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We are investigating the use of spherical harmonic (SH) expansions as an efficient way to represent and compare small 
ligand molecules for high throughput virtual screening (HTVS). It has been shown previously that SH expansions are  
well suited to calculating rotational correlations to superpose similar molecular surfaces1 and dock complementary 
protein shapes2. It has also been shown that SHs provide a compact way to encode quantum-mechanically calculated 
properties such as e.g. electrostatic potential, ionization energy, electron affinity, and polarizibility.3 Hence, the SH 
representation could provide a uniform computational approach with which to perform database searches and 
QSAR/ComFA studies.4 Here we are using SHs to represent and compare molecular surfaces as radial functions:

Spherical Harmonic Distance Functions

Conclusions
It has been shown that the SH representation provides a powerful way to represent and compare small molecules 
rapidly and accurately. Our clustering results show that chemically meaningful clusters may be obtained using low 
order SH expansions. Our database search results show that RI comparisons can provide a fairly crude but very fast 
initial filter. High accuracy superpositions may be achieved using relatively low order SH rotational correlations. 
Canonical comparisons are nearly as accurate as full rotational searches, but have almost negligible computational 
cost. These results indicate that SH shape-based correlation techniques could provide a practical and efficient way to 
search rapidly very large 3D molecular databases. The approach described is currently being extended to allow the 
rapid calculation and comparison of arbitrary combinations of SH molecular surface properties. 
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In order to compare the SH surface comparison 
approach with a more theoretical molecular 
similarity measure, a cluster analysis of the 
Odour dataset was calculated. Takane and 
Mitchell originally clustered this dataset into ten 
distinct groups using eigenvalue (EVA) 
descriptors derived from ab initio vibrational
frequency calculations, and the same number of 
clusters was used in the present study to 
facilitate comparison between the two 
approaches. The Odour dataset was clustered 
using SH shape descriptors to L=6. Figure 7 
shows the resulting SH clusters along with the 
corresponding 3D superpositions. Both methods 
give broadly similar groupings. However, the 
SH clustering nicely distinguishes the 
camphoraceous and bitter almond molecules as 
two separate groups, whereas the earlier EVA 
clustering study splits the camphors into two 
sub-groups, one of which includes one jasmine 
and two rose odours (see Table 3 of ref 8). The 
EVA clustering also splits the bitter almond 
odours into three distinct groups, whereas the 
SH clustering correctly assigns these molecules 
to two neighbouring sub-groups. The SH 
clustering also locates all but one of the rose 
and jasmine odours in two closely related sub-
groups. Overall, Figure 7 shows a striking 
correspondence between the SH shape-based 
classification and the corresponding molecular 
shape superpositions.

Database Search Results
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It can be shown that spherical harmonic expansion coefficients transform amongst themselves under rotation. The
rotation-dependent “distance”, D, between two molecules A and B may be calculated using Eq (2), where primes 
denote rotated coefficients. In order to superpose a pair of molecules, this distance needs to be rotationally minimised. 
Figure 2 shows an example superposition. However, calculating rotations is relatively expensive, and we wish to 
develop fast rotational invariant (RI) comparison techniques in order to search very large 3D structural databases (e.g. 
>106 molecules) for HTVS. Noting that expansion coefficients with the same value of l transform as a group under 
rotation, each group can be considered as a “fingerprint,” and we may define a RI fingerprint distance using Eq (3). An 
even more efficient distance score based on sums of fingerprints (RI magnitudes, or RIMs) can be expressed as Eq(4).

Clustering Canonical Spherical Harmonic Surfaces

Figure 7. SH canonical surface shape clustering of the Odour 
dataset. Left: the dendrogram obtained using L=6 with ten clusters; 
Right: the corresponding 3D molecular superpositions.

Because it is relatively time-consuming to 
calculate high order SH comparisons, different 
rotational and RI parameters were tested in order 
to explore the extent to which the speed of 
queries on large databases can be improved while 
still performing accurate searches. Figure 4 
shows the resulting ROC curves obtained for a 
range of expansion orders and search angles 
when searching the Drug plus Random database 
using Lorazepam as the query molecule. These 
results show that even low resolution rotational 
searches using L=2 and a 30o step size give high 
TPRs of 80% to 100% with correspondingly low 
FPRs of 7% to 13%, respectively. With 
expansions between L=3 and L=5, the results 
improve to 100% TPR with FPRs between 1% 
and 5%. Retrieval times per match range from 34 
milliseconds (ms) for L=3 to 516 ms for L=5. 
Figure 4 also shows the corresponding results for 
RI expansions from L=2 to L=15. As expected, 
neither of the RI scoring functions is as accurate 
as the rotational search. For example, the RIF 
score recovers around 50% of TPs with a FPR of 
9%, although for a higher TPR of 92%, the 
corresponding FPR increases to 28%. The less 
sensitive RIM score recovers 92% of TPs with a 
FPR of 48% but comparison times are 
considerably faster at ~10 ms/match.
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Figure 4. ROC plots of database query results for the 
Drug plus Random dataset using Lorazepam as the query. 
A: rotation-dependent scoring function (Eq 2); B: close-
up view of (A); C: RIF scoring function (Eq 3); D: RIM 
scoring function (Eq 4).

Using Canonical Orientations

Although the RI functions may be calculated rapidly, they are significantly less accurate than the more 
expensive rotational correlation searches. Therefore, the notion of comparing molecular shapes in standard, or 
canonicalised, orientations was investigated as a way of retaining much of the precision of the rotational
comparisons whilst avoiding the computational expense of a full rotational search. Hence, each molecule in 
the Drug plus Random dataset was pre-oriented by rotating their L=6 expansions such that the largest radial 
extent was aligned with the global z-axis, and by then applying a pure z-axis rotation to place the maximal 
equatorial extent on the positive x-axis. This procedure is similar to aligning the moments of inertia with the 
principal axes(41), but using expansions with L>2 eliminates any ambiguity with respect to 180o axis flips. 
Figure 5 illustrates the canonical orientations of four benzodiazepines.

Figure 6 shows the results obtained when querying a database of canonicalised orientations with a 
canonicalised query molecule in which all distances are calculated using Eq 2. This figure shows that 
canonical comparisons are significantly more accurate than the RI functions and are almost as accurate as full 
rotational comparisons, giving TPRs of from 80% to 90% with FPRs of only 10% to 30%. The calculation 
times for canonical comparisons are essentially identical to those of the RI functions.

Figure 6. ROC plots of the rotation-dependent 
(ROT), rotational invariant (RIF and RIM), and 
canonical (CAN) scoring functions when using 
Lorazepam to query the Drug plus Random 
dataset.

Figure 5. Illustration of the canonical alignment of four 
benzodiazepine GABA receptor agonists: Lorazepam, 
Diazepam, Temazepam, and Clonazepam.  Left: The L=6 
SH molecular surface and canonicalised orientation of 
Lorazepam; Middle: The four canonicalised 
benzodiazepines together; Right: the same orientations 
rotated by 90o about the z-axis.
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where Lmax is the expansion order, and the expansion coefficients alm are calculated as described previously.1 Two 
example SH molecular surfaces are shown in Figure 1.

Figure 1. Example spherical harmonic molecular surface expansions of Bisoprolol (top) and Lorazepam (bottom).

Figure 2. Example superposition of a pair of similar 
benzodiazepines, Lorazepam and Diazepam.

Experimental Datasets
In order to test our approach, three different groups of molecules 
were assembled, here called Drug, Odour, and Random. The Drug 
dataset was compiled from the intersection of the RxList list of 
20025 and the Chembank bioactive database6 to give a list of 73 
compounds covering several of the main pharmacological drug 
classes, with several representative structures from each class. The 
molecules in this dataset have molecular weights ranging from 129 
to 557 Da. The Random dataset was assembled from the NCI 
database7 by randomly selecting 1108 molecules with molecular 
weights within the above range, but excluding molecules containing 
any metal atoms, in order to provide a reasonably comparable set of 
decoys. The Odour dataset comes from Takane and Mitchell.8 The 
3D structures of all compounds were calculated using CORINA.9

Figure 3. Molecular weight distribution of 
Drug and Random datasets.
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