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1 Introduction

This paper is devoted to reconstructing an unknown structure § included in a bounded cavity Q ¢ R¥
(N = 2, 3) filled by a viscous incompressible fluid. More precisely, we aim to obtain some geometrical infor-
mation on 8 by measurement on the boundary 0Q of Q. Such a geometrical inverse problem is important in
several applied areas such as medicine (foreign bodies in the bloodstream), biology (fishes), naval engineer-
ing (submarines), etc.

We assume in what follows that § is a compact connected subset of Q with nonempty interior and that
F = Q\ 8 is connected.

In the first part of the article, the fluid equations that we consider are the nonstationary Stokes system

% —dive(u,p)=0 in(0,T)x7F, (1.1)
divu=0 in(0,T)x 7, (1.2)

u=0 on(0,7T) x9S, (1.3)

u=f on(0,T)x0Q, (1.4)

u(0,-)=0 in9. (1.5)
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In the above system, (u, p) are the velocity and the pressure of the fluid. Moreover, we have denoted by
o(u, p) the Cauchy stress tensor, which is defined by the Stokes law as

o(u, p) = -pIy + 2D(u),

where I is the identity matrix of My (R), with My (IR) denoting the space of real square matrices of order N,
and where D(u) is the strain tensor defined by

1/0ur ou;
D))y = —(— —) 1.6
(D)l = 5 o oxe (1.6)
To simplify the writing, we take in this paper the kinematic viscosity of the fluid equal to 1.
The idea is to impose a condition f in (1.4) and to measure the corresponding Cauchy force
o(u, p)njo,x00 (1.7)

in order to deduce information on the obstacle 8. Here and in all what follows, n denotes the unit outer normal
to the fluid domain.
We also consider in this paper the following linear fluid-rigid body system:

% —-divo(u,p)=0 in(0,T)x 7, (1.8)
divu=0 in(0,T)xJ, (1.9)
u=f on (0, T) x 0Q, (1.10)
u=£€+wxy on (0, T) x 08, (1.11)
me' + J o(u,p)ndy=0 in (0, T), (1.12)
a8
ILyw' + J yxo(u,p)ndy=0 in (0, T, (1.13)
38
u(0,-)=0 inF, (1.14)
€(0)=0, w(0)=0. (1.15)

Here € and w represents respectively the linear and angular velocity of the rigid body. Let us note that in this
simplified fluid-rigid body system, the structure domain § is fixed. We assume that the density p® of the rigid
body is a positive constant. In particular, the mass m and the inertia tensor I, are defined as follows:

m=pius(®), To=p® [ XL - (xex) dx,
8

where u3 denotes the Lebesgue measure in R3 and where I is the 3 x 3 identity matrix.
In dimension N = 2, the above system is slightly modified: w € R, Iy € R, equation (1.11) and equation
(1.13) write respectively

u=°¢+oyt, Iw'+ ij-o(u,p)ndy=O,

where

Finally, I, is defined by

Ip = p® J Ix|? dx. (1.16)
3
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System (1.1)—(1.5) is a linear simplification of the classical Navier—Stokes system

3—1:+u-Vu—diva(u,p):0 in(0,T)xJ, (1.17)
divu=0 in(0,T)x 7, (1.18)

u=f on(0,T)x0Q, (1.19)

u=0 on(0,T) x 08, (1.20)

u0,-)=0 in7, (1.21)

and system (1.8)—(1.15) is a linear simplification of the “full” fluid-rigid body system that can be written in
dimension N = 2 as

% +u-Vu-dive(u,p) =0, t € (0,7), x € F(t), (1.22)

divu =0, te(0,T), x € F(t), (1.23)

u=f, te(0,T), xe€0Q, (1.24)

u=¢+wx-h"*, te(,T), x € 08(t), (1.25)

me' + J o(u,p)ndy =0, te(0,T), (1.26)

a8(1)

Tow' + J (x-h)*-o(u,p)ndy=0, te(0,T), (1.27)
as(t)

h =e, te(0,T), (1.28)

0 = w, te(0,7), (1.29)

u(0,-) =0, X € F(0), (1.30)

£0)=0, w(0)=0, (1.31)

h(0) = h°,  6(0) = 6°, (1.32)

8(t) = h(t) + Ry(So. (1.33)

Here h(t) € R? and 6(t) € R are respectively the center of mass and the orientation of §(¢). In particular, the
center of mass of 8¢ is located at 0. We have denoted by Ry the matrix of rotation of angle 6. Contrary to
system (1.8)—(1.15), here the solid is moving (equation (1.33)). Let us emphasize that system (1.8)—(1.15)
is important to study system (1.22)—(1.33): for instance, this linear system is used in [36, 37] to prove the
existence of strong solutions for system (1.22)—(1.33) with the aid of a fixed point argument. Let us also note
that equations (1.26), (1.27) for the rigid body are the Newton laws.

As for the previous systems, the idea is to take some particular choice of f and to measure the correspond-
ing Cauchy force given by (1.7) in order to obtain geometrical information on 8(t). However, here there is an
important difference: applying f at the boundary of 0Q makes the rigid body moves through the (unknown)
trajectory (h(t), 6(t)). Moreover, with such a boundary condition, it could possible that the rigid body touches
0Q and it is not clear what happens after this contact (see [34]).

We also consider a simplification of system (1.22)-(1.33) obtained by assuming that the Reynolds
number is very small. In that case, neglecting the inertia forces, the 3D version of system (1.22)—(1.33) can
be approximated by

~dive(u,p) =0, te(0,T), x € F(t), (1.34)
divu =0, te (0, T), x € F(t), (1.35)

u=f, te(0,7), x€0Q, (1.36)
u=€+wx(x-h), te(,7), x € d8(t), (1.37)

I o(u,p)ndy=0 te(0,T7), (1.38)

08(t)



4 = | San Martin, E. L. Schwindt and T. Takahashi, On the reconstruction of obstacles DE GRUYTER

J (x-h)xo(u,p)ndy=0 te(0,T), (1.39)
08(t)

h =e, te(0,T), (1.40)

Q' = Aw)Q, te(0,T), (1.41)

8(t) = h(t) + Q()Sy,  te (0, 7). (1.42)

The map A is defined as follows:
Ar)=|rs 0 -r|, reRr’.

This map is related to the vector product by the formula
A(r)x=rxx.

Let us remark that the above system is not linear since 8(t) is not given. This system is studied in [7]
where the identifiability of the rigid body is obtained through the measurement of the Cauchy forces on the
boundary. Like system (1.22)-(1.33), the solid moves through the action of f on this system.

These geometrical inverse problems for fluid systems were already considered in [1] where the authors
tackle the problem of recovering the shape and location of a fixed obstacle in a viscous incompressible fluid
modeled by the Navier—Stokes system. They show the identifiability of the fixed obstacle: if f not identically
equal to 0, then the mapping that associates to § the measurement given by (1.7) is one-to-one. They also
prove a stability result: if two measurements are close, it implies that the two corresponding obstacles are
close. Extensions of this result in the case of a fixed obstacle are obtained in [9] and in [10]. In [2], the authors
consider a similar problem in the 2D case and for a fluid modeled by the Stokes system. They develop an
integral method in order to recover the structure. The identifiability result of [1] is extended in [7] to the case
of a moving rigid body, but only in the case of the stationary Stokes system. In the case of a potential fluid
(thus inviscid), one can use, in 2D, complex analysis ([5, 6]) to detect a moving rigid body of particular shape
(ball, ellipse) if the fluid fills the exterior of the structure domain.

Numerical aspects are considered in [3]: the authors use shape optimization techniques to detect a fixed
obstacle in a viscous incompressible fluid. They prove in particular that the shape Hessian is compact and
thus that the problem is ill-posed.

Here we are interested in obtaining geometrical information on the obstacle such as the distance from
a fixed point to the obstacle or its convex hull. The problem of finding the distance from a fixed point was
considered in [16], in the case of a fixed obstacle in a stationary Stokes fluid. In that study, they use a method
based on complex geometrical solutions that was introduced in [35] and that has been applied in several
inverse problems ([8, 12, 15, 29-31], etc.). In order to recover the convex hull of the obstacle, Ikehata intro-
duced the enclosure method and used it in [21-23], etc. The above references were devoted to works on
stationary problems. The case of the heat equation was considered in [13] with the use of complex geometrical
solutions and [24, 27, 28] for the enclosure method.

In this work, we consider both methods to deal with nonstationary fluid or fluid-structure systems.
More precisely, we use the approach in [27] in order to deal with the nonstationary Stokes system. A first
step consists in considering the Laplace transform of the system in order to transform it into a stationary
Stokes-type system. Then we show that if (V4, §,) is a family of solutions the same (stationary) system but on
the whole domain Q (see (2.1)—(2.2)), then a quantity (see (2.7)) based on the measurement given by (1.7)
behaves in similar way as the H' norm of v, on 8 as a goes to co (Theorem 2.1). The idea is then to construct
solutions ¥, so that the H! norm on 8 gives geometrical information on the domain. One of the difficulties
in this construction comes from the fact that here the test functions are divergence free. In particular, in the
case of the distance of § to a point xo, we need to impose xo ¢ ch(Q) and N = 3. These hypothesis are not
considered in the case of the heat equation (see [27]).

The above method can not be adapted to the case of nonlinear systems such as (1.17)-(1.21) and
(1.22)-(1.33). As a consequence, for these nonlinear systems we use complex geometrical solutions con-
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structed in [16]. This allows us to recover only some partial information, and more precisely, at the contrary
to the linear case, we lose one of the inequalities. Nevertheless, these two approaches give some first results
in the case of nonstationary fluid systems.

The plan of the paper is the following: in Section 2, we state our main results, for the linear systems and
for the nonlinear systems. We recall some preliminaries in Section 3, that allow us to prove our first main
result in Section 4: the relation between the measurement and the H! norm of ¥, on 8, as explained above.
Then in Section 5, we construct v, in order to recover the convex hull of § and in Section 6, we construct v, in
order to recover the distance from a fixed point to 8. Section 7 is devoted to inverse problems for the nonlinear
systems: we use there complex geometrical solutions.

2 Main results

Let us first describe the method used to recover geometric information on the obstacle § in the case of the
linear systems (1.1)—(1.5) and (1.8)-(1.15).
First we consider a family (Vq, §q) € C? (Q) x C1(Q) of solutions of a Stokes system

avy —dive(a, Go) =0 inQ, (2.1)
diviy =0 inQ, (2.2)
for some domain Q 2 Q and for a > 0.
We then consider f, defined by
f(x(t’ X) ::X(X(t)‘?lx(x)) (2~3)

with yq € C*®([0, T]) such that y,(0) = 0 and y,(t) > 0in (0, T] and such that

T

J e My (t) dt = 1.
0

For instance, in what follows, we take

a’t
Xa = 1=y apemare (€10 T (2.4)
In particular,
T
fax):= Je“”fa(t, x)dt = Vo(x), xe€0Q. (2.5)
0

We can remark that since f,, is given by (2.3), then it satisfies the condition
Jfa'ndyzo on (0, T).
20

The above equation allows us to consider the solution (ug, py) of the Stokes system (1.1)-(1.5), with the
boundary condition

u,=f, on(0,T)x0Q. (2.6)
Let us set
T
Eq:= j Je“’“(f/a - 0(Ug, Pa) — Uy - O(Vy, §o)n) dt dy. (2.7)
20 0

We are now in a position to state our first main result.
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Theorem 2.1. Assume (Vy, q4) satisfies (2.1)—(2.2) and (uy, py) is the solution of system (1.1)—(1.5) with (2.3)
and (2.6). Then E, defined by (2.7) satisfies

(j al¥ql* +2|D(Va)I? dX) - Ca’e M Vallfn gy < Ea
S

< Cla+ 1)([ [Val? + 2D (Vo) dx) +Ca’e M Vallf ) (2-8)
8

The above result and the two corollaries below correspond the closure method associated with the evolu-
tionary Stokes system. A general framework for this method in the case of heat type equations is developed
in [25]. The first extension of this method to a system of partial differential equation was developed in [26].

The first corollary of Theorem 2.1 corresponds to the reconstruction of the support function hg of S. Let
us recall that for any subset G of R3, the support function hg of G is defined by

hg(k) =supk-x, K¢e$S?, (2.9)
xeG

where $? is the unit sphere of R3. This function is classically used in the theory of convex sets (see, for
instance, [4, p. 26]). In particular, if G is convex,

G={xeR?:x k< hg(x)forall x € $°}.

Corollary 2.2 (Recovering the support function). Assume 98 is of class C?. There exists a family of solutions
(Va, 4a) of (2.1)—(2.2) such that the solution (U, py) of (1.1)—(1.5) with (2.6) and (2.3) verifies

. 1
D(LHPOO 2_\/5 log(Eq) = hs(x).
The second corollary of Theorem 2.1 allows us to obtain the distance d(xg, 8) of § to a point xo ¢ ch(Q) (the
convex hull of Q).

Corollary 2.3 (Recovering the distance to a point). Assume N =3, 08 is of class C*> and xo ¢ ch(Q). There
exists a family of solutions (Vq, 4q) of (2.1)—(2.2) such that the solution (uy, ps) of (1.1)—(1.5) with (2.6) and
(2.3) verifies

. 1
i, 5 log(Ea) = ~d(xo, §)

Remark 2.4. In contrast to [27, 28], in the above result, we have to assume that xo ¢ ch(Q). This restriction
comes from the fact that we need in our construction that the family (V,, §,) satisfies the condition div v, = 0.
In [27, 28], the authors also manage to reconstruct the smallest sphere centered at a point and enclosing the
obstacle. Here, we cannot extend their construction since we need the free divergence condition for v,.

We have similar results for the linear system (1.8)—(1.15):

Theorem 2.5. Assume 08 is of class C2.
(1) There exists a family of solutions (V,, 44) satisfying (2.1)—(2.2) such that the solution (U, pa, €4, Wq) Of
(1.8)—(1.15) with (2.3), (2.6) verifies

. 1
lim _\/ﬁ log(Ey) = hs(k).

a—+00 )

(2) Assume xo ¢ ch(Q) and N = 3. There exists a family of solutions (V, 44) satisfying (2.1)—(2.2) such that
the solution (U, pq, €a, Wy) of (1.8)—(1.15) with (2.3), (2.6) verifies

lim L\/R log(E,) = —d(xo, 8).

a—+00 )

The proof of the previous theorem is completely similar to the proof of Theorem 2.1, with the same families
constructed in Corollary 2.2 and Corollary 2.3. Therefore, we omit its proof.
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In the case of the nonlinear system (1.34)—(1.42), we use a family of solutions (v, o) € C2(Q) x C1(Q)
of

~divo(ve, o) =0 inQ, (2.10)
divv,=0 inQ, (2.11)

for some domain Q 2 Q. Here a > 0 is a parameter in the construction of these solutions that eventually goes
to co. We then consider f, defined by

Fa(x) = va(x). (2.12)
As in the linear case, we then consider the solution (ug, p,) of systems (1.34)—(1.42) (respectively
(1.22)-(1.33), and (1.17)-(1.21)), with the boundary condition

u,=f, on(0,T)x0Q. (2.13)

We set
Fy := J(va - 0(Ug, Pa)N — Uy - O(Vy, go)N1) dy. (2.14)
20
As explained in the previous section, one difficulty for stating result for this system is that the rigid body
can touch 0Q. We thus assume that for all regular f,

d(s(t),0Q) >0 forallte [0, T]. (2.15)

Such an hypothesis is satisfied for instance in the case where 8 and Q are balls (see [17-19]).
We fix xo ¢ ch(Q) (the convex hull of Q) and d > 0. Then, we have the following results.

Theorem 2.6. Assume 08 is of class C2, d > 0 and x ¢ ch(Q). Assume also that (2.15) holds. Then, there exists
a family of solutions (v, qq) satisfying (2.10)—(2.11) such that the solution (Ug, Pa, €a, Wq) of (1.34)—(1.42)
with (2.13) verifies:

(1) Ifd < d(xg, S(t)), then Fy
(2) Ifd > d(xo, (1)), then Fq

CA“ for some constants C > 0 and A € (0, 1).
CB“ for some constants C > 0 and B > 1 and for a > 1.

WV /A

Remark 2.7. The above result is based on the construction of spherical geometrical optics solutions. In the
case of Stokes-type system, such a construction has been done in [16]. Let us point out that in their method
use the Hahn-Banach theorem. In the case of the Calderon problem, another construction that is not using
the Hahn—-Banach theorem is done in [20].

For systems (1.22)—(1.33), and (1.17)—(1.21), we slightly modify the boundary condition by using (v, gq)
depending on time and satisfying (2.10)—(2.11) for all t and we consider the following measurement:

T T
2
Ky := J J(va < 0(Ug, Pa)N — Uy - O(Vy, go)) dt dy — J J(fa . n)lf%| dy. (2.16)
000 000

In the case of system (1.22)—(1.33), we need to assume again (2.15) to prevent possible contacts. Again
this condition is satisfied for instance in the case where 8y and Q are balls (see [17-19]). It is probably true
for other geometries but up to now this has not been proven.

For both systems (1.17)—(1.21) and (1.22)—(1.33), we also impose that N = 2 since we are working with
regular solutions and for N = 3 the existence of global (in time) regular solutions is an open problem. In
particular, in the case N = 3, one should need to show that the times T, of existence of the family of solutions
(Va, qa) can be chosen uniformly with respect to a.

Theorem 2.8. Suppose N = 2. Assume 08 is of class C?, d > 0 and x¢ ¢ ch(Q). There exists a family of solutions

(Va, qq) satisfying (2.10)—(2.11) such that:

(1) The solution (uq, pa) of (1.17)-(1.21) with (2.13) verifies the following implication: if (Kq)a>a, is bounded,
then d < d(xg, 8).

(2) The solution (Ug, pa, €a, Wa) of (1.22)-(1.33) with (2.13) verifies the following implication: if (Kq)asa, 1S
bounded, then d < d(xq, 8(t)) forall t € [0, T).
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As explained in the introduction, the above result is only partial since with the other case (as in Theo-
rem 2.6) is not present here. As it appear in the proof, it would imply to prove an estimate on the solutions
(Ugs Pas €a> W) for system (1.22)—(1.33).

For simplicity, we suppress in the proofs below the explicit dependence on a in the notation. For example,
we write v instead of v,.

3 Preliminaries

Lemma 3.1. Assume v € H'(Q) such that divv = 0 in Q. Consider a pair (w, ) € H'(F) x L*(F) such that
div o(w, ) € L2(F). Then there exists a constant C = C(Q, 8) such that

j V- o(w, mndy| < ClVIm ) (IDW)lr2 @) + || div o(w, m)ll12(5)), (3.1)
PY
I V- o(w, mn dy| < ClV|ms)(IDW)l25) + | div a(w, m)l|12¢5)). (3.2)

08
Proof. We use [14, p. 176, relations (II.3.31) and (III.3.32)]: there exists V € H(F) such that
divV=0 ind, V=v onoQ, V=0 onods,
with
IVl () < ClVImreo < Clivia ). (3.3)

We then use integration by parts

J V-o(w,mndy = J V.o(w,mndy= J dive(w, ) - Vdx + J 2D(w) : D(V) dx,

o) oF F F

and (3.1) follows from (3.3).
The proof of (3.2) is similar, we consider (instead of V) a function W € H'(¥) such that

diviW=0 in%, W=0 onoQ, W=7 onds,
with
Wlg () < ClVIE208) < ClVIEs).
The proof of the lemma is complete. O
Proposition 3.2. Assume f = xv, withx € H'(0, T), v € H3>/?(0Q) satisfying
X(©) =0, j 7.ndy-=o0.
o0

Then:
(1) There exists a unique solution (u, p) of system (1.1)—(1.5)

u e L*(0, T; H*(F)) n C([0, Tl; H (%) n H'(0, T; L*(9)), (3.4)

p € L*(0, T; H (9)/R); (3.5)
(2) There exists a unique solution (u, p, €, w) of system (1.8)—(1.15) satisfying (3.4), (3.5) and €, w € H'(0, T).

The above result is quite classical for system (1.1)—(1.5) and is similar for system (1.8)—(1.15). We only give
here some ideas of the proof. Note that the particular form of f is not needed to obtain the result and the result
remains true for more general boundary conditions.
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Proof. Using, for instance, [33], there exists V € H2(¥) such that
divV=0 in7, V=% onoQ, V=0 onods.

Using this lifting, we consider the change of variables

U=u-xV
and the equations for (U, p) can be written as
ou . .
> -dive(U,p)=F in(0,T)x 7, (3.6)
divU=0 in(0,T)xJ, (3.7)
U=0 on(0,T)x0F, (3.8)
U@,-)=0 inJ, (3.9)
with
F =xAV —x'V € L*(0, T; L*(9)). (3.10)

To end the proof, one can write (3.6)—(3.9) with the Stokes operator A = —PyA as
U' +AU = PyF,
where Py : L2(F) — H is the Leray projection on
Ho :={we L*(F):divw=0, w-n = 0on 07}.

Using that A is self-adjoint and positive, we obtain the result.
For system (1.8)—(1.15), we can proceed with the same proof. Using the lifting V, we are reduced to solve

Z—lj—diVO'(U,p):F in(0, T)x T,
divU =0 in(0,T)x T,
U=0 on (0, T) x 0Q),
U=¢+wxy on(0,T)x08,
me' + J o(U,p)ndy = € in (0, T),
38
Iow' + j yxo(U,p)ndy = wr in (0, T),
28
U,-)=0 ind,

8(0) = 0, w(o) = 0’
with F given by (3.10) and

er = -2x J D(V)ndy, wp=-2x J y x D(V)n dy.
a8 a8

We recall that the operator D is defined in (1.6). It is classical that Dw = 0 on § if and only if there exist
Lw, Wy € R3 such that w(y) = €y, + w,, x y for y € 8 (see, for instance, in [32, p. 51]).
If we extend U and F in 8 by

Ult,y) = €(t) + w(t) xy, F(t,y) = €p(t) + wp(t) x y,

then the above system can be written as
U’ + AU = PF,
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with
H:={wel*Q):divw=0, w-n=00n0Q, Dw=0inS§},

D(A) :={weHnH(Q):w=00n0Q, wyg € H*},

-Aw inJ,
Aw :=
(JD(W)ﬂd)}) +<Jy><D(w)ndy> XX, XE€S§,
28 28
A :=PA

and P : L?>(Q) — % is the orthogonal projection. We have PF ¢ L2(0, T; () and it is proved in [37] that A is
self-adjoint and positive in H, and this allows us to prove the result by using classical result on parabolic
systems. O

Lemma 3.3. Assume that (u, p) is the solution of (1.1)-(1.5) with f defined by (2.3). Then for a large enough,
there exists a constant C (independent of a) such that

lullzoo(0, 7s12(5) + ID@W)NIL2 0, 7:22(5)) < Ca? IVl (- (3.11)

Proof. Let us multiply (1.1) by u and integrate by parts:

I %(g) dx + J 21D dx = (1) J o(u, p)n - v dy. (3.12)
F F 0Q

In the above relation, we have used (2.3). Then we use the same function V used in the proof of Lemma 3.1
and integrate by parts:

J o(u,p)n-vdy= J o(u,p)n-Vdy

0Q 0F
= j dive(u,p)- V+2D() : D(V) dx
F
:%Ju-de+ZJD(u):D(V)dx. (3.13)
F F

Combining (3.12) and (3.13) and integrating on (0, t), we obtain
t t t
% j u(t)|? dx + J J 2D dx ds = x(t) I u(t) -V dx - j Jx’u Vdxds + J J 2xD(w) : D(V) dx ds.
F 0 F F 0T 0T
Using Gronwall’s lemma, we deduce the existence of constant depending only on T such that
T

sup [ ful? dx + | [ 21D@ dxds < IV ) 10,1

©.D F 0F
With the choice (2.4), taking a large enough, we conclude that there exists C = C(T, Q, 8) > Osuch that (3.11)
holds. O

We can obtain in a similar way the following lemma.

Lemma 3.4. Assume that (u, p, €, w) is the solution of (1.8)—(1.15) with f defined by (2.3). Then for a large
enough, there exists a constant C (independent of a) such that

lullzooc0,7:12()) + ID@) 20, 1:12(0)) < CO2 I V]lE(q)-
In the above result, we have extended u in S by setting
u(t,x):=€(t)+w(t)xx, xe8.

Finally, we end this section by recalling existence results for systems (1.17)-(1.21) and (1.22)-(1.33),
for N = 2.
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Proposition 3.5. Assume N = 2 and assume f = x¥, with y € H'(0, T), v € H3/2(0Q) satisfying

x© =0, [v-nay-o.
20
Then the following hold:
(1) There exists a unique solution (u, p) of system (1.17)—(1.21) with (3.4), (3.5).
(2) Assume(2.15). There exists a unique solution (u, p, €, w) of system (1.22)—(1.33) satisfying h, 6 € H>(0, T)
and

u e L*(0, T; H*(F(h, 6))) n C([0, TI; H' (F(h, 6))) n H' (0, T; L*(F(h, 0))), (3.14)

p € L*(0, T; H(F(h, 6))/R). (3.15)
The first result is classical and the second result was proved in [36]. It is possible to prove the first result by
using a fixed point approach: one can consider the mapping

F— —(u-Vu, (3.16)

where (u, p) is the solution of
ou

3 divo(u,p)=F in(0,T)x 37,
divu=0 in(0,T)xJ,
u=0 on(0,T) x9S,
u=f on(0,7T)x0Q,
u(0,-)=0 ind.
Using the Banach fixed point theorem and the above mapping, we can obtain the local in time existence of
system (1.17)—(1.21). Then, we derive H! estimate (that is possible since N = 2) to deduce the global in time
existence.

For system (1.22)—(1.33), the approach is similar but with several additional difficulties. First since we
are working with a moving domain, it is convenient to consider a change of variables X(t, -) : F(0) — F(¢t)
(construct from h, 6) and transform u in i1 := Cof(VX)" (u - X) (where Cof(VX)" is the transpose of the
cofactor matrix of VX) and p in p := (det VX)(p - X). In the above proposition, (3.14)—(3.15) means that

it € L*(0, T; H*(3(0))) n C([0, T1; H*(F(0))) n H!(0, T; L*(F(0))),
p € L*(0, T; HY(F(0))/R).
Then we can consider a fixed point as above but with using (1.8)—(1.15) instead of (1.1)—(1.5) and where in

the application (3.16) we have to add nonlinear terms coming from the change of variables (see [36] for more
details).

4 Proof of Theorem 2.1

Let us define for all a > 0,
T

T
u(x) := Je‘“tu(t, x)dt, p(x):= Je“”p(t, x) dt.

0 0
Then, we deduce from (1.1)-(1.5) that

ait —divoe(it, p) = e “Tu(T) in7,

divia=0 in7,
ﬂ:f on 0Q,
u=0 Onc)S,

with f defined by (2.5).
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We consider the solution (W, 7) of the problem

aw -dive(w,?) =0 inJ,

divw=0 in7,
W:f on 0Q,
w=0 onoas.

The couple (it — w, p — 7) satisfies the system
a(@t - w) —dive((it - w), (p-7) = e “Tu(T) in7,
div(t —w) =0 in7J,
u-w)=0 on oF.

Taking the inner product of (4.1) with & - W and integrating by parts, we obtain

PN PN 1
a”u - W||i2(5v~) + 4||D(ll - W)lliZ(g) < Ee zaT"u(T)”%Z(g)-

Since (v, g) satisfies (2.1)—(2.2), the couple (Vv — w, g — 7) is solution of the system
aV-w)-dive(Vv-w),(@-7)=0 inJF,
divw-w)=0 in7,
(V-w)
(v-w)=0 onoQ.

Taking the inner product of (4.3) with (v — w) and integrating by parts, it follows

=V onos,

<

0= Jah?—fvlz +2|D(V - W)|? dx - I o(V-w),(g-7)n-vdy.
F 08

(4.1)

(4.2)

(4.3)

(4.4)

Taking the inner product of (4.3) with v, taking the inner product of (2.1) with (¥ — w) and integrating by

parts yield
0=- J o((F-W), (§-P)n-Vdy+ J o(v, n - (v - W) dy.
oF oT
The above relation implies

0=- J o( - W), (G- P)n-7dy- J o(( - W), (G- P)n-Tdy+ j (v, g)n - v dy.
20 28 28
Taking the inner product of (2.1) with ¥ and integrating by parts on 8, we obtain
j al#f? + 21D@) dx + j o7, @)n-vdy = 0.
S 28

Combining (4.4), (4.5) and (4.6), we deduce

- J o(V-w),(g-?)n-vdy= J alv —w|? +2|D(V - w)|? dx + j alv? + 2|D¥)|? dx.

20 F 3
We are now in a position to deal with E, defined by (2.7). First we rewrite it as
Ey = J (V- 0@, p)n—it - 6(¥, §)n) dy = j f- (@@, p)n - o(v, 3)n) dy.
20 o)
We can split E, into two parts:

Eq= J f- (oW, ?)n - o, g)n)dy + J f - (o, p)n - (W, H)n) dy.
0Q 0Q

(4.5)

(4.6)

(4.7)

(4.8)
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The second term on the right-hand side of the above relation can be estimated by using (3.1):

< CIVlg ) (ID(@ = Wl 2y + Idiv (@ — W, p — P)ll2(5))

J f - (o(@1, p)n - a(W, 7)n) dy,
00

and combining the above estimate with (4.1), we obtain

< ClVlg oy (1D (@~ W)l L2y + allit = Wlizery + le”*Tu(T)l2(a)-

| - (0t by - o, Hm) dy
0Q

Gathering the above inequality, (4.2) and Lemma 3.3, we finally deduce that, for a > 1,

j 7 (0@, p)n - o(w, P)n) dy
0Q

< Ca?e™ M |Vl3 - (4.9)

To estimate the first term on the right-hand side of (4.8), we use (4.7), (4.4) and (3.2)

J alv = w|? + 2|D(V - W)|? dx = J a(V-w),(g-?)n-vdy
F 08
< ClVIE sy (ID(V = W)llL2 () + 1 div o ((V - W), (§ — P)llz2(5))-

Therefore, using (4.3) we deduce that, for a > 1,

j alv - w)? +2|D(V - W)|> dx < Cla + 1)(J [¥|> + 2|D@)|? dx). (4.10)
F 8

We conclude from (4.8), (4.9), (4.7) and (4.10) the relation (2.8).

5 Proof of Corollary 2.2

The aim of this section is to prove Corollary 2.2, and in particular to construct a family (v, §) depending
on a > 0 allowing to recover the support function hg defined by (2.9).

The proof is similar to the one in [22] or in [25], but we include here the proof for completeness.

We set

V(x) = VX g(x)=0, xeR3, (5.1)
with
e,xkeS?, €-x=0.
We can check that
AV(x) = av(x), divv =0,

so that (v, ¢) is a solution of (2.1), (2.2).
In order to estimate E,, we first recall the following proposition (see [22, Proposition 3.2]).

Proposition 5.1. Assume G is an open subset of R3.If 0G is of class C2, then for any k € $?, there exist constants
M =My >0,e=¢€x>0andp = px € [0, 1] such that

w({xeG:x-k=hg(k)-r})=Mr? forallre (0,¢), (5.2)
where u, denotes the Lebesgue measure of R?.

As can be seen in the remaining part of the proof, we only need relation (5.2), and thus the corollary is valid
for “regular sets” in this sense (see [22] for more details about this notion). Let us introduce the following
notation:

Gx(6) :={x € G:hg(k) -6 <x-K < hg(k)}.
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Now we are in a position to prove Corollary 2.2. First, it is straightforward from the definition of the
support function (recalled in (2.9)) that

j e2 VX gy < 5 (8)e2Vahs (0
5

where ps is the Lebesgue measure in R3. Second,

Jezvam-x—hs(x)) dx > J P2 VAeX-h5 () g5

S Sx(6)
14
2 Va(kx=hs (1)) dx dr

0 {x€8 : k-x—hg(K)=-r}

Ha({x € 8 : k- x = hs(k) = —r})e 2V dr

O t— 5,

>M | e 2Var gy

Ot >

+1
> Me Ve O
> Me™?V

p+1’
Then, if we take 8 = a~1/2, we obtain
1
2+Jax-x 2+/ahs (k)
Je dx = C,(8, x)e s PSR
38
. 1
Setting B = &5~ € [0, 1], we deduce
Cziﬁez‘/ahsm < J e2VaKX gy < Cqe2Vahs ) (5.3)
a
3
Using (5.1), we can check that
. N LRK+K®L|?
I [V dx = I e2VaxX gy and J D)% dx = a’+| J e2Varx gy (5.4)
8 8 3 38
We can also see that
19170y < CA + @)e?Vahato, (5.5)

where C = C(Q) is a positive constant. Therefore, from (5.3), (5.4) and (5.5), (2.8) we obtain
Cal-Pe2Vahs(®) _ ca2o-aT (g 4 1)e2Vaha®) ¢ F < C(a + 1)2e2Vahs®) | ca2e=2T(q + 1)e2Vaha®) (5 ¢6)

Since
a(ﬁ+1)(a + 1)e—aTe2\th(K)e—2\/Ehé(K) N 0

and
dz(ll + 1)—1e—aTe2\/Ehg(k)e—2ﬁhg(k) =0

as a — +o0o, (5.6) implies

logC (1-p)log(a) 1 logC log((a + 1)a)
vt ave  Thst0ro) < SologE) < =+ =

for @ — +00. This allows us to conclude the proof of Corollary 2.2.

+ hs(x) +o(1)
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6 Proof of Corollary 2.3

In this section, we prove Corollary 2.3. In order to do this, we construct a family (v, §) depending on a > 0
allowing to recover the distance d(xg, 8) of 8 to a point xo ¢ ch(Q).

In order to construct (v, q), we use spherical coordinates for a frame centered in xy and such that the e
direction is parallel to a plane separating xo and Q. More precisely, every point of the space is defined by its
spherical coordinates (r, 8, ¢) € R* x [0, ] x [0, 277] through the formula

X1 =rsin 6 cos @,
X, = rsinfsin @,
X3 =rcosé.

Since xo ¢ ch(Q), we can assume that Q is contained in a region of the form {(r, 8, ¢) : r > 0, 81 < 0 < 05},
where 0 < 0 < 6, < 7.

With the customary abuse of notation, the same symbol is used for the function of x = (x1, x2, x3) and
of (r, 8, ). In the orthonormal basis (e;, eg, e,) associated to the spherical coordinates, we take

—ar
v(r, 0, p):= me(p, qr,0,p)=0, r>0,0;,<0<0,;. (6.1)
In what follows, we write
e~ Var
8(r, 0) := rsin@’

We are going now to use several classical formulas of operators in spherical coordinates (see, for instance,
[11, pp. 285-287]). First, for the divergence, we have

A og
divy = rsinfog
We also have the Laplacian operator in spherical coordinates:
AV = (AV), ey + (AV)qeq + (AV) e, (6.2)
with
- 2  og N 2cosf og
= — = 5 = = , 6.3
(a7), r2sin@ o (A7) r2sin’ @ 0@ (€3
N 0’g 10%g 20g cosO og 1
=t =t = — - . 6.4
( V)‘/’ or? " r2 062 " r or " r2sinf 00 2 sin? eg (6.4)
Some calculation gives
og 1
o=V e (6:5)
0%g 2vVa 2
ﬁ—<[x+7+—z>g, (6.6)
og cos 6
%6~ sing® 7
o’g
— =(-1 6.8
062 ( +51n26> (6.8)
Inserting (6.5)-(6.8) in (6.4) yields
. 2ya 2 1 2 2+Ja 2 cos’0 1
Av :<(X+—+———+—————— - ) =a
(av), > r2 r2sin’0 r 1 r2sin’ r2sin’6 §=as

The above relation, (6.2), (6.4) and (6.3) imply
AV = av,

so that (v, ¢) defined by (6.1) is a solution of (2.1), (2.2).
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We can thus use this family and apply Theorem 2.1 to prove Corollary 2.3. More precisely, this corollary
will be proved if we can estimate the integrals of v, D(v) and Vv. We use again classical formula for differential

operators in spherical coordinates (see, for instance, [11, pp. 285-287]): setting

Mi; = Me;-e; i,jeir,0,q},

we have
(V¥)yr = (VW)gg = (VV)yg = (VV)g, = O,
. 1 og
(Wlpy = rsinfop
.. gcosb o la_g
(VWep = rsin@’ (VW)go = r o6’
. og - g
(VW)er = S (VW)rp = s
and

D(‘7)rr = D(ﬁ)oe = D(‘?)rG = D(V)Gr =0,

DW)gy = rsilnﬂg_j) -
D(Wap = DW)gs = 5 (795 8050
Using (6.5) and (6.7), we deduce
D(),, = —(VTH + %)g and D(¥)g, = —rC;i% g
The above relation implies
I:= J alv|? + 2|D@W))? dx = I(Za + 4\/75 + 4r2 siln2 9)|g|2r2 sin @ dr df de.

8 8
Using the hypothesis on xy and Q, we can assume that

§c{(rnb,g):0<ri<r<r,0<60;<0<0;<m}.

We can take r; such that
r1 = minr = min |x — xo| = d(xg, 8).
8 XeS8

From (6.14), we can assume that
sinf >s*>0 in8.

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)

In what follows, a is taken large enough (for instance, a > 1). Using (6.14), (6.15) and (6.16), we can

estimate I defined by (6.13) as

—2+ar
LI )e < Cy(S)(a + 1)e 2 VE0S),

a
I<psS <2a+4— +4 ¢
#3() r ri(s*)2/ ri(s*)2

The lower bound on the integral is obtained from the following result that is proved, for instance,

in [27, Proposition 3.2].
Proposition 6.1. Assume 98 is of class C?. There exists y € R such that
lim inf a?e?V2d(0.9) J e 2Valx=xol gy 5 0,
a—00

s
Using the above proposition and (6.14), we deduce that

a 1\1
I> C(S)(Za + 4\:—_ + 4—2>—2a_ye‘2*/ad(x°’s) > Cy(8)al Ve 2Vadxo,8)
2 rs/rs
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On the other hand, using (6.9)-(6.12), (6.5), (6.6), we can check (as in (6.13))

N 1
1712 0 < C(Q) J(1 v o+ )lglPr?sin0drdodg < C(Q)(a + e @000,
Q
Therefore, by the same kind of reasoning as in the end of Section 5, we conclude the proof of Corollary 2.3.

7 Spherical geometrical optics solutions

In this section, we prove Theorem 2.6 and Theorem 2.8 by using the spherical geometrical optics solutions.
Let us first recall the following result proved in [16]:

Theorem 7.1. Forallx, ¢ ch(Q) (the convex hullof Q) and d > 0, there exists a family (Va, qa) € C2(Q) x C1(Q)
such that

—divo(ve, ga) =0 inQ, (7.1)

divv, =0 inQ, (7.2)

for some domain Q > Q and for « > 0 and such that for a > ay,
2a

caz(L> <JIV Izdx<Ca2( d >2a
d(xo,8)/ ~J7° h d(xo, 8)
8

and

4 d 2a 5 4 d 2a
ca <—d(x0,8)) < JlD(va)l dx < Ca (d(x0,8)> .
3

Here c and C are constants that may depend on 8.

7.1 Proof of Theorem 2.6

For simplicity, we suppress in the proofs below the explicit dependence on a in the notation. For example,
we write v instead of v,.
Multiplying (1.34) by u, integrating by part and using (1.35)-(1.39), we obtain

J ou,p)n-fdy= I 2|D(u)|? dx. (7.3)
2Q F(t)
Multiplying (7.1) by v, integrating by part and using (2.12) we deduce
J o(v,q)n-fdy= j 2|D(v)|? dx. (7.4)
20 Q
Multiplying (7.1) by a smooth divergence free map w and integrating on 8(t), we obtain
J ov,gn-wdy+2 J D(v) : D(w)dx = 0.
aS(t) S(t)
Consequently, taking particular choices of w, we have
j o(v,q)ndy= J xx o, qndy=0. (7.5)
EN0) a8(t)
Then multiplying (7.1) by u, integrating on F(t), integrating by parts and using (7.5) implies

Ja(v, Qn-fdy= j 2D(v) : Du) dx. (7.6)
0Q F(t)
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Combining (7.3), (7.6) and (7.4),

[ow-v.p-qm-fay-2 [ pwPax+2 [ 1Dw-wpax
oQ 8(t) F(®)

On the other hand, combining (1.34)-(1.39), (7.1)-(7.2) and (7.5), we deduce

—-divo(u-v,p-q)=0 in F(t), t € (0, T),
diviu-v)=0 in J(t), t € (0, T),
(u-v)=0 onoQ, te€(0,7),
(u-v)=€+wx((x-h)-v ono8(t), te(0,T),
J ou-v,p-qndy=0, te(0,T),
as(t)
J (x-h)xou-v,p-qndy=0, te(0,7).

o8(t)

DE GRUYTER

(7.7)
(7.8)
(7.9
(7.10)

(7.11)

(7.12)

Therefore, multiplying (7.7) by u - v, using (7.8)—(7.12), and applying Lemma 3.1 and the Korn inequality,

we deduce
I = V)l @) < CIVIE (s@)-

Consequently, we obtain

2 J ID(v)|? dx < J ou-v,p-gn-fdy< C( J 2|D)|? + [v|? dx).
S(t) 0Q 8(t)

Using Theorem 7.1, we obtain

d(xo, 8(t))

Ca4<L>2“ < J ou-v,p-qn-fdy<Ca®+ a‘*)(L)M.
20

d(xo, 3(1))

If d < d(xo, 8(t)), then the above estimate yields

Fu< c(m)a.

Fa>c<m)za.

If d > d(xg, 8(t)), then we deduce

We conclude the proof of Theorem 2.6.

7.2 Proof of Theorem 2.8

We only prove the result for system (1.22)-(1.33). A similar and simpler proof can be done for the Navier—

Stokes system (1.17)-(1.21).

We modify the function (v,, g4) of Theorem 7.1 by multiplying it by a function y € C®°([0, T]) such that
x(0) =0, y > 0in (0, T]. This modification allows us to have regular solutions for system (1.22)—(1.33) or for

the Navier—Stokes system (1.17)—(1.21) if N = 2 (see Proposition 3.5).
First, the Reynolds formula implies

d ul2 | ou lu|?
aJ’TdX— ja'“dX‘l’ J u-any.
F(t) F(®) a8(t)

On the other hand, an integration by parts gives

2 2 2
[wvmuax= [ wnay= [ wnays [rnlay

F(t) 0F(t) 08(t) 0Q

(7.13)

(7.14)
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Multiplying (1.22) by u, using (7.13)-(7.14) and integrating by parts yields

2 2
zdit J %dx+ J 2|D(u)|? dx + J(fn)lle dy+mhll_h’+lo(y’w— J ou,p)n-fdy. (7.15)
F(®) F() oQ 50

Let us extend u in 8(t) by
u(t,x) =€)+ wt)(x - h(t))* in8(t). (7.16)

We also define a global density function p as

1 ifx e F(b),
t,Xx) := 7.17
pEX) {ps if x € 8(¢). (7.17)

Using (1.16), we can prove that

2
% j psﬂ dx =mh"(t)-h'(t) + L' (Hw(t).

8(t)

Combining the above equation with (7.15) and using the notation (7.16)—(7.17), we deduce

_d |ul? 2 If1?
ou,p)n-fdy= T pT dx + 2|D(u)|” dx + (f-n)T dy. (7.18)
20 Q F(t) 20
Multiplying (7.1) by v, integrating by part and using (2.12), it follows
J a(v,q)n-fdy= J 2|D(v)|? dx. (7.19)
20 Q
Using (7.5) and using (2.12) and multiplying (7.1) by u, we obtain
J ov,q)n-fdy= J 2D(v) : D(u) dx. (7.20)
0Q F(t)
By combining (7.18), (7.19) and (7.20), we deduce
_ 2 2 d |u|? If1?
ou-v,p-qgn-fdy= 2|D()|” dx + 2|D(v - u)| dx+a pT dx + (f-n)T dy.
20 0) F(6) Q 20
We deduce that
T T P T
J ou-v,p-qn-fdydt- J J (f- n)T dydt > j J 2|D(v)|? dx dt.
090 000 0 8(0)

As a consequence, if the observation K, defined by (2.16) remains bounded as a — oo, then it implies that

T
J J ID(v)|? dx dt

8(t)

is also bounded as @ — co. From Theorem 7.1, this yields that for almost all t € [0, T], d < d(xo, 8(t)). Since
h and Q are continuous, it implies that

8(t)yN B(xp,d) =0 forallte [0, T].

This ends the proof of Theorem 2.8.
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