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1. Introduction

This paper is concerned with the existence of periodic solutions of the problem

d . .
aDyE(t, u(t), w(t)) = D L(¢, u(t), u(t)) ae. te€(0,T) (1)
u(0) — u(T) = u(0) — 4(T) =0

where T > 0, u : [0,T] — R? is absolutely continuous and the Lagrangian £ : [0,T] x R? x R? — R is a
Carathéodory and differentiable function satisfying the conditions

et <ale) (w0 + o (24 1)) ). )
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Doc(t.o. )| < aflal (000 + o (24 100 ). ®

Dyc(t.. )| < allal) () +o (24 70)) ). (@

In these inequalities we assume that a € C(RT,R*), A > 0, @ is an N-function (see section Preliminaries
for definitions), ¢ is the right continuous derivative of @. The non negative functions b,c¢ and f satisfy
that b € Li([0,T]), ¢ € LY ([0,T]) and f € EF([0,T]), where the Banach spaces L1([0,T]), L ([0,T]) and
EP([0,T]) will be defined later.

It is well known that problem (1) comes from a variational one, that is, a solution of (1) is a critical point
of the action integral

T
I(u) = /O C(t, u(t), w(t)) dt. (5)

Variational problems and Hamiltonian systems have been studied extensively. Classic references of these
subjects are [23,28,14]. Problems like (1) have maintained the interest of researchers as the recent literature
on the topic testifies. For Lagrangian functions of the type L(t,z,y) = % + F(t,x) many solvability
conditions have been given expanding the results of [23]. In [29] the function F was split up into two
potentials, one of them with a property of subadditivity and the other with a bounded gradient. In [30] it
was required a certain sublinearity condition on the gradient of the potential F'; and, in [34] it was considered
a potential F' given by a sum of a subconvex function and a subquadratic one. In [31] the uniform coercivity
of fOT F(t, ) dt was replaced by local coercivity of F' in some positive measure subset of [0,7T]. In [37], the
authors took a similar potential to that in [34] getting new solvability conditions and they also studied the
case in which the two potentials do not have any convexity.

The Lagrangian L(t, z, y) = % + F(t, x) for p > 1 was treated in more recent papers. By using the dual
least action principle, in [33] it was performed the extension of some results given in [23]; and, in [32] the
authors improved the work done in [34]. On the other hand, by the minimax methods in critical point theory
some existence theorems were obtained. In [35] it was employed a subquadratic potential F' in Rabinowitz’s
sense and in [36] F' was taken as in [30].

Another source of problems, close to our proposal, is the one in which a p-Laplacian-like operator is in-
volved. Assuming that the function ¢ is a homeomorphism from R? into itself, it is considered the differential
operator u — (p(u'))". In [5,6,4,22,21], using the Leray—Schauder degree theory, some existence results of
solutions of equations like (p(u'))" = f(t, u(t), u'(t)) were obtained under different boundary conditions (pe-
riodic, Dirichlet, von Neumann) and where f is not necessarily a gradient. We point out that our approach
differs from that of previous articles because we tackle the direct method of the calculus of variations.

In the Orlicz—Sobolev space setting, in [15] a constrained minimization problem associated to the existence
of eigenvalues for certain differential operators involving N-functions was studied. Slightly away from the
problems to be treated in this paper, we can mention [9,10] where A. Cianchi dealt with the regularity of
minimizers of action integrals defined on several variable functions.

In this article we consider Lagrangian functions defined on Orlicz-Sobolev spaces WL ? (see [2,19,24,25])
and we use the direct method of calculus of variations. The exposition is organized as follows. In Section 2
we enumerate results related to Orlicz spaces, Orlicz—Sobolev spaces and composition operators. Almost all
results in this section are essentially known. Conditions (2)—(4) are the means to ensure that I is finitely
defined on a non trivial subset of W'L% and I is Gateaux differentiable in this subset. We develop these
issues in Theorem 3.2 of Section 3. In Section 4 we prove that critical points of (5) are solutions of (1).
Conditions to guarantee the coercivity of action integrals are discussed in Section 5. Finally, our main
theorem about existence of solutions of (1) is introduced and proved in Section 6.
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We lay emphasis on that we use As-condition only when necessary in a certain sense (see, for example,
Lemma 5.2).

2. Preliminaries

For reader convenience, we give a short introduction to Orlicz and Orlicz—Sobolev spaces of vector valued
functions and a list of results that we will use throughout the article. Classic references for Orlicz spaces of
real valued functions are [2,19,24]. For Orlicz spaces of vector valued functions, see [27] and the references
therein.

Hereafter we denote by RT the set of all non negative real numbers. A function @ : Rt — RT is called
an N-function if @ is given by

¢
o(t) = / o(r) dr, fort>0,
0

where ¢ : RT — R™T is a right continuous non decreasing function satisfying »(0) = 0, ¢(t) > 0 for ¢t > 0
and limy_, o p(t) = +o00.

Given a function ¢ as above, we consider the so-called right inverse function 1 of ¢ which is defined by
P(s) = Sup,,(;)<s t- The function 1) satisfies the same properties as the function ¢, therefore we have an
N-function ¥ such that ¥’ = ). The function ¥ is called the complementary function of ®.

We say that @ satisfies the As-condition, denoted by @ € A,, if there exist constants K > 0 and ty > 0
such that

D(2t) < KP(t) (6)

for every t > tg. If tg = 0, we say that & satisfies the Ag-condition globally (¢ € As globally).

Let d be a positive integer. We denote by Mg := M,([0, T]) the set of all measurable functions defined on
[0, T] with values on R? and we write w = (u1,...,uq) for w € My. In this paper we adopt the convention
that bold symbols denote points in R?.

Given an N-function @ we define the modular function pg : My — RT U {400} by

potw) = [ o(ul) ar
Here | - | is the euclidean norm of R?. The Orlicz class C¥ = C¥([0,T]) is given by
CF = {uc Mylps(u) < oo}. (7)
The Orlicz space LY = LZ([0,T)) is the linear hull of C¥; equivalently,
LY ={uec Myg3r>0:ps(lu) < cc}. (8)

The Orlicz space LY equipped with the Orlicz norm

T
l[ul[pe = SUP{/ u- v dt|py(v) < 1},
0

is a Banach space. By u-v we denote the usual dot product in R between u and v. The following alternative
expression for the norm, known as Amemiya norm, will be useful (see [19, Thm. 10.5] and [16]). For every
ueL?,

o1
e = Inf 3 {1+ pa(ku)} 9)



684 S. Acinas et al. / Nonlinear Analysis 125 (2015) 681-698

The subspace EY = E?([0,T]) is defined as the closure in LY of the subspace LY of all Re-valued
essentially bounded functions. It is shown that Ef is the only one maximal subspace contained in the Orlicz
class C¥, ie. u € E? if and only if pg(Au) < oo for any A > 0.

A generalized version of Hélder’s inequality holds in Orlicz spaces (see [19, Th. 9.3]). Namely, if u € LY
and v € LY then u-v € L} and

T
/ vewdt < |[ullge ]| (10)
0

If X and Y are Banach spaces such that Y C X*, we denote by (-,-) : ¥ x X — R the bilinear pairing map
given by (z*,z) = z*(z). Holder’s inequality shows that L] C [L]] *, where the pairing (v, u) is defined by

T
<v,u>:/0 v-udt (11)

with u € L;f and v € Lg’. Unless @ € As, the relation Lg’ = [Lg)]* will not hold. In general, it is true that
[Ef] =Ly
Like in [19], we will consider the subset IT(E¥ r) of LY given by
M(ES,r)={ucL?d(u,Ef) <r}.
This set is related to the Orlicz class C¥ by means of inclusions, namely,
H(E,r) CrCy C H(EY, ) (12)

for any positive r. If & € Ag, then the sets LY, EY, II(EY,r) and CF are equal.
We define the Sobolev—Orlicz space WIL? (see [2]) by

WL? = {u|u is absolutely continuous and & € LY},
VVIL(?5 is a Banach space when equipped with the norm
lullwipe = lullps + (@)L

For a function u € L}([0,T]), we write w = & + u where ¥ = £ fOT u(t) dt and u = u — w.

As usual, if (X,]| - |lx) is a Banach space and (Y, || - ||y) is a subspace of X, we write Y — X and we
say that Y is embedded in X when the restricted identity map iy : Y — X is bounded. That is, there exists
C > 0 such that for any y € Y we have ||y||x < C||ly|ly. With this notation, Holder’s inequality states that
de — [Lf]*; and, it is easy to see that for every N-function ¢ we have that L3 — Lc‘f — L}i.

Recall that a function w : Rt — R7T is called a modulus of continuity if w is a continuous increasing
function which satisfies w(0) = 0. For example, it can be easily shown that w(s) = s®~1(1/s) is a modulus
of continuity for every N-function ®. We say that w : [0,7] — R? has modulus of continuity w when there
exists a constant C' > 0 such that

[u(t) — u(s)| < Cw(]t — s|). (13)
We denote by C* ([0, T], R%) the space of w-Hélder continuous functions. This is the space of all functions
satisfying (13) for some C > 0 and it is a Banach space with norm

u(t) - u(s)|

I Wit~ )

cw((0,7],rY) = ||| L + sup
t#s

An important aspect of the theory of Sobolev spaces is related to embedding theorems. There is an
extensive literature on this question in the Orlicz—Sobolev space setting, see for example [8,7,11,13,18]. The
next simple lemma is essentially known and we will use it systematically. For the sake of completeness, we
include a brief proof of it.
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Lemma 2.1. Let w(s) := s®~1(1/s). Then, the following statements hold:
1. WL? — Cv([0,T),RY) and for every u € WLL?
[u(t) = u(s)] < [|aflpsw(|t —s]), (14)

_ 1
fuli < 27 () max(1, 7wl (15)

2. For every u € WIL? we have u € LY and

~ 1
|@||pe <TH! <T> |@||pe (Sobolev’s inequality). (16)

Proof. For 0 < s <t < T, we get
t
ju(t) — u(s)| < / ()| dr
< IXsglloe |l e

— Nt - 5o (1), (17)

t—s

using Holder’s inequality and [19, Eq. (9.11)]. This proves the inequality (14).

Since u; is continuous, from Mean Value Theorem for integrals, there exists s; € [0, T] such that u;(s;) =
u;. Using this s; value in (14) with u; instead of u and taking into account that s®~1(1/s) is increasing, we
obtain Sobolev’s inequality for each w;. The inequality (16) follows easily from the corresponding result for
each component of wu.

On the other hand, again by Holder’s inequality and [19, Eq. (9.11)], we have

w- " Ju(lds < 2! ()l (18)

From (16), (18) and the fact that uw = uw + u, we obtain (15). This completes the proof of item 1. O

Remark 1. As a consequence of the previous lemma, there exists a constant C, only dependent on T, such
that

lullwrps < C(Ju] + [|é]lLe) (19)
for every w € WILZ.

The Arzela-Ascoli Theorem implies that C*([0,T],R?) — C([0,7],R?) is a compact embedding (see
[12, Ch. 5] for the case w(s) = |s|* with 0 < a < 1; and, if w is arbitrary, the proof follows with some
obvious modifications). Therefore we have the subsequent result.

Corollary 2.2. Every bounded sequence {u,} in VVng5 has an uniformly convergent subsequence.

Given a continuous function a € C(RT,R"), we define the composition operator a : My — M, by
a(u)(t) = a(|u(t)]). We will often use the following elementary consequence of Lemma 2.1.

Corollary 2.3. If a € C(R*,RT) then a: WIL? — L3°([0,T]) is bounded. More concretely, there exists a
non decreasing function A : RT — R such that ||a(w)|| g jo,r) < A(||wllwire).
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Proof. Let « € C(RT,R") be a non decreasing majorant of a, for example a(s) = supgc,<,a(t). If
u € VVng5 then, by Lemma 2.1,

allute)) < allul=) <a (07 (3 ) mox(1. T ulhwr s ) = Allulrre). O

The next lemma is an immediate consequence of principles related to operators of Nemitskii type, see
[19, Section 17].

Lemma 2.4. The composition operator ¢ acts from II(EF, 1) into CY¥.

Proof. From [19, Lemma 9.1] we have that ¢ (B+(0,1)) C C}¥, where Bx (ug,r) is the open ball with center
uy and radius 7 > 0 in the space X. Now, applying [19, Lemma 17.1], we deduce that ¢ acts from H(Ef, 1)
into CY. O

We also need the following technical lemma.
Lemma 2.5. Let A > 0 and let {u, }nen be a sequence of functions in II(ET,\) converging to w € II(EY, \)

in the L®-norm. Then, there exist a subsequence wy,, and a real valued function h € II (Ef5 ([0,7]) ,)\) such
that u,, — u a.e. and |u,, | < h a.e.

Proof. Let r :=d(u, ET), r < \. As u,, converges to u, there exists a subsequence (nj) such that

A—r _
ltn, — wllge < 25" and = ., e < 27D 1),

Let h : [0,T] — R be defined by

h(w) = un, (2) + Y [ty (2) =y, (2)]. (20)
k=2

As a consequence of [19, Lemma 10.1] (see [27, Thm. 5.5] for vector valued functions), we have that
d(v, E?) = d(|v|, Ef) for any v € L. Now
A+r

d(|um|,E1¢):d(um,Ef)<d(um,u)—|—d(u,Ef)< 9

Then
d(h, EY) < d(h, |un, |) + d(|tn, |, EY) < A

Therefore, h € II(E{, \) and |h| < 0o a.e. We conclude that the series w,, (z) + Y pe o (Un, (T) — Un,_, (2))
is absolutely convergent a.e. and this fact implies that w,, — wu a.e. The inequality |u,,| < h follows
straightforwardly from the definition of h. [

A common obstacle in Orlicz spaces, that distinguishes them from LP spaces, is that a sequence u,, € Lf
which is uniformly bounded by h € L¥ and a.e. convergent to w is not necessarily norm convergent.
Fortunately, the subspace Ef has this property.

Lemma 2.6. Suppose that w,, € Lg) is a sequence such that u, — w a.e. and assume that there exists h € Ef
with |u,| < h a.e., then |u, — u||+ — 0.

Proof. [24, p. 84] and [19, Thm. 10.3]. O

We recall some useful concepts.
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Definition 2.7. Given a function I : U — R where U is an open set of a Banach space X, we say that I has
a Gateaux derivative at u € U if there exists u* € X* such that for every v € X

lim I(u + sv) — I(u)
s—0 S

= (u", v).

See [3] for details.

Definition 2.8. Let X be a Banach space and let D C X. A nonlinear operator 7' : D — X* is called
demicontinuous if it is continuous when X is equipped with the strong topology and X* with the weak™
topology (see [17]).

3. Differentiability of action integrals in Orlicz spaces

We take a moment for discussing the relevance of the function f in the inequalities (2)-(4), which are a
direct generalization of the conditions [23, Eq (a), p. 10]. In particular, we are interested in seeing when for
every f € E there exist b € L} and a constant C' > 0 such that

D(s+ f(t) < CP(s) +b(t) for every s > 0. (21)

If (21) is true, then we can suppose f = 0 in the Egs. (2) and (3) and the same considerations should be
done with ¢ (s + f(t)).

The convexity of @ allows us to bound ®(s + f(t)) by the expression $®(2s) + b(t) where b(t) =
1®(2f(t)) € L} and f € E{’. Therefore, we can always assume f = 0 in (2) and (3) at the price of making
the value of A smaller. In the special case that ¢ € Ag, the inequality (6) implies (21).

If ¢ ¢ Ay, then (21) may not be true. In fact, if we consider the N-function @(s) = e® — s — 1 which does
not satisfy the As-condition and f(¢) = In|In(¢)| for ¢t € [0,e~ ], then (21) does not hold. First, note that
f(#)>0on [0,e"!] and

-1 —1 —1

e e e
/ @(Af(t))dtg/ e’\f(t)dtg/ |In(t)|Mdt < oo
0 0 0

for A > 1, hence f € E{f. Now, suppose that there exist b € L1 and C > 0 satisfying (21). From the
inequality 1/2e® < &(s) + 1, we obtain

1
5esef(” < D(s+ f(1))+1<Ce® +b(t) +1;

next, dividing by e® and taking s — oo, we get 1|In(t)| < C which is a contradiction.
Before addressing the main results of this section, we recall a definition.

Definition 3.1. A function £ : [0,T] x R? x R? — R is a Carathéodory function if for fixed (z,y) the map
t — L(t, z,y) is measurable and for fixed ¢ the map (x, y) — L(t, z, y) is continuous for almost everywhere
t € [0,T]. We say that L(t,x,y) is differentiable Carathéodory if in addition L(t,z,y) is continuously
differentiable with respect to « and y for almost everywhere ¢ € [0,T].

Theorem 3.2. Let L be a differentiable Carathéodory function satisfying (2)-(4). Then the following state-
ments hold:

1. The action integral given by (5) is finitely defined on EF(N) == WILT N{uli € I (EF N)}.
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2. The function I is Gateauz differentiable on EF(N) and its derivative I' is demicontinuous from EF(N)
into [WlL:ﬂ*. Moreover, I' is given by the following expression

(' (w), v) = /O (DLt u i) -0+ DyL(tu, i) - o} dt. (22)

3. If U € Ay then I’ is continuous from Sf(/\) into [WlLf]* when both spaces are equipped with the strong
topology.

Proof. Let u € EF(N). Since NI (EZ,r) = II(EF, \r), we have 4/\ € II(EF,1). Thus, as f € Ef and
attending to (12), we get

lu|/A+ f € (BT, 1) CCf. (23)
By Corollary 2.3 and (2), we get

@]

£w ] < Allulwse) (040 (4 1) ) e 2k
This fact proves item 1.

We split up the proof of item 2 into four steps.
Step 1. The nonlinear operator u — DyL(t, u, @) is continuous from EF(N) into L5([0,T)) with the strong
topology on both sets.

If u € EF(N), from (3) and (23), we obtain

Dol i) < Alulwose) (042 (4 7)) e b (24)

Let {w, }nen be a sequence of functions in £F()\) and let u € £F(A) such that w, — w in WIL7. From
U, — U in Lf, there exists a subsequence u,, such that w,, — u a.e.; and, as @4, — @ € 5f(>\), by
Lemma 2.5, there exist a subsequence of u,, (again denoted u,,) and a function h € II(E{,\) such that
Up, — @ a.e. and |4, | < h a.e. Since u,,, k = 1,2,..., is a strong convergent sequence in WIL?, it is
a bounded sequence in WILZ. According to Lemma 2.1 and Corollary 2.3, there exists M > 0 such that
lla(un, )|le < M, k=1,2,.... From the previous facts and (24), we get

. h
Dettomin| <01 (v @ (B4 7)) et
On the other hand, by the continuous differentiability of £, we have
D L(t, wn, (£), @, (£)) = D L(t, u(t), u(t)) for a.e. t € [0,T].

Applying the Dominated Convergence Theorem we conclude the proof of step 1.

Step 2. The nonlinear operator u +— DyL(t,u, %) is continuous from EF(N) with the strong topology into
[Lf]* with the weak™ topology.

Let w € £EF(N). From (23) and Lemma 2.4, it follows that

o(Blar)ecr (25)
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and, Corollary 2.3 implies a(u) € L§°. Therefore, in virtue of (4) we get
. U
Dyt i) < Allulws) (e ¢ (34 7)) e 2t (26)
Note that (24), (26) and the imbeddings WL — Ly and L] — [Lcﬂ* imply that the second member of
(22) defines an element in [WlL:f]*.

Let u,,u € EF()\) such that w, — wu in the norm of W*L?. We must prove that D,L(-, u,, i)

ﬂDy£(~,u, %). On the contrary, there exist v € L?, ¢ > 0 and a subsequence of {u,} (denoted {u,}
for simplicity) such that

‘<Dy£(» Un, il’n)a 'U> - <Dy£(7 u, ’iL), ’U>| 2 € (27)

We have u,, — win LY and @, — @ in LY. By Lemma 2.5, there exist a subsequence u,, and a function
h € II(EL,\) such that w,, — u a.e., i,, — @ a.e. and |i,,| < h a.e. As in the previous step, since w,, is
a convergent sequence, the Corollary 2.3 implies that a(|u,(¢)|) is uniformly bounded by a certain constant
M > 0. Therefore, with w,, instead of u, inequality (26) becomes

. h
Dyl in) <1 (e (§47) ) 2t (28)
Consequently, as v € LY and employing Hélder’s inequality, we obtain that
sup |Dy£(’ Uny, s unk) ’ vl € L%'
k

Finally, from the Lebesgue Dominated Convergence Theorem, we deduce

T T
/ DyL(t, Up,, Up,, ) - v dt — / DyL(t,u, %) vdt (29)
0 0
which contradicts the inequality (27). This completes the proof of step 2.

Step 3. We will prove (22). The proof follows similar lines as [23, Thm. 1.4]. For v € £F(\) and
0+#veWLZ, we define the function

H(s,t) :== L(t, u(t) + sv(t), u(t) + sv(t)).
From [19, Lemma 10.1] (or [27, Thm. 5.5]) we obtain that if |u| < |v| then d(u, E?) < d(v, EY). Therefore,
for |s| < sg == (A —d(u, EY)) /||[v|lwir+ we have
d(u+sv,E]) <d(|u|+slv], BY) <d(|ul, EY) + s|o]Le < A

Thus @ + sv € II(ES,\) and |a| + s|v| € H(EF, ). These facts imply, in virtue of Theorem 3.2 item 1,
that I(u + sv) is well defined and finite for |s| < sp. And, using Corollary 2.3, we also see that

la(lu+ sv])[[~ < A([Jw + sv]wipe) < A(lullwize + sollvllwipe) = M.

Now, applying Chain Rule, (24), (26) the monotonicity of ¢ and @, the fact that v € LY and ¥ € LT and
Holder’s inequality, we get

D H (s, 6)] = |Dallt, -+ 50, it + 59) - v+ DyL{t, u+ v, i + 59) - 9]
<M Kb(t) + <|“|+;0|”| + f(t))) o] + <c(t) +o (W + f(t))> |@|} Ll (30)

Consequently, I has a directional derivative and

(' (w), v) = %I(u—&-svﬂs:o _ /0 (Dot u, ) - 0+ DyLlt, u, it) - 0} dr.
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Moreover, from (24), (26), Lemma 2.1 and the previous formula, we obtain
[(I'(u), v)| < | DoLlipal|vlloe + [ DyLl e l|9llpe < Cllvllwze
with a appropriate constant C. This completes the proof of the Gateaux differentiability of I.

Step 4. The operator I' : EF () — [WlLfﬂ* is demicontinuous. This is a consequence of the continuity
of the mappings uw +— D L(t,u, %) and u — DyL(t, u, @). Indeed, if w,,u € £F(N\) with w, — w in the
norm of W!L? and v € WIL?, then

(I'(un), v) :/0 {DoL (t, Un, ) - v+ DyL (£, Un, i) - 0} dt
T

— {DL (t,u,u) - v+ DyL(t, u,u) b} dt
0

= (I'(u), v).

In order to prove item 3, it is necessary to see that the maps u — D,L(t, u,4) and v — Dy L(t, u, )
are norm continuous from Ef (A) into L} and Lf respectively. The continuity of the first map has already
been proved in step 1. Let u,,u € £F(N\) with ||u, — u|/yie — 0. Therefore, there exist a subsequence
Up, € EF(N) and a function h € IT(EZ,\) such that (28) holds true. And, as ¥ € Ay then the right
hand side of (28) belongs to E,’. Now, invoking Lemma 2.6, we prove that from any sequence w, which
converges to u in WIL? we can extract a subsequence such that DyL(t, wy,, , i, ) — DyL(t, w, @) in the
strong topology. The desired result is obtained by a standard argument.

The continuity of I’ follows from the continuity of D,L and D, L using the formula (22). O

4. Critical points and Euler-Lagrange equations

In this section we derive the Euler-Lagrange equations associated to critical points of action integrals on
the subspace of T-periodic functions. We denote by W' L% the subspace of WlLfll5 containing all T-periodic
functions. As usual, when Y is a subspace of the Banach space X, we denote by Y1 the annihilator subspace
of X*, i.e. the subspace that consists of all bounded linear functions which are identically zero on Y.

We recall that a function f : R? — R is called strictly convex if f (#) < % (f(z)+ f(y)) for & # y. It
is well known that if f is a strictly convex and differentiable function, then D, f : R¢ — R? is a one-to-one
map (see, e.g. [26, Thm. 12.17]).

Theorem 4.1. Let u € Sf(/\) be a T-periodic function. The following statements are equivalent:

1. I'(w) € (W'LE)™.
2. DyL(t, u(t), u(t)) is an absolutely continuous function and u solves the following boundary value problem

%Dyﬁ(t, w(t), w(t)) = DLL(t u(t), w(t)) ae. te (0,T)

u(0) — w(T) = DyL(0, u(0), 4(0)) — DyL(T, w(T), w(T)) = 0.

(31)

Moreover if DyL(t,x,y) is T-periodic with respect to the variable t and strictly convex with respect to y,
then DyL(0,u(0), w(0)) — Dy L(T, u(T), u(T)) = 0 is equivalent to u(0) = u(T).

Proof. The condition I'(u) € (WlL%))l and (22) imply

/ DyL(t,u(t), i(t)) - o(t) dt = — / DoL(t, u(t), a(t)) - v(t) dt,
0 0
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for every v € WILE. By [23, pp. 6-7] we obtain that D,L(t, u(t), @(t)) is absolutely continuous and 7T-
periodic, therefore it is differentiable a.e. on [0,7] and the first equality of (31) holds true. This completes
the proof of 1 implies 2. The proof of 2 implies 1 follows easily from (22) and (31).

The last part of the theorem is a consequence of DyL(T, u(T),w(T)) = DyL(0,u(0),%(0)) = DyL(T,
u(T), %(0)) and the injectivity of Dy L(T,u(T),-). O

5. Coercivity discussion

We recall a usual definition in the context of calculus of variations.

Definition 5.1. Let X be a Banach space and let D be an unbounded subset of X. Suppose that J : D C
X — R. We say that J is coercive if J(u) — +oo when ||ul|x — +o0.

It is well known that coercivity is a useful ingredient in the process of establishing existence of minima.
Therefore, we are interested in finding conditions which ensure the coercivity of the action integral I acting
on £F(N). For this purpose, we need to introduce the following extra condition on the Lagrangian function £

Lt,z,y) > ag® ('i’ﬂ) + F(t, ), (32)

where ag, 4 > 0 and F : R x R? — R is a Carathéodory function, i.e. F(t, ) is measurable with respect
to t for every fixed & € R? and it is continuous at z for a.e. t € [0, T]. We observe that, from (32) and (2),
we have F(t,z) < a(|z|)bo(t) with by(t) == b(t) + &(f(t)) € L1([0,T]). In order to guarantee that integral

fOT F(t,u) dt is finite for u € W'L?, we need to assume

|F(t,2)| < a(|z|)bo(t), for a.e. t €[0,T] and for every € R%. (33)
As we shall see in Theorem 5.3, when L satisfies (2)—(4), (32) and (33), the coercivity of the action integral

I is related to the coercivity of the functional

Jeuw(u) = pa () = Cllullz, (34)

for C,v > 0. If ¢(x) = |z|?/p then J¢, is clearly coercive for v < p. For more general ¢ the situation is
more interesting as it will be shown in the following lemma.

Lemma 5.2. Let @ and ¥ be complementary N -functions. Then:

1. If CA <1, then Jc 1 is coercive.
2. If W e Ay globally, then there exists a constant ag > 1 such that, for any 0 < p < ag,

pao (%)

lull o —oo [[w]|f s

= +o0. (35)

In particular, the functional Jc , is coercive for every C > 0 and 0 < p < ag. The constant ap is one of
the so-called Matuszewska—Orlicz indices (see [20, Ch. 11]).
3. If Jea is coercive with CA > 1, then ¥ € A,.

Proof. By (9) we have

u
(1= CA)lull e + CAllulle = l[ulle < 4+ dps (%),
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then

1-C4 u
C=OD e 1< (%) - Cllulle = Jea(u).

This inequality shows that Jc ;1 is coercive and therefore item 1 is proved.

In virtue of [1, Eq. (2.8)], the As-condition on ¥, [20, Thm. 11.7] and [20, Cor. 11.6], we obtain constants
K >0 and ag > 1 such that

D(rs) > Kr” &(s) (36)
forany 0 <v < ag,s>0and r > 1.

Let 1 < p <v < ag and let 7 > A be a constant that will be specified later. Then, from (36) and (9), we
get

Jo 2 (%) a () d2 2 )

i =) Tl
> K (f)” rHulpe — B
RN [
We choose r = ||u||f,+/2. Since ||u||ps — 400 we can assume ||u|/p > 24. Thus r > A and
Sy o () ar .
fullf, = 2vAv Jul|7 " — 400 as [Jul|pe — +oo,

because v > p.

With the aim of proving item 3, we suppose that ¥ & A,. By [19, Thm. 4.1], there exists a sequence of
real numbers r,, such that r,, — oo and

. an(Tn)
Jim 7 (ry)

Now, we choose u, such that |u,| = A (rn)x[, 1. Then, by [19, Eq. (9.11)], we get

v(rn)

= +o0. (37)

Y(rn) o1 _ 4 Tat(rn)
And, using Young’s equality (see [19, Eq. (2.7)]), we have

T
deatun) = [ () de - e
0

lwn|lre = A — 00, asn — 00.

1
= W(Tn) [45(1/)(7%)) — C/l’l”nw(rn)]
1
= W(Tn) [Trﬂ/)(Tn) - W(rn) — CArnT/J(Tn)]
— (1 — CA)an(Tn) _1
¥(rn) ‘

From (37) and the condition CA > 1, we obtain Jc1(u,) — —oo, which contradicts the coercivity of
Joi. O

Next, we present two results that establish coercivity of action integrals under different assumptions.

Theorem 5.3. Let L be a Lagrangian function satisfying (2)—(4), (32) and (33). We assume the following
conditions:
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1. There exist a non negative function by € L} and a constant pu > 0 such that for any x;, 2 € R? and a.e.
t € 0,7

[F(t,22) — F(t.21)| < ba(t)(1 + |22 — 21]"). (38)

We suppose that 1 < ag, with ag as in Lemma 5.2, in the case that ¥ € Ag; and, we suppose p =1 if
¥ is an arbitrary N -function.

T
/ F(t,x) dt — o0 as |z| — oo. (39)
0
3. W€ Ay or, alternatively, ag "Td~ (1/T) ||b1|| 121 A < 1.

Then the action integral I is coercive.

Proof. In the subsequent estimates, we use (32), the decomposition u = u + @, Holder’s inequality and
Sobolev’s inequality.

I(w) > agpa (’A‘) - " F(tu) ar
T

V

— oopa (A) +/0 [F(t,u) — F(t, )] dt+/0T Pt w) dt

> aoe (5) - [ Chu0)1+ [(0) di + / " F(w)

> copo (%) = Inlls1-+ sl + [ R a

> aupo (B) <l (1 [ro (5)] vt + [P a

= aode i) = il + | " pm) (40)

where C' = ag ' [T®71 (1/T)]" ||b1|z:. Let u, be a sequence in £F(N) with ||u,||w1ze — oo and we have
to prove that I(w,) — oo. On the contrary, suppose that for a subsequence, still denoted by w,, I(u,) is
upper bounded. Then, from (19) and passing to a subsequence, we can assume that , is unbounded in
L? or @, is unbounded in R%. On the other hand, (33) and (39) imply that the integral fOT F(t,u,) dtis
lower bounded. These observations, the lower bound of I given in (40), assumption 3 in Theorem 5.3 and
Lemma 5.2 imply that I(w,) is not upper bounded. This contradiction leads us to the desired result. O

Based on [23] we say that F' satisfies the condition (A) if F'(t, ) is a Carathéodory function, F' verifies
(33) and F is continuously differentiable with respect to . Moreover, the next inequality holds

|D.F(t,x)| < a(|z|)bo(t), for a.e. t € [0,T] and for every & € R, (41)
The following result was proved in [23, p. 18].

Lemma 5.4. Suppose that F satisfies condition (A) and (39), F(t,-) is differentiable and convezx a.e. t € [0,T].
Then, there exists xy € R? such that

/T Do F(t, o) dt = 0. (42)
0
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Theorem 5.5. Let L be as in Theorem 5.3 and let F' be as in Lemma 5.4. Moreover, assume that ¥ € A,
or, alternatively oy *T &~ (1)T) a(|zo|)||bol|z1 A < 1, with a and by as in (33) and zg € R any point
satisfying (42). Then I is coercive.

Proof. Using (32), [23, Eq. (18), p. 17], the decomposition u = & + 4, (42), (10) and Sobolev’s inequality,
we get

, T T
I(u) > apgpe (X) +/ F(t, ) dtJr/ D F(t,xp) - (u— xp) dt
0 0
i T T T
= Qpps (/1) —|—/ F(t, xy) dt + D F(t,xp) - u dt + D, F(t,zq) - (uw— axp) dt
0 0 0
i T T
—cops () + [ Flta) e [ Dar(ta) i
0 0
U a(1Y,.
2 aope | 7 | —allzol)lbollzr — alzo])l|boll o T2 { 7 ) llatllze
= aoJo,1 (@) — al|zol)[|bo 1 (43)

with C = ag 'a(|xo|)||bo|| .2 T &~ (1/T).

Let a be as in Corollary 2.3, i.e. « is a non decreasing majorant of a. Using that F(¢t,w/2) < (1/2)
F(t,u)+ (1/2)F(t,—u) and taking into account that & is a non negative function, inequality (33), Holder’s
inequality, Corollary 2.3 and Sobolev’s inequality, we obtain

() > aope (Z) 4 Q/OT F(t,/2) dt /OT Pt —@) dt

V

T

>2 [ Fu/2) dt— ol (@)~
0
T

> 9 / F(t,/2) dt — [boll (]| )
0

T
> 2/ F(t,w/2) dt — C1a(Co|| | 1) (44)
0
for certain constants Cy,Cy > 0.

Finally, reasoning in a similar way to that developed in the end of the proof of Theorem 5.3 we have that
I(u,) = oco. O

6. Main result

In order to find conditions for the lower semicontinuity of I, we perform a little adaptation of a result
of [14].

Lemma 6.1. Let L(t,x,y) be a differentiable Carathéodory function. Suppose that F satisfies the condition
(A) and the inequality
L(t,z,y) > @ (|y|) + F(t, ), (45)
where @ is an N -function. In addition, suppose that L(t,x, ) is convex in R? for each (t, ) € [0, T] xRe. Let
{u,} € WIL? be a sequence such that w, converges uniformly to a function uw € WL? and 4, converges
in the weak topology of Lé to u. Then
I(u) < liminf I(u,). (46)

n— o0
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Proof. First, we point out that (45) and (33) imply that I is defined on W' L? taking values on the interval
(—o00,400]. Let {u,} be a sequence satisfying the assumptions of the theorem. We define the differentiable
Carathéodory function L = £ — F and we denote by I its associated action integral. Using [14, Thm. 2.1,
p. 243], we get

T
/ L(t,u,u) d hmlnf/ L(t, un, ) dt. (47)
0

n—oo

Taking account of the uniform convergence of u,, and the fact that F' is a Carathéodory function, we obtain
that F'(t, u,(t)) — F(t,u(t)) a.e. t € [0,T]. Since the sequence u, is uniformly bounded, from (33) follows
that there exists g € L1([0,T]) such that |F (¢, u,(t))| < g(t). Now, by the Dominated Convergence Theorem,
we have that

im [ Pt () di = / " () dt (48)

n—oo 0
Finally, as a consequence of (47) and (48), we obtain (46). [

Gathering our previous results we obtain existence of solutions under four different sets of assumptions.
We enunciate all these alternatives in the following theorem.

Theorem 6.2. Let @ and ¥ be complementary N -functions. Suppose that the differentiable Carathéodory
function L(t,x,y) is strictly convex at y, DyL is T-periodic with respect to T and (2) (4), (32), (33) and
(39) are satisfied. In addition, assume that some of the following statements hold (we recall the definitions
and properties of g, b1, Ty and by from (32), (38), (42) and (41) respectively):

1. ¥ € Ay and (38).

2. (38) and ay *T &~ (1/T) ||by||p2 A < 1.

3. ¥ e Aq, F satisfies condition (A) and F(t,-) is convex a.e. t € [0,T].

4. As item 3 but with oy *T &~ (1/T) a(|zo|)||bo|| 1 A < 1 instead of ¥ € As.

Then, problem (1) has a solution.

Proof. First of all, note that (32), (33) and (39) imply that [ is, lower bounded on W' LZ. Let {u,} ¢ WL%
be a minimizing sequence for the problem min{/(u)|u € W!L£%}. Since I(w,), n = 1,2,... is bounded,
Theorem 5.3 (or Theorem 5.5 according to which of the items 1-4 hold true) implies that {u,} is norm
bounded in I/V1L§5 . Hence, in virtue of Corollary 2.2, we can assume that w, converges uniformly to a
T-periodic continuous function u. The space Llf is a predual space, concretely Lf = [Edg’ ]* Thus, by
[24, Cor. 5, p. 148] and since 4, is bounded in L%, there exists a subsequence (again denoted by ,) such
that w, converges to a function v € Ll‘f in the weak* topology of L:f. From this fact and the uniform
convergence of u, to u, we obtain that

T T T T
/E-udt:lim E-undt:—lim/é-undtz—/ E-vdt
for every T-periodic function & € C*([0,T],R%) C EY. Thus v = @ a.e. t € [0,T] (see [23, p. 6]) and
ue WLLZ.

Now, taking into account the relations [L}J f = Ly C E('f and Lf C LY, we have that 4, converges to @
in the weak topology of L}. Consequently, Lemma 6.1 applied to the N-function ag® (| - |/A) implies that

I(u) < liminf I(u,) = min I(u).

n— 00 uerqu
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Hence, u is a minimum and therefore a critical point of I. Finally, invoking Theorem 4.1, the proof
concludes. [

One of the main novelties of our work is that we obtain existence of solutions for Lagrangian functions
L(t, x, y) where the nonlinearity is not necessarily a power function. And, in virtue of the fact that we have
not supposed that the N-functions @ satisfy the A, condition, the nonlinearity is not even bounded by
power functions. For example, our main theorem can be applied to Lagrangians like

Ltz y)=eY +F(t ),

when F' satisfies some of the alternatives 1-4 in the main theorem. In this case, considering the N-
function @(x) = e* — x — 1, conditions (2)—(4) hold. Moreover, the complementary function of &, i.e.
U(z) = (1+ ) In(l + x) — x, satisfies the As-condition. We can apply our main theorem even if ¥ ¢ A,,
although in this case we need an additional condition on the size of certain constants.

Another contribution that we want to emphasize is the condition (38). This condition is a relaxed version
of the inequality

IVE(t, z)| < g(t), (49)

with g € L1, considered by Mawhin and Willem (see [23, Th. 1.5]). We point out that Mean Value Theorem
for derivatives and inequality (49) imply our condition (38). In a series of papers (see for example [34,37,32])
some weaker conditions than (49) for Lagrangians of the power type, such as

Ltz y) =yl"+Ft,z), p>1, (50)
were treated. In the aforementioned papers, inequality (49) was replaced by the weaker condition
IVE(t,z)| < b(t)|z|* ! 4+ ba(t), bi,bp € L', u>1. (51)

Furthermore, either u is subcritical, that is u < p; or, assuming additional conditions on by, u is critical, i.e.
= p. Our condition (38) is different to (51), because of this fact our results are new even for Lagrangian
functions like (50). For example, let f(x) be a function defined on R, continuously differentiable with
f(x) = |z|, for |x| > 1; and, we define F(t,x) = g(t)(f(z) + cos(e?)), where g is any function in L.
Then F satisfies (38) because

[F'(t, 1) = F(t,22)| < [g(t)| (K21 — 2] +2),

since f is a Lipschitz function. In addition, as f(x) = |z| for |z| > 1 and cos(e”) is bounded, the function
F satisfies the coercivity condition (39). From here, our main theorem can be applied to this function F.
However, %F = g(t)(f'(x) — e”sin(e¥)) is not bounded by any power of x, unless g is trivial, i.e. F' does
not satisfy (51).

Alternatively, we consider the hypothesis of convexity on F. We would like to emphasize that a convex
function does not necessarily satisfy (38). This observation is justified by the following fact: assume that F'
is independent of ¢ and it also satisfies (38), then F' is sublinear, i.e.

|F(z)| < alz|+b, a>0,b>0.

In fact, inequality (38) implies that |F'(z) — F(y)| < ¢ with ¢ > 0 provided that |z — y| < 1. Now, if x € R
we look for some n € N such that n — 1 < |z| < n. Therefore,

F@)-F(";lx)JrF(”;lx) —+F(iaz> —F(O)’

< ne < |z +1).
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Particularly, the function F(¢,z) = |z|? is convex and satisfies the condition (A); nevertheless, F' is not
sublinear and consequently it does not satisfy (38). The same function allows us to see that our condition
(38) does not imply (51). And condition (38) does not imply convexity either, which is clear taking the
previously studied function F' = g(¢t)(f(z) + cos(e®)).
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