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Motivations for studying MSELL

m MELL decidability

» most important LL open decidability question
» some proof attempts (Bimbo 2015)

> later refuted (Strassburger 2019)

» MELL encodes Petri nets reachability

m Petri nets, VASS reachability is decidable

» major results from 80’'s (Mayr 1981, et al)

» proof still revisted in the 2010's (Leroux)

» non-elementary (Czerwinski et al 2019)
(possibly) Ackermann complete (Czerwinski 2021, Leroux 2021)
m MSELL simple extension of MELL

» 3 modalities, one of them exponential
» modalities interact in the promotion rule
m MSELL is undecidable (Chaudhuri 2018)

» unlike ILL, proof does not use forking via &
» instead exploits interaction of modalities

\4
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Approach and main focus of the talk

m The proof of Chaudhuri 2018
» undecidability of (classical) MSELL
» many-one reduction from two counters Minsky machines
» completeness of the reduction via focussing
m Revisit the proof for (intuitionistic) IMSELL
» compare with the ILL proof (CPP’'19)
» completeness via (trivial) phase semantics
m A synthetic framework for mechanized undecidability in Coq

» need to add undecidability for two counters machines MMAO,
» we plug from the FRACTRAN seed instead of many counters machines
» we introduce a sequent formulation of counter machines MM, 4

m In this talk, we focus on:
» comparing the reductions from MM, to ILL vs. IMSELL
» explain some details for the FRACTRAN to MMAO,
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A library for synthetic undecidability in Coq

‘https://github.com/uds—psl/coq—1ibrary—undecidability

Definition (Synthetic undecidability)

P undecidable := Halting problem reduces to P

m a decision problem (X, P) : (X : Type), X — P
m Many-one reduction from (X, P) to (Y, Q)

» computable function f : X — Y s.t. ¥x, Px <> Q(f x)
» ‘“computable” requirement replaced by “defined in CTT"
» We write P < @ when such reduction exists

Coq terms are computable (axiom-free)

m Undecidability in Coq by many-one reductions
» if P undecidable and P < Q then @ undecidable
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Overview of the library of Undecidability (CogPL'20)

H10,
[DIOelem (20Unit | (SemiUnif )

'R ?7:A

mPCP \ DIOjogic MMA, UnifBound

Tag Sys. Ja- - - {PCP] BSM]  [FRACTRAN | MMAO, | MM,

(‘Trakht. j+——{ BPCP [MMon ILL

m Y. Forster, DLW, A. Dudenhefner, F. Kunze, D. Kirst, G. Smolka ...
m ITP'18'19'21, CPP'19'20, FSCD'19'20'21, IJCAR’20, LICS21

m Mechanizing undecidability for logics was my main initial motivation
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Intuitionistic Linear Logic
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Intuitionistic Linear Logic (ILL)
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Intui. Multiplicative and Exponential LL (IMELL)
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Intui. Mult. Sub-Exponential LL (IMSELL)
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IMSELLA (the modal structure)

Compared to ILL: multiplicatives only (no &, like IMELL)
Compared to IMELL: modal rules are refined
» Contr./Weak. limited to unbounded modalities
m Modal structure A = (A, <, U):
» with a pre-order x : N —- AN —> P

» a sub-set of unbounded modalities u € U, with U/ : A — P
» U is x-upward closed

m Promotion: interaction between modalities x = {ki,..., ko}
T - B ! !klAl,...,!k"A,,l—B
—_— ! m=< ki, ..., kn
T EImB LY VI LV WS L
m Uniform case m = k; = --- = k, same as (regular) promotion
I+ B
Imr=1mB
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IMSELLA and IMSELL3 (undecidability)

m Decidability of IMSELLA depending on A
m IMSELL3 = IMSELL,, is undecidable:

> As = {a, b, 00}, Us = {o0} o0 € Us
» a<ooand b< oo /\
» aband b£a
agdUs bglUs

Also IMSELLA undecidable when A embeds A3
m IMSELL, is isomorphic to IMELL

> Ao =Us = {00}

» IMSELLA contains IMELL when U # ()
IMSELLA decidable?

> yesif U =0

» IMELL ~ IMSELL, is unknown
Undecidability for IMSELL3:

» by many-one reduction from two-counters Minsky machines
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Reducing Minsky machines to ILL and IMSELL;
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MM, q: sequent style Minsky machines

m Y finite list/set of instructions (STOP,, INC,, DEC,, | ZERO, |)
m Sequents: ¥/ x@®y Fp
m x/y values (in N) of two counters /3
m p,q,... are labels (in e.g. N)
m Computation as proof-search, Halting as | derivability
—  STOP,pEX
Y/, 080Fp
Y/ l4xdy kg Y. x®1l+y g
INChapg e X INC.BpgeX
Y)yx®ykp Laxdybp
L)uxdytaq T hx®ykq
DECh,bapg e X DEC,Bpg€E X
Lo l4xdy b p Lox@&lty b p
r/),08y kg Y ) x®0Fgq
—————— ZERO,apgEX ————— ZER0,BpqEX
Y/, 00y Fp Y fx®0kp
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Basics of the encoding of MM,,q in ILL/IMSELL;

m Admissible rules in IMELL, IMSELL3 and ILL

AFB AL AFB
————— (gen. weak.)
I°Y, A+ B I°Y, A+ B

A € ¥ (absorption)

We identify I°° and !
» IMELL is a fragment of both ILL and IMSELL;3

From MM, 4 sequents to LL sequents

Y x®ytp ~ 1°Y xa, yB+Hp

We below denote A = xa,yB =a,...,a,53,...,03
—_—— ——

X times y times

m Y, @ and 3 depend on ILL vs. IMSELL3

D. Larchey-Wendling Undecidability of MSELL in Coq FSCD 2021 — July 22 12



Increment INC, « p g (already in IMELL)

Y/ l+xdy Fq
rpx®ybp

INC,apg e X

1°Y @, Al g
— 1 oright ——
1Y AFa—g pFp

= —o-left
(@—7G) —p,I°L, AP

1°F, AFp

(@—q) —~pex
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Decrement DEC,, « p g (already in IMELL)

Yux®ybkq
L pltxey FEp

DECh,apge X
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Stop instruction STOP,, p (already in IMELL)

STOP,p € X
T/ 000F p P

PrP
—o-right ——

Fp—p p-p

—o-left
(p—p)—~pkp

—— — = _gen.weak.
(P—P)—=p,!*LFPp

1°Y 0+ p

(p—p)—~pel
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The conditional jump ZERO, avp g (part 1, ILL only)

Y)0®ytq
Y 0@y Fp

ZERO,apg e X

zero test on o

I°Y,yBka 1®%,yBFq

—— &-right ——
I°Y,yBFa&q pEP
—— —o-left
(@& Q) —p,!*Y,yfFP _
= (a&q)—opex
1Y, yBFp

m « and [ are fresh variables

» o implements a zero test of @, i.e. x =" 0
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The |zero test on @] (part 2, already in IMELL)

aka
—o-right
Fa—a aba
—o-left
(@ —oa)—oalFa
gen. weak.

(@—oa)—oa !, 0a

(@—a)—~ack

- —o-left
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The conditional jump ZERO, o p g (case of IMSELL3)

Y/ 0y
//n yoa ZERO,apg € X
Y/,00yp
I>°%,yBFq
——b<xoc0,b ——
I°%, yB - Ibg ptp
—— —o-left
1bG —p,I°%,yB+p _
— g opec X
1>°%,yBFP

m for IMSELL3, @ and 3 not just fresh variables
» @:=!%ap and B := 123y (with ag, B fresh)
» exploit the interaction between 1°°, 12 and 1°
m the promotion rule (b < 00, b) would not apply if x > 0

» a = ?ag would occur on the left of -
» and b £ a in the modal structure A3
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Soundness of the reduction from MM, 4

INC,apq := q)—~p INC,Bpq:=(B—7q)—P
DEC,apq:=a—(G—p) DEC.pq:=p—(q—Dp)
ZERO,apq:=!PG—p ZERO, B pq:=1G—p

Theorem (Soundness)

If £/, x@y & pis derivable in MMyq then |°%, xa, y3 - p is provable
in IMSELL3

m completeness by semantics in place of focusing (Chaudhuri 2018)
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Trivial Phase Semantics for IMSELL,

m Start from a commutative monoid (M, e, ¢) e.g. (N2, +,[0; 0])
m for X, Y C M define:

» extended composition: X e Y :={xey|xe XAy e Y}
> linear map: X —o Y :={ke M| {k}eX C Y}
m trivial means the closure is the identity closure
m interpret (AU, =), for m: N\, K, C M s.t.
> decreasing: Vmk, mx k — Ky C K,
> sub-monoid: Vm, e € Ky, A Ko K, € Ky
» unbounded: Yu e U, K, = {¢}

m for [-] € M defined on logical variable, we extend
[A—B] =[A]l—<[B]  ["Al:=[AlN Kn
[A1, ..., An] = [A1] @ - -- o [A]

Theorem (Soundness)
If T+ A has a proof in IMSELL then [[I'] C [A]
FSCD 2021 — July 22
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Completeness of the reduction from MM, 4

m Assume I°%, xa@, y - p is provable in IMSELL3
m We use a trivial phase interpretation in (N2, +,[0; 0])

Koyl =(axsm—-y=0A(bsxm—oax=0A(meld >x=y=0)

hence: K, = N x {0}, K, = {0} x N, and Ko, = {[0;0]}

we interpret variables as:

lool == {[1:01}  [Bol := {[0:1]} [Pl ={lxi¥] | Z/ux©y F p}

remember: [a] = ['“ao] = [oo] N K5 = {[1;0]}
we check: [0;0] € [I°°X] and [x; y] € [[x@, yA]
m by soundness, from ¥, xa@, y3 - p we deduce [x; y] € [P]

Theorem (Completeness)

If 1°%, xa, yB - p is provable in IMSELL3 then X /| x®y - p is
derivable in MM 4
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Undecidability for IMSELLA and IMSELL3

m Assume either A = A3 or Az embeds into A
m We get a many-one reduction MM, 4 =< IMSELLA:

T )x@yFpeMMy iff 1% xa,yB+p € IMSELL,
Corollary (Undecidability)

If A3 embeds into N then MM,q many-one reduces to IMSELLA. In
particular, provability in IMSELL3 is undecidable
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From FRACTRAN,., to MMAO,
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The FRACTRAN language

Example (FRACTRAN program: list of (regular) fractions)

455 11 1 3 11 1

33'13'11'7' 2'3

m Designed by J.H. Conway 1987

m Program: list of N x N*; State: a single x ¢ N
m Step relation is simple to describe

> pick the p/q st. x-p/q €N, and this is the new state
» inductively, characterized by two rules:

qy = px gtpx  Q Jfpx>=vy
P/qa::Q [fpx =y P/q:Q [fpx>=y
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The FRACTRAN,, seed

m Here we only consider regular fractions, i.e. no p/0
m Termination: Q Jpx) =3y, Q Jpx ="y AVz, 2(Q Jfpy > 2)
m Decision problem: |FRACTRAN, (@, x) = Q //p x|

m Via a Godel coding of many counters Minsky machines (Conway)
» reduction from Minsky machines Halting to FRACTRAN,¢,

Theorem (mechanized by DLW&Forster, FSCD2019)

There is a many-one reduction from the Halting problem for single tape
Turing machines to termination of regular FRACTRAN programs, i.e.
Halt < FRACTRAN, ¢z, and thus FRACTRAN,; is undecidable.

m FRACTRAN,¢; as a seed of undecidability
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Programming with MM,q vs. (classic) Minsky machines

m Minsky machines:
> low-level model of computation
» hundreds of instructions
> correctness proofs require modular reasonning

m Modular reasonning:
» programs inherit properties of sub-programs
B MM,g4, i.e. sequent style Minsky machines

» great as a seed, especially for Linear logic
» cumbersome as a target

m the issue is modular reasonning
» merging MM,,4 programs lead namespace/labels conflicts
» very bad for modular reasonning

m we use another (classic) representation

» with a program counter PC
» one sequence of contiguous instructions
» concatenation avoid namespace conflicts
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Minsky Machines (N valued register machines)

Example (transfers s to d in 3 instructions, with s # d)

TRANSFER,sdq:= q:INC,d g+ 1:DECysq ¢+2:DEC,d(3+q)

m programs: (q,[to;-.-itk]) &~ q:to; .. g+ ko
m n registers of value in N for a fixed n

m state: (PC,v) e Nx N”

m instructions: ¢ ::= INC, x | DEC, X j

m Step semantics for INC, x and DEC, xj (pseudo code)

INC,x: x4+ x+1,PC+~PC+1
DEC, xj : if x =0 then PC+ PC+1
if x> 0then x< x—1;, PC«+j
m (g, TRANSFER,sd q) //, (q,V) =7 (3 + q, V{0/s}{(Vs + Vu))/d}
FSCD 2021 — July 22
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Minsky machines semantics and termination

=L+ P=L#o:R
0'//a (il, \71) >~ sto (i, P) //a sto >k st3
(i, P) [, st =0 st (i P) [l (i1, i) =115 st

(7, P) /], st1 >=* st2
(i, P) JJ, st1 = st2
(i, P) /], st1 ~ (i2,¥2) :

(i,P) [fystid :

3k, (i, P) /|, st1 =¥ st (computation)
3k > 0,(i, P) [/, st1 =X sta (progress)
(
(

(i, P) [/, st1 =" (i2,¥2) A out ir (i,P) (output)
Ista, (i, P) //, st1 ~ sta termination)

Definition (Termination)

For MMA, & MMAQ,, instances are pairs (P, V): P list of MMA,

instructions (starting at 1) and v : N” is the initial content of registers.

MMA,  (termination)  (1,P) /,(1,V)]
MMAO, (term. on zero) (1,P) /,(1,V)~ (0,[0;...;0])
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A FRACTRAN compiler using only two counters

m a critical brick in the construction with s :=0, d :=1

m tries fraction p/q on the contents of s, assuming d is void

ip: MULT_CST,sd pip;

i1: MOD,CSTa ds i2 i5 q il;
ir: DIV_CST,sdqi;

i3: TRANSFER, d s i3;

ig: JUMP, j d,;

is: DIV.CST,sdpis;

is: TRANSFER, d s i

(io, FR.AC,DNEa Pq Io_j) =

Lemma

If qy = px then (iy, FRAC_.ONE, p q ioj) //, (io, [x; O]) =7 (Jj, [y; 0]).
If g1t px then (ip, FRAC.ONE, pq ioJ) //, (o, [x;0]) =7 (i7, [x; 0]).

m Then we chain those for the program [p1/q1;...; pPn/qn], and loop
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Reduction from FRACTRAN to MMA,/MMAO,

Theorem

For any regular FRACTRAN program Q : L (N x N*), one can compute a
MMA, program FRAC MMA, Q such that for any x : N, the three following
properties are equivalent:

Q Jfpxl:
(1, FRAC_MMA, Q) //, (1, [x; 0]) ~ (0,[0;0]);
(1,FRACMMA, Q) //, (1, [x;0]) 4.

Corollary (Undecidability)

FRACTRAN;¢g < MMA> and FRACTRAN,¢; X MMAO, hence MMA;
and MMADO, are both undecidable.
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Minsky machine termination as provability
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Reduction from MMAO, to MM, 4

B a quite straightforward translation

):Fy — {a, 8} Oi=a 1:=8

()

(i, INC, x) := [INC, X i (141)]

(i,DEC, X j) := [DECy, X i j; ZERO, X i (1+7)]
{

(i, ]>> (]
({i,0 = P) = (i, o) + (147, P))

Lemma (reduction)

With ¥ p := STOP, 0 :: (1, P)) we have (1, P) //, (i, [x,y]) =* (0,[0; 0]) iff
Sp [l x®y I i is derivable in MMyq.

Corollary
MMAOQO; < MM,q hence MM, q is undecidable.
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Conclusion
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Contributions and Perspectives

m Undecidability of IMSELL3, a simpler proof:
> via a proof-theoretic presentation of Minsky machines
» that compares well with that of ILL
» outlines the role played by the promotion rule
» a short semantic proof for the completeness of the reduction

m Mechanisation in the Coq library of undecidability:
» Two counters Minsky machines seed (from FRACTRAN)

» Undecidability for IMSELLA and IMSELL3
» Code available (+1200,4-600 loc), included in the library

‘ https://github.com/uds-psl/coq-library-undecidability/releases/tag/FSCD-2021

m Perspectives

» (General) phase sem. for IMSELLA ~~ cut-elimination for IMSELLA
> If doable, implement Ackermann hardness for Petri nets/VASS
> Insights for MELL, zero test at the end of computation?
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