribution is set to be presented at LICS 2026 and is currently only available as an arXiv preprint [12],
but it contains enough material to asses for the quality of the arguments they develop. The present
paper intends to certify those via a mechanization of the result in the Rocq proof assistant (formerly
called Coq), giving the strongest available formal insurances to the claim.

In [9, 13], we proposed an undecidability proof for BBI (and some variants) that was based on a
faithful embedding of the elementary fragment of ILL (eILL) into BBI, via trivial phase semantics. This
allowed for the many-one reduction from the problem of Minsky machines (MM) termination (on
zero) to elLL provability, hence BBI provability as well, ensuring undecidability. In [14], we mechanize
the undecidability of eILL in a Coq framework for synthetic undecidability [15], later to become the
foundations of the Coq Library of Undecidability Proofs herein abbreviated as CLoUP.

This framework is founded on the idea of synthetic computability: by restricting the language in
which we write many-one reductions to a suitable constructive framework, those are automatically
computable maps because all definable functions are computable. Hence, there is no need to implement
those reductions in a low-level model of computation (such as e.g. Turing machines) as would formally
be required by computability theory, but which is however almost universally avoided in practice, and
simply hand-waved away by informal considerations on algorithms.

Because this framework is necessarily constructive, nonconstructive axioms and typically the law
of excluded middle (XM) must be avoided and this prevented us to include the many-one reduction
from elILL to BBI (a simple faithful embedding) because its correctness involves the soundness of trivial
phase semantics (TPS) w.r.t. BBL, and this in turn requires XM! The correctness proof of the faithful
embedding of eILL into BBI as proposed in [9, 13] is nonconstructive; we will come back to this issue.

In contrast, constructivity is not an issue when considering eILL because that logic is intuitionistic at
heart and hence, TPS is constructively sound for it. In [14] we mechanize a full synthetic reduction
chain from the Post correspondence problem (PCP) to eILL via binary stack machines and Minsky
machines. Combined with earlier work reducing from Turing machines to PCP [16], this constituted
the foundations of what later became the CLoUP.

The recent contribution [12] actually proposes two independent proofs of undecidability of BI, one
(extensively developed) many-one reduction from a Wang tiling problem, and another many-one
reduction from the acceptance problem for two counters And branching Minsky machines acceptance
(2-ACM), a problem already considered for the undecidability proof of linear logic in [17]. It is that
latter proof, only presented in the appendix of [12], that we choose to mechanize, for two reasons:

« first, tiling problems are currently unavailable in the CLoUP, and contributing them is quite an
endeavor in itself:?

« second, 2-ACM are MM with a fork instruction and we already used elILL to simulate fork
and encode zero tests with them. Moreover in [18], we gave an inductive presentation of MM
acceptance that we could very easily reduce to 2-ACM acceptance.

While we retain the core/key groundbreaking idea of the second proof [12], that is the (relativized)
simulation of the combination of contraction and dereliction !¢ — l¢ % ¢, we depart from them in
that we use a positive encoding of Minsky machines instructions in the {-*, =, A, 1} fragment of BI

'indeed BBI includes an internal form of XM that leaks at the meta-level in TPS.
%all the more that tiling problems usually reduce from Turing machines non-termination (not termination) which is an issue
in the constructive framework of synthetic undecidability.
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while they use a negative encoding in a somewhat larger fragment that includes the disjunction V as
well> However, their negative encoding involves a quite complicated model, a GBI-algebra they call the
Galois algebra whereas we can simply copy the TPS model that we already mechanized for eILL [14].
In addition, the concrete model based on the classical powerset that they discuss involves set theoretic
complements (and hence XM), so it is not suitable in the framework of the CLoUP. We have not yet
checked whether this is an issue w.r.t. the Galois algebra or not.

1.1. Contents of the paper

The present paper aims at describing how we mechanize in the CLoUP the undecidability proof for the
fragments of BI that contain {-, <+, A, 1}. But it should be readable independently of the Rocq code,
with only very basic knowledge of inductive type theory involved. For readers interested in actual code,
it has been integrated in the CLoUP since the rocq-9. 2 branch, and we give some pointers to the code
along the prose.

In section 2, we start by introducing BI first syntactically with a standard Hilbert style calculus
HBI, then with the bunched sequent calculus LBI. Notice that in the case of LBI, we also consider
syntactic fragments of the logic, and the availability of the cut-rule (or not) is parameterized. This
level of genericity in the syntax arguably involves some technical skills in the Rocq manipulation of
dependent types, and we avoid describing those in full details in the prose. We show that HBI and (full)
LBI with the cut rule define the same notion of provability. We conclude the section with trivial phase
semantics for which we give a soundness proof w.r.t. HBI, and hence LBL

In section 3 we introduce acceptance problems for MM, and in particular show that two counters And
branching Minsky machines (2-ACM) have an undecidable acceptance problem, by reducing from the
already mechanized acceptance problem for two counters nondeterministic Minsky machines (ndMMy).

In section 4, we describe our mechanization of the undecidability proof for BI, by reduction from
2-ACM acceptance. We use the notion of pseudo-exponential to explain what we view as the key
contribution of [12], a particular interaction between additive and multiplicative bunches. Pseudo-
exponentials allow to simulate the pseudo-dereliction rule !¢ = lp * ¢, a direct combination of the
contraction rule !¢ = lp % lp and the dereliction rule !¢ = ¢ of linear logic. We explain how pseudo-
dereliction is enough to simulate the storage of MM instructions, storage that allows to freely get copies
of stored instructions, and that can be discarded when not needed anymore. Then, we simply adapt our
own previous mechanization of the undecidability of elementary intuitionistic linear logic (eILL) [14] to
BI replacing exponentials with pseudo-exponentials.

In section 5, we compare our results with those in [12], both in the statements, i.e. which fragments
they cover, and in the required meta-theory in the light of constructivity requirements. We conclude
with perspectives for extensions of the mechanization to the noncommutative and Boolean cases.

1.2. Some remarks about the Rocq code

We denote by P the type Prop of propositions which are the logical statements in the Cogq/Rocq
meta-logic. We assume a basic understanding of inductive predicates and types, herein presented as is
conventional, either by BNF style grammars, or for more complicated schemes, parameterized rules like
e.g. the deduction rules of sequent calculi. We assume Peano natural numbers in the type N and lists
which we denote using the standard [] (empty list), :: (head consing) and H- (append) operators.

The mechanization that we provide is available starting from the rocq-9. 2 branch (the current
main branch)

https://github.com/uds-psl/coq-library-undecidability/tree/rocq-9.2

and will be available in future versions of the CLoUP as well. The files that we contribute are located in
the theories/BI and theories/MinskyMachines/ACM2 sub-directories and most of them are referenced
in the paper, hyperlinked with the CLoUP repository. Concerning the size of the contribution in terms

*To be fair, their proof also applies to noncommutative B, a case that we do not consider herein.
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of lines of code (loc), we get 300 loc for the undecidability of 2-ACM by reduction for ndMM3. The
reduction from 2-ACM to Bl is a somewhat larger contribution totaling around 1650 loc.

2. Calculi and Semantics for Bl

Let us start with fixed type denoted prop for object-level propositional variables, not to be confused
with meta-level propositions in Prop/PP. Typically we need prop large enough (or infinite like the type
of natural numbers N) to ensure undecidability but the description of the BI logic can be performed on
a generic type prop with no structure a priori.

We define the syntax of BI based on the prop parameter. We denote by {x,+} the (finite) enu-
merated type of BI kinds, i.e. multiplicative and additive, and by & : {*, +} a value for dealing with
multiplicative/* or additive/+ constructs in a uniform way. The type of BI formulae is inductive and
can be described by the following BNF style definition:

Form: @, 0,y = |c|o®¢y wherez:prop,c:{il, T, L}and® : {¥, = A, = V}

and we denote by e.g. ¢ an arbitrary BI formula. Notice that we decorate object-level logical connectives
with a dot to avoid confusion with meta-level (Rocq) connectives; which typically applies to intuitionistic
connectives A, = or V. As usual, the connectives - and — are right associative, with less precedence
than #, A, V which are left associative. We are now in position to introduce calculi for provability in BIL.

2.1. Hilbert style calculus for Bl

We start with a Hilbert calculus for BI (HBI) in the spirit of [19], which requires much less machinery
than the upcoming bunched sequent calculus LBI. It consists in merging the axioms of IL with those
of MILL and adding three deduction rules to the standard modus ponens rule. We define a predicate
F7r : Form — [P describing a set of axioms for intuitionistic logic corresponding to the additive
fragment of BI, using the rules (free of any premise):

Foe=d =9 Fun(p29v=29)2@29) 2=y FnoAy e FrnoAd 3¢ bl

P9 =pAY Fno=eVYy bFonypeVey Fun(e=7) >0 =79 eV =y b T

to be understood as -7, 4 holds if and only if ¢ is (an instance of) one of the above shapes. Notice that
while the number of shapes is finite, the collection of its instance in I~ 7, is infinite and closed under
substitutions.

Then we give a complementary set of axioms for the multiplicative fragment of Bl as a predicate
Fpr : Form — P using the following rules:

FBI(p—'>i>3<(p F311>i<<p;><p Ferp*y Sy ke F31¢*(w*7)—’>(¢>@1/1)4<’y

We finish with the deduction rules for HBI encoded in a binary relation g : (Form — P) —
Form — P. Assuming a set of axioms described by ¥ : Form — IP,> we characterize the formulae ¢
derivable from the axiom in ¥ as a predicate ¥ - ¢ using the following inductive rules:

% Uy Uy o= Uy oY Uhkgy—>4
[ax] [mp] —— [mult]
\III—HQO \Ill—H”(/} \I/FHﬁP*’Y_)d)*(S
Uhbgo-1Y-xy Uk okt >y
— [wand;] - - [wanda]
Uk okt >y Uk o1 -xy

“the dotted notation has a low footprint on paper but is not generally available in Rocq hence object-level notations in the
code might differ a bit from those in the paper.
>typically we below instantiate ¥ as -7, U Fpr := A, 11, @ V Fpr ¢, the union of additive and multiplicative axioms.



Notice that the deduction relation ¥ 7 ¢ does not satisfy the “deduction theorem} i.e. U U {p} Fp ¢
entails ¥ -7 (o = 1, hence the need of bunches in the sequent calculus for BI. However this property
holds when restricted to the IL fragment and we make use of this facility in the Rocq code (see e.g. files
hil.v and hbi.v). Reasoning directly using the Hilbert rules of I-f; and the axioms in F, U gy is quite
hard. Natural deduction like facilities enhance the Rocq user experience a lot.

Definition 2.1 ( Fpgps). The set of provable formulae in HBIL, denoted tppr : Form — P are those
derivable from the union of IL and BI axioms, ie. Fgpr ¢ := (ki Ubpr) by ¢. See also
BI_HILBERT_PROVABLE in the file BLv.

2.2. Bunched sequent calculus for Bl

We give a detailed description of the bunched sequent calculus LBI for BI following e.g. the presentations
of [20, 2, 12]. These three presentations slightly differ but thanks to structural rules (equivalence,
weakening and contraction), they define the same provability relation, and so does the one we propose®
We define the type Bunch of bunches which are structured collections of BI formulae. Algebraically,

bunches are the superposition of two commutative monoids freely generated by Form. Formally:
Bunch: I'A O = (p) | D | [ ®; A where ¢ : Formand k : {*,+}

and we capture the monoidal structures using a congruence = : Bunch — Bunch — P to be defined
below. We write ® (resp. @) instead of ®, (resp. ®.) for compactness. Notice that ® (resp. @) is usually
denoted with a comma , (resp. a semicolon ;) in the BI literature, but we adopt notations closer to
the mechanized code! Remark that Form is not included in Bunch as a type but there is a canonical
embedding () : Form — Bunch that is usually implicitly assumed in the BI literature.

We define = : Bunch — Bunch — P as the smallest congruence (for both ® and &) that makes both
(Bunch, ®, @) and (Bunch, @, @) commutative monoids (up to the equivalence relation =), hence
with the rules:

r=A r=A A=0 A=0
[ref]] [sym] [trans] [congr]
r=r A=T r=o Fer A=T®, 0
——— [neut] [comm|] [assoc]
@ =T Fror A=A®T Tk A) RO =T Q@ (AR O)

where the parameter k : {*, +} allows to unify rules which are generic in the %/+ alternative.

To complete our description of the machinery used in the bunched sequent calculus, we introduce
the notion of context. These are usually described informally as a “bunch with a single hole; hole
herein represented by L. We encode these as in [21] viewing the type Ctx as that of paths (sequence of
left/right choices) that locate the hole:

Ctx: Yu=0|A®t 2 |X®y A where A:Bunchandk : {x,+}

Holes are the places where substitutions occur. For ¥ : Ctx and I' : Bunch, we define X[I'] : Bunch
as the in-place replacement of L] by I' in 3, using fixpoint equations on the inductive structure of X:

ar]:=r (A ®f 2)[I] := A @ X[ (X @, AL =2l @k A.

Since = is a congruence, we show that = is closed under context substitutions X[-], ie. I' = A —
Y[T'] = X[A], and this is proved by structural induction on .

We can now describe the provability predicate -7, : Bunch — Form — P in the bunched sequent cal-
culus LBI as a binary relation between a bunch (structured hypotheses) and a single formula (conclusion),

We have not mechanized the equivalence between those different presentations but we view this task as a simple exercise.
Using commas or semicolons in Rocq would conflict with several other standard uses of these symbols.
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written infix and characterized using the following inductive rules:

. | S[{p)) Fr v '=A | R 77 ]
— [id] [cut] [equiv]
() Fr o B[ ey AFp g
722[?-4 e [weak] —E CoTIFe e [entr]
Tl L@ El kL
3] Fr . ) by Fr . . )
M 1] — [1+] M [T4] — [T+] — [1]
(] kL gkl S(M L e FibrL T S e
E[{e) ® (D) Fr vy . Pkre  Abpv - Arry ()] FLy ] L@ (p) L (0]
SHes oy 0 T@®@AFL iy "USA® (o )] FLy Y TFLoxy T
Sy W)y .. Trhre ArFpy . Abre  Z[())Fcy . T@elprry
— (A . [Ar] . (=] —————— [/]
K AP Fry TOAFL @AY SAD ()] oy kL=
) ey B[ Ly o FhL g - IR )
Sl V)] iy Yo Trieve T Trieve

Notice that the weakening rule [weak] is different from that of [12] but they are inter-derivable thanks
to the availability of the equivalence rule [equiv] because A = @, & A = A & @, holds and = is
closed under context substitutions X[-]. Such differences are common in the BI literature: for instance
the left disjunction [V;] and left implication rules [-¥;] and [-+;] have slightly different flavors in [20],
themselves differing from those in [2], but again these are minor differences that do not modify the
provability predicate, thanks to the structural rules [equiv], [weak]| and [cntr] only.

Definition 2.2 ( \1pr). The set of formulae provable in the bunched sequent calculus LBI, denoted t-1,p; :
Form — [P, are those derivable from the empty context @4, i.e. Frpr ¢ = D4+ b . See also
BI_SEQ_PROVABLE in the file BLv.

Theorem 2.1 (Soundness for LBI). The LBI bunched sequent calculus is sound w.r.t. the HBI Hilbert
calculus, i.e. Frpr C Fpypr. See LBI_full_to_HBI_form in file hbi.v.

Proof. We translate a bunch like e.g. I into a formula written ((I')) using the following fixpoint equations:

(@)=¢ (=1 (@i)=T (LoA):=(D)*{(A) (TeA):=(I)A(Ar)

and then we show that I 7, ¢ entails +yp; (I')) = ¢ by induction on (the proof of) I' -1, ¢. Lastly,
we instantiate I' := @ and derive the result. O

Theorem 2.2 (Completeness for LBI). The HBI Hilbert calculus is sound w.r.t. the (full) LBI bunched
sequent calculus (with cut), i.e. Fgpr C Frpr. See HBI_to_LBI_full in file hbi.v.

Proof. We show that (F;;, Ubpr) Fg ¢ entails @4 1, ¢ by induction on the derivation of (k7 U
Fpr) Fu . Hence it is enough to give LBI proofs of HBI axioms (rule [ax]) and the LBI admissibility of
the four other derivations rules [mp], [mult], [wand; ] and [wands] of HBI. This proof makes heavy use
of the [cut] rule and if one wants the result without the cut rule, then a proof of cut-elimination such
as [21] would be required. O

Notice that we do not need Fpypr C k[ p; for our undecidability results. Nonetheless, this equiva-
lence between Fpypr and b pr ensures that we did not make any mistake in the formal transcription
of the somewhat complex bunched calculus in Rocq, assuming that the Hilbert system itself is properly
transcribed, which is arguably far easier to check for the reader.
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2.3. Fragments of LBI

In this section we describe a refinement of the syntax of BI and of the bunched sequent calculus LBI
that allows us to formally consider syntactic fragments of BI. We want to be able to restrict the set
of usable connectives. To implement that, we parameterize the logic by a Boolean selector function
w1, T, L, %, 2, A, = V} — {true, false} that, when e.g. (%) = false forbids the usage of the
 connective, and when p (=) = true allows the usage of the - connective.

The presentation of Sections 2.1 and 2.2 corresponds to the situation where = A _, true, i.e. all
connectives are allowed. Fragments in the Hilbert calculus HBI are not very workable because its
axioms and rules rely on the availability of some connectives like —», % and -, which hence cannot
really be forbidden. So we only consider the full fragment of HBI in the Rocq implementation.

However, the sequent calculus LBI allows for the separate treatment of each connective, hence the
actual implementation of Form, Bunch, Ctx, =, -1, and | p; are parameterized by p. Notice that
while the cut-elimination theorem for LBI [21] ensures that fragments are conservative over each other,
this result is not mandatory in the proof of undecidability herein described.

While the types Bunch, Ctx, = depend on p just because they are built from Form, provability -7, in
LBI also excludes left/right introduction rules of the connectives forbidden by the selector p. In addition,
a specific Boolean parameter cut : {with_cut, cut_free} allows for the inclusion or exclusion of
the [cut] rule from those of I, so we can deal with cut-free LBI or LBI with cut in a unified way.

We avoid entering in the Rocq implementation details of these fragments as dependent types in the
prose, but we mention this because we want to state results which are relative to particular fragments
of LBI, typically the {1, -, <+, A}-fragment of LBI that is enough for the encoding of 2-ACM.

Proposition 2.1 (Monotonicity for LBI fragments). If a statement I' -, ¢ can be proved in a LBI
fragment (1, cut), then it can also be proved in a larger LBI fragment (1, cut’), larger meaning cut =
with_cut — cut’ = with_cut and V¢, u(c) = true — p/(c) = true. See LBI_map_sound in the
file utils.v.

Proof. The relation between 1 and ' and cut and cut’ ensures that any proof of I' 1, ¢ in the p
fragment directly maps into a proof of " -, ¢ in the p/ fragment. O

2.4. Trivial Phase Semantics for Bl

Trivial phase semantics (TPS) is the phase semantics of intuitionistic linear logic (ILL) where the closure
operator is the identity map. In [9, 13], we show that it is sound for ILL and complete for the elementary
fragment of ILL (eILL) in which one can encode termination (on zero) for Minsky machines. We
mechanize that result in [14]. Acceptance for either ndMMs or 2-ACM (see Definition 3.1) can also
be encoded in eILL but we did not establish those results in [14]. In [9, 13] we also show that TPS is
sound for Boolean BI (BBI), hence it is a fortiori sound for BI. We give a constructive proof of that latter
soundness result for BI below.

We assume a commutative monoid (M, o, €) and we extend the interpretation of o to “subsets” of M
(i.e. predicates of type M — PP) and define its right adjoint —o by:

XoY:=Az,dzy,z=z0oyANXzANYy X oY =Xz,Vz, Xx — Y(xo2z)

for any X,Y : M — P.® As usual the binary intersection and binary union of X and Y can be
implemented respectivelyas X NY := A2, X 2 AYzand X UY =Xz, X2V Y 2

Definition 2.3 (Trivial Phase Semantics). Given an interpretation [-] : prop — M — P of proposi-
tional variables in M — P, we extend this interpretation to BI formulae in Form using the equations:

[eAvl=Teln[W] le=¢l=Azle]e > W]z [pVel=[e]U] [L]:=A_ False
[o * ] := [g] o [¥] [ = 9] == [0] — [¥] [il:=Az,e== [T]:=A_, True
®Notice that in regular phase semantics, a stable closure must be further applied to X o Y to interpret the linear tensor ® but

since the closure is the identity map in TPS, this can be ignored here.
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Theorem 2.3 (Soundness of TPS for HBI). For any ¢ : Form in the full fragment (i.e. for p :=
A_,true), if Fppr ¢ thenVx, [¢] x holds. See tps_HBI_sound in the file tps.v.

Proof. By induction on the derivation of (-7, UFpr) b . Hence we show that Vz, [¢] = holds for
any axiom (-7, ¢ or Fps ), and that the property is closed for the four derivations rules [mp], [mult],
[wand; ] and [wands]. O

Using the translation of bunches into formulae (see proof of Theorem 2.1), we can extend the TPS to
bunches with [I'] := [((I'))] and, as a combination of Proposition 2.1 and Theorem 2.3, we derive that
'tz ¢ — [I'] C [¢] holds in any fragment y of BL. But we don’t need this result for undecidability.

Notice that the soundness proof for HBI is performed constructively. TPS is neither complete for
ILL nor for BI, and nor for BBL. While TPS is proved sound for BBI in [9, 13], that proof however
requires excluded middle (XM). Indeed XM is an axiom of classical logic (CL) and thus belongs to BBI,
of which the additive part is precisely CL. This mean that the interpretation of [¢ V (¢ < 1)]  is
[e]z vV ([¢] © — False) which cannot be established constructively in general, unless of course
assuming XM at the meta-level of Rocq. That is why the reduction from eILL to BBI and the subsequent
undecidability proof of BBI [9, 13] has not been integrated in the framework of synthetic undecidability,
because reductions have to be implemented and proved correct constructively.

3. Two counters And branching Minsky machines

We describe the acceptance problem for two counters And branching Minsky machines (2-ACM) [17]
and explain its undecidability in the synthetic framework of the CLoUP.

The CLoUP library is composed of a collection of many-one reductions between problems of different
nature, such as termination problems for low-level computational models like Turing machines (TM) or
Minsky machines (MM), string related problems like the Post correspondence problem (PCP), logical
problems like satisfiability or provability, etc. When considering adding a new problem, we first have to
choose one seed of undecidability from which to reduce from.

In the case of (exponential free) intuitionistic linear logic (ILL) [14], we added a reduction chain from
PCP to MM and then reduced provability in ILL from MM termination. We could use MM here as well
but following [12], we rather directly contribute 2-ACM acceptance to the CLoUP and then reduce from
that problem. Fortunately we already contributed the acceptance problem for ndMM, (see Definition 23
in [18]) which is close enough to the acceptance problem for 2-ACM.

We only consider acceptance problems hence we can represent those with deduction rules which
facilitate the implementation of reductions to logical deduction systems like LBI or HBL. The Minsky
machines we consider have two counters that we name « and 3, and a : N (resp. b : N) is used to
represent the natural number value of « (resp. [3) at a given state in the deduction. The state is also
composed of a current location in a type loc. The instructions of MM are of the following kinds:

INCapgq: atlocation p, increment the value a of o to 14-a and jump to location g;

DEC B pq: atlocation p, if the value of 3 is not zero, decrement it by one and jump to location g;
ZERO apg: at location p, if the value of « is 0 then jump to location g w/o altering the counters;
STOP p: at location p, if the counters both have a 0 value then accept the computation;

FORK pqr: atlocation p, irrelevant of the values of counters, fork the computation and jump to ¢ and r
in two separate branches of the computation w/o altering the counters.

Their above informal description is formalized in the rules of Fig. 1.
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S/allbtgq Sfalbtr

———— [STOPp € ¥ [FORKpgr € X]
)00 Fp Sfallbtp
S/ 14a|bF g Sfall14b F g

/ | [INCapq € X /ol [INCBpq € X
S/JallbFp Sfallbbp

X/albtq X/al|btq

Vel [DECapgq € % fal [DECBpgq € ]
Y/1+albkp Sfal|l+btp

X/O0|bkFgq /alO0Fgq
Z/olbFa [ZEROapq € 3] Z/all0rq [ZEROBpgq € 3]
SJ0lbkEp S/Jall0Fp

Figure 1: Rules for acceptance problems of two counters Minsky machines.

Definition 3.1 (Two counters Minsky machines acceptance problems). Non-deterministic two
counters Minsky machines (ndMMy) have instructions in {STOP, INC, DEC, ZERO}. Two counters And
branching Minsky machines (2-ACM) have instructions in {STOP, INC, DEC, FORK}. Considering a list of
instructions 3 (of the corresponding type), we say that the ndMM, program ¥ accepts state (a, b) : N x N
at location p : loc and write ¥ //, a || b & p : IP if this statement is derivable from the rules of Fig. 1
(hence excluding FORK). Similarly, we write ¥ [/, a || b & p : P for acceptance of a 2-ACM program %
(hence excluding ZERQ). See the files ndMM2.v and ACM2.v.

Notice that the rules of Fig. 1 should be read upwards if one wants to interpret them in a computational
way: the conclusion is the current state and the premises are the next states (the plural only applies
in the case of the FORK rule). In contrast with [12], we use an inductive predicate in the deduction
rules of Fig. 1 to implement acceptance directly. This avoids us the burden of having to describe a
step semantics, and hence a richer state of computation for Minsky machines. In [12], in the case of
2-ACM, it takes the shape of a binary tree, that is herein captured in the structure of the derivation of
Y //ya || b - p statements.

Theorem 3.1. Over a (shared) type loc of locations, there is a many-one reduction from ndMMa to
2-ACM. Hence when loc is infinite, e.g. when loc := N, the problem 2-ACM is undecidable. See the
file ACM2_undec.v

Proof. Much like what is done in our proof of Theorem 8.1 of [14], we simulate the ZERO test using a
FORK. We do not elaborate more here, see the file acm2_utils.v. O

Notice that we do not strictly need loc to be infinite for undecidability. There exist two counters MM
that encode universal problems. For such a machine’ the acceptance problem is undecidable. However,
this would only play a role here if we wanted an upper bound on the number of propositional variables
needed in BI formulae to reach undecidability.

4. From 2-ACM acceptance to provability in Bl

The core idea behind the undecidability proof for BBI in [9, 13] was that the linear logic exponential
I could be simulated in BBI as 1 A ¢. With that encoding, one could simulate !¢ = 1 (weakening),
lo = lp & lp (contraction), and !¢ —> ¢ (dereliction) for those !-prefixed formulae, thus allowing the
encoding of the reusability and discardability of MM instructions, the instructions themselves being
encoded at the level of the {—o, &, 1} fragment of ILL already, hence the { -, A, 1} fragment of BBL.

®one such MM is currently implemented in the CLoUP, hence with a known finite number of states. It is the compiled form of
a p-recursive program that searches for solutions of (encoded) Diophantine equations.
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However that straightforward encoding of !¢ in BBI fails in the case of BI because one cannot show
contraction !l = 1o % ! in BI!? In our reading of [12], we single out two critical observations that are,
from our own point of view, key to relate the former undecidability proof for BBI to the new BI one:

Observation 1: the encoding of the reusability of Minsky machines instructions does not strictly
require contraction but only the combination of contraction and dereliction, i.e. ¢ = 1o % ¢;

Observation 2: this combination can be somewhat simulated in BI using an encoding of a relativized
exponential 7 that we herein call pseudo-exponential (see below).

We will work with the {6, 5, A, i} cut-free fragment of BI. We make use of T but only as a shortcut
for T := 1 =1 in that fragment, which is an obvious equivalent. This can be justified with the two
following LBI proof structures in the considered fragment:

iy
Db 1 )
—[equiv
Yoty T, DD, FLl['q |
— weak] ——[iJ]
=1k e oy@ (i) i
s,
oy i

that derive equivalents to the left [T;] and right [T,] LBI introduction rules for T.

4.1. Pseudo-exponentials for reusable and discardable storage

Observation 2 above is a consequence of the two following derived rules:

Lemma 4.1. The following two rules are derivable in cut-free LBI (see LBI_* _idea in file encoding.v):

L®(p) Fry obsy] Ce((Txyp)Al) e W)y s
Te(p*y)>nNkFry e (Txp)Al) Ly ’

Proof. Assuming the notation A :=I' ® <(T “x1p) A 1) for shorter display, we give two LBI proof
structures to justify the claim:

— [T
Mweak]
N | A )Ly
e (@) Fry . AT @ (T>¢) Ly _*l]
%] ——[id] . [equiv]
Thrgy <7>FL7[_.>Z] Ao (T (T *yp)@oy)) by .
e ((p=*y) ) Fra NN GE T LI R
- . A
Ao (T® (T ) Al) oy tl
Arsq [entr]

Notice that we avoid the justification of the equivalence = in the instances of rule [equiv]. We also do
not explicitly give the contexts 3[[J] (and the position of holes) used in left introduction rules. d

Definition 4.1 (Pseudo-exponential). Given two BI formulae ¢,~ : Form, we define the pseudo-
exponential denoted !"p := (T =« ((p =+ 7v) = 7)) A L.

!%o the best of our knowledge, it is unknown whether contraction can be simulated directly in BL
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Theorem 4.1. The two following rules are derivable in cut-free LBI (see LBI_pseudo_exp_* in
file encoding.v):

N e (7e) ®(p) Fry
L [I7-weak] (L@ {"e) @ () P [17-derel]
F@(W(p) '_L(S F®<!7g0> I—L'y

Proof. Using ¢ := (¢ = 7) — ~y for the instance of the derived rule [obs}], we give two LBI proof
structures to justify the claim:

I _
I® (0. ®0,) kL0 E?]uw] Te® (") ®(p) Fry fobss]
| re(@yo(d) Lo weak Fe ?”@) ®((p*7) =) Fry s
Fe(T*((exy)>y))ed) kLo . T ((Tx((px7)=>Al)kFLy

T@ (T ((p*x7) 7)) Al) kL6

Rules [obsy] and [obs)] of Lemma 4.1 used on the right hand side proof structure expose a remarkable
feature: a copy of ¢ is being stripped off of its surrounding pseudo-exponential, while at the same time,
it switches from multiplicative to additive context, and then back into multiplicative context. O

Compared to the presentation of [12] which discovered this key interaction between additive and
multiplicative contexts, here highlighted as the combination of rules [obsy] and [obs)], we insist on this
presentation via the notion of pseudo-exponential because it creates a bridge between our previous
encoding of MM in eILL and a forthcoming encoding of 2-ACM into BI.

With weakening [!7-weak| and pseudo-dereliction [!7-derel], we nearly have the material for encoding
2-ACM. Notice however the constraint that the v in 7o must match the conclusion of the LBI sequent
in rule [!7-derel] while no such relation exists in the case of rule [!”-weak]. We will see that this does
not impair the encoding because the possible values of 7y are going to represent locations in 2-ACM
programs of which there are only finitely many.

The rule [!”-derel] of Theorem 4.1 allows for the repetition of Minsky machines instructions encoded
as say ¢ where the pseudo-exponential !” ¢ represents a storage facility from which one can extract a
copy of any stored instruction without altering the storage itself. The rule [!7-weak] allows to discard
any stored instruction and hence repeatedly, the whole storage at the end of the computation. On the
side of TPS semantics (which is used for the correctness of the encoding), a critical property of the
storage is that [!7¢] € holds, which we check below.

Theorem 4.2. Let [-] : prop — M — P be a TPS semantics over a commutative monoid (M, o, €) and
©,7 : Form be two BI formulae. If [¢] € then [!7¢] €. See tps_BI_pseudo_exp in file encoding.v.

Proof. Let us assume [¢] €. For any x : M, we first show [(¢ = 7) — ] . Hence we assume [ - ] =
and we want to prove [y] z. Given [ = 7] = [¢] —o [7], since [] € holds, we derive [y](e o z) hence
[v] z. So we get Y, [(¢ =) —> ] = and this entails [T = ((¢ = y) = v)] e. We conclude that

[""e] e O

4.2. Encoding individual 2-ACM instructions

We recall that the encoding of 2-ACM instructions [14] can already be achieved in the {-%, A, 1}
fragment of LBI which is (isomorphic to) a fragment of ILL. Notice that [FORK| was not made explicit
in [14] but was nevertheless used there to encode zero-tests for Minsky machines (via forking). Here
we reduce from 2-ACM instead.
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Theorem 4.3. The following rules are derivable in the cut-free {-,A,1} fragment of LBL See
LBI_{FORK, INC,DEC, STOP} in file encoding.v.

Lol fey iy Lrod IDEC
@ ((p*v¢) *vy) Ly (TC®(p) ®(p v %) FLy
Pred [STOP] SR L Y
F®(1*v) Ly L@ ((pAY) *v)Fry

Proof. We give the four following LBI proof structures:

———[id]
'k F
] /1 + r : F
Cripsy Qo WTe TRUEIL,
. . = T : ; =
(L@ (p) ® (o =7y) Ly
. [id] Troe They o id
'k 1 H - Pl L
pt e Tl g A by
'e(1-=xv)F . ) k]
AR L@ (g Av) )by O
4.3. Encoding 2-ACM acceptance
Given a list ® = [p1;. . .; @y] of BI formulae and a single formula 1), we encode this list as a (multi-

plicative) bunch with

[o15 - 50n)" = (p1) ® (- ® ({on) ® D) - +)

and we show that if two lists ®; and ®5 are permutable then @? = @5@’, i.e. permutations preserve
the =-equivalence classes of bunches. In particular if ¢ occurs in the list ® then we can display ¢ the
following way: there is a list U such that ®® = ¥U® & (¢). Using these properties, we can reformulate
the derived rules [!7-weak]| and [!7-derel| of Theorem 4.1.

Proposition 4.1. The following rules are derivable in the cut-free { -, —, A, 1} fragment of LBL

¥ @ (p) Fr
——— Wed, Ivp =Ty Ppcd
% by i ¥ by

the lhs derived rule being applicable when the list ® is composed exclusively of pseudo-exponentials, and
the rhs derived rule creating a copy of the formula stored in a pseudo-exponential occurring in ®. See
LBI_list_mult_{weak,derilection} in file encoding.v.

Proof. For the left rule, we proceed by induction on the list ®. When ® = [] is the empty list, we get
the rule as an instance of the LBI rule [1,,]. When ® = 7 :: U then we have ®® = (I7y) ® U® and we
proceed with the following proof structure:

U by 1
Ve @ (Mp) Fp 1
~ [equiv]
<wtp> ® Ue® Frl

[17-weak]

and plug the induction hypothesis (a LBI proof of ¥® - 1) to get an LBI proof of ®® -, 1.
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For the right rule, since "¢ € ®, we can find ¥ such that ®® = ¥® ® (!7¢) and then proceed with
the following proof structure:

D@ (p) Fr vy
(T® (Mp)) ® (p) Fry
@ ("p) by
OF by v

[equiv]
[7-derel]

equiv]

This concludes the proof. O

We additionally define the repetition operator n.¢ that produces a list of n copies of ¢ and, given a
list @ of (hypothesis) formulae and a (conclusion) formula 1), the folding of the operator - over the list
& starting with ¢ and denoted & ——« :

n.p = [p;...;¢] withn copies of ¢ (13 n) —xh =1 % (- =% (X))

We show the identities 0.0 —« 1 = [| == 1) = ¢ and (1 + n).¢ —=x1p = ¢ - (n.p — 1) and
(PHU) —xtp =D % (U —x1).

Remark 4.1. ®® [ 1 entails Frpr 1 - ® — 1).

Proof. By (repeated applications) of rules [, ] and [equiv] and once [1;] and [, ]. O

We have enough material to implement our positive encoding of 2-ACM acceptance, which mimics
the encoding of two counters MM termination in eILL [14]. We assume a type of locations loc for
2-ACM instructions. We will build a LBI formula of which the variables span over prop := loc+{«, 8}
extending locations viewed as variables with two fresh variables o and (5. We define the source location
of a 2-ACM instruction as a map src : 2-ACM;,. — loc by case distinction:

src(INC_p_):=p src(DEC_p_):=p src(STOPp):=p src(FORKp__):=p

and then the encoding of 2-ACM instructions to BI formulae in the {-*, A, 1} fragment as a map
enc : 2-ACMjoc — FOrmy,c{q, 8}

enc(INCepq) :=(c-xq) >*p enc(DECcpq) :=c-xq->*p

enc(STOPp) :=1-xp enc(FORKpqr) == (¢ A7) *p

where ¢ : {«, 8} and p, ¢, 7 : loc.
Given a list of 2-ACM instructions, we encode it as a list of BI formulae:

encY :=[°(enci) | i € ¥, s € srcX]

composed of a pseudo-exponential !*(enc i) for each 2-ACM instruction ¢ occurring in ¥ and each
location s occurring as a source location in 3, so (formally) the product of the lists > and src ¥ using
the product operator Ai s, !*(enci).

The encoding of a 2-ACM acceptance statement X /4 a || b I p is the following

15 (a.a+Hb.0+H encX) —xp

Theorem 4.4 (Soundness of the encoding). If the 2-ACM statement 3 [/, a || b = p is accepted then
Frpr 1= (a.a +H b.8 + enc ¥) — p. See acm2_encode_sound in the file encoding.v.
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Proof. Assuming 3 //, a || b = p, by Remark 4.1 it is enough to show (a o+ b.f H enc Z‘)@ Fr p.
We construct a cut-free derivation of the later sequent in the (=, =, A, 1) cut-free fragment of LBI by
induction on the (derivation of) the acceptance statement > //, a || b F p using the rules of Theorem 4.3
and Proposition 4.1. Below we only deal with the rules [STOP p € X and [FORK p ¢ r € X] but the reader
can find the complete mechanized argument in the file encoding.v.

Let us start with an instance of rule [STOP p € X]. We proceed the following way:

Vi) € encd, v, ¢ =

(encX)¥ Fp 1
oD @ p)rp
~ encX)” =*p) kL p
S)a00Fp IP(enc(STOPp)) € enc X
(encX)¥ Fp p

and get a LBI proof of the encoded 2-ACM acceptance statement.
For rule [FORK p ¢ r € X], denoting ® := a.cv ++ b.3 + enc ¥ we proceed the following way:

(I)®}_Lq ‘1>®|—LT
Shallbra Shelbrr | weatainag iy
Xfaalbbp T P (enc(FORK pqr)) € ®

where '”(enc(FORKpqr)) = P((q A r) = p) belongs to ® because it contains enc X.. Then we apply
the two induction hypotheses and plug LBI proofs of ®* -1, ¢ and ®® [, r in place of the leaves of
the proof structure on the right hand side. d

Theorem 4.5 (Completeness of the encoding). If the formula 1~ (a.a H b.5 + enc X)) —* p is
valid in TPS then 2-ACM statement ¥ //y a || b = p is accepted. See acm2_encode_complete in the
file encoding.v.

Proof. Given a fixed list for 2-ACM instructions ¥, we use the following trivial phase interpretation in
the commutative monoid N x N based on pairs (z, y) natural numbers:

[ (z,y) =% JJyx ||y F lis accepted
[e] (2, y) = (z,y) = (1,0)
18] (=) := (x,y) = (0,1)

where [ : loc so this spans all the propositional variables in loc + {«, 5}.

For any instruction ¢ in ¥ we show that [enci] (0, 0) holds. Notice that this property was already
mechanized in [14] and we simply import the proofin this new formalism. Let us consider for instance the
case of FORKp g € 3. Let us show [enc(FORK p ¢ 7)] (0, 0) holds. This unfolds as [(q A r) = p] (0, 0),
hence unfolding again, for any x and y, the entailment [¢] (z,y) A [r] (x,y) — [p] (x + 0,y + 0)
holds. By definition, thismeans ¥ J/, z ||y F ¢ AX Jyz ||y - r =X /yx | y - p which trivially
follows from rule [FORKp g r € X.

We then show the following entailments:

(1) [n.a —¢] (z,y) = [¢](n + z,y) by induction on n : N;
2) [n.p —x¢] (x,y) = [¢](z,n + y) by induction on n : N;
3) (Vi, ¢ € @ = [1] (0,0)) — [® — ¢] C [¢] by induction on the list .

Now assuming that the formula 1 - (a.a H- b.8 + enc X)) — P is valid in TPS, from [1] (0, 0) we
deduce [(a.cc) = (b.8) — enc ¥ — p] (0,0) and then [enc ¥ —=« p] (a, b) by entailments (1) and
(2) above. Since [enci] (0,0) holds for any ¢ € ¥, by Theorem 4.2 this entails [!°(enc )] (0, 0) for any
i € ¥ and s € srcX. As a consequence, using entailment (3) above with ® := enc X, we get [p] (a, b)

O]
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4.4. The undecidability of Bl

Theorem 4.6. There is a many-one reduction from acceptance in 2-ACM (with locations in loc) to
provability in BI (with propositional variables in 1oc + {a, 8}). Provability in BI understood as either
HBI-provability or else LBI-provability in any fragment containing the connectives { -, <+, A, 1}, irrelevant
of the availability of the cut-rule. See file ACM2_to_BLv.

Proof. The result is a consequence of the soundness Theorem 4.4 for the encoding, the monotonicity
Proposition 2.1 for LBI, the soundness of Theorem 2.1 for LBI w.r.t. HBI, the soundness Theorem 2.3 of
trivial phase semantics for HBI, and the completeness Theorem 4.5 for the encoding. d

Notice that thanks to cut-elimination the various fragments of LBI all define the same notion of
provability (on the part of the syntax that they have in common) but we do not need that property to
establish that they are all undecidable. The reduction might be extended to any system that contains
HBI and is sound for TPS, hence possibly stronger ones like separation logic (based on IL).

Theorem 4.7. Provability in Bl is undecidable for any fragment containing {-*, =, A, 1} when prop :=
N. See file BI_undec.v.

Proof. Indeed, there is an injective map from N + {«, 3} into N and 2-ACM is undecidable when
loc = N by Theorem 3.1. We combine this with the many-one reduction of Theorem 4.6. O

Remark that one can exhibit a 2-ACM which is universal and hence of which the acceptance problem
is undecidable. As a consequence, we could give an explicit finite bound for the number of Bl variables
over which BI becomes undecidable. But if one is interested in trying to minimize that bound then we
would advise using more than two counters to get a universal ACM with the shortest possible program
instead of the least number of counters. Each counter just costs one logical variable, the same amount
as each source location in ACM programs.

5. Discussion and Conclusion

We mechanize a somewhat generic proof of undecidability of BI based on some keys insights of [12] that
we interpret using the notion of pseudo-exponential. The technique applies to fragments containing the
connectives -, —, A and 1, and which are sound for trivial phase semantics. Due to the requirements
of the synthetic framework of undecidability, the soundness proof needs to be constructive hence does
not apply as is to e.g. Boolean BI (BBI).

In [12], they provide two distinct proofs of undecidability, each concerning different syntactic
fragments. The proof that reduces from tiling problems does not seem to involve the unit 1 but involves
disjunction V and a negation. The proof that reduces from 2-ACM requires a strictly larger fragment
than our own because they moreover need the disjunction V. We think that this is due to a negative
encoding of 2-ACM instructions that we circumvent using a positive encoding. Both of their proofs
work also in the case where * is a noncommutative operator. We reasonably think that our own might be
convertible to the noncommutative case as well, also one would have to carefully review (and possibly
redesign) some of the derived rules to account for that change.

Concerning the meta-theory, the authors of [12] mention that they were careful to avoid the axiom
of choice. It seems that they did not consider the case of excluded middle (XM) with such care. In
particular, the specific BI algebra that plays a “central role” in their tiling based proof is a Boolean
algebra, hence we cannot see how they would be able to avoid XM. Concerning the 2-ACM based proof
however, it might be the case that it does not need XM but then, our positive encoding works using a
strictly smaller fragment (in the commutative case).

Once [12] was made available on arXiv, we implemented an undecidability proof for 2-ACM, and then
it took us a relatively short amount of time (say half a week) to get a first mechanized undecidability
proof for BL. This is clearly due to the availability of the Coq Library of Undecidability Proofs, a versatile
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library for undecidability in Cog/Rocq. The 2-ACM seed of undecidability was very close to an existing
MM acceptance problem and somewhat straightforward to mechanize. Our own experience with the
reduction from MM to eILL allowed us to immediately frame the 2-ACM to Bl reduction in terms of the
pseudo-dereliction rule.

Concerning future work, we could adapt the cut-elimination proof for BI [21] to our framework,
hence deriving conservativity results. As discussed above, we could also consider the noncommutative
case. The case of Boolean logics, e.g. BBL, could be more challenging (constructively). Clearly, sticking
to trivial phase semantics requires XM at the meta-level, something we cannot afford in the synthetic
framework. One could consider a more general phase semantics that would be constructively sound for
BBI, for instance using double-negation closure instead of identity closure (TPS).
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