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1. Introduction

In this paper we consider a differential system arising in photo-acoustic tomography. We refer [12] to
get a complete description of the model. Let us briefly mention that we deal with two coupled partial
differential equations that describes the light intensity (fluence) behavior inside a body that is excited by a
laser (pulsed) source and the acoustic pressure wave which is generated by this excitation. The authors of
[12] have investigated the model and obtained an optimal control formulation to recover some parameters
of interest, namely the absorption and diffusion coefficients (u, D).

We want to address the optimal solution sensitivity with respect to the source and the observation data
that appears in the wave equation. For that purpose, in a first step we assume that the diffusion coefficient
is constant (and for sake of simplicity equal to 1).

In this work, we prove uniqueness and stability results provided that the coercivity constant a of the
cost functional J, given by (2.4), is large enough.

From this point of view, the result is similar to the one of [10]. Other results of uniqueness and stability,
in the context of the photo-acoustic, have been obtained in [2,3,7-9,11]. For example, in [8,9] the authors
obtained uniqueness and stability results under the assumption that the function H(z) := I'(z)u(x)l,(z)
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is known and the absorption and diffusion coefficients are smooth enough. Moreover, they did not consider
the whole process which couples lightning and acoustic wave equations.

The stability of optimal controls have also studied in [13,18,20,22,23] in other settings.

The paper is structured as follows. In Section 2, we recall the problem setting and preliminary results.
Section 3 is devoted to stability and uniqueness properties. In Section 4, we compute the derivative of the
optimal control with respect to the source giving a characterization. We also study the stability of the
optimal solution with respect to the observation. We end the paper with conclusions and a few words on
future work.

2. Problem setting
2.1. Photo-acoustic modelling

Recall photo-acoustic tomography (PAT) principle: tissues to be imaged are illuminated by a laser (the
source). This energy is converted into heat creating a thermally induced pressure jump that propagates as

a sound wave, which can be detected. The fluence rate I, that is the average of the luminous intensity in
all the directions, satisfies the diffusion equation (see [1,5,12])

}%(t,x) + (), (t, x) — Al,(t,z) = S(t,z) in (0,7) x Q

C

Iu(t,$) =0 on (07T) x 00 (2.1)
IM(O,x) —0 in €.

where c is the speed of light, S is the incident light source, p is the absorption coefficient, and T > 0 is the
duration of the acquisition process.

Here, Q) stands for the part of the body where the diffusion approximation is relevant and the diffusion
coefficient has been set to 1 for simplicity. It is an open subset of R? (d > 2) of class C2. For a fixed T' > 0,
we will often denote @ := (0,7T) x Q.

The acoustic wave that is generated is described via the pressure p, that satisfies (up to the change of
variables: p — f[f p(s) ds):

88:;“ (t,z) — div(viVp,)(t, ) = Lo(@)T(z)u(z) I, (t,) in (0,T) x B
pu(t, ) =0 on (0,T) x OB (2.2)
pul0.2) = L2(0,2) =0 in B

Here, the Grueneisen coefficient T', coupling the energy absorption to the thermal expansion, is assumed
to be known. In the sequel we assume that I" has compact support in 2 so that 'l = I' and that the speed
of sound vy is known and satisfies vs € [v™", ™| with v™" > (. The ball B is the domain where the wave
propagates. It includes 2 and it has to be bounded in view of numerical simulations. It is large enough to
assume that there is no reflected wave before time T.

The absorption coefficient p is the parameter we want to study. We assume that

pE Upg = {p € L®(B) | p € [u™™, ™| a.e. in B}, (2.3)

min

where 0 < p™" < u™®* are positive real numbers.
The photo-acoustic tomography model is completely described by the coupling of equations (2.1) and
(2.2), where I,, is extended by 0 on B\ Q. Here S is the incident light source that we assume in L?(Q).

We first recall the results of [12] (for D = 1).
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Theorem 2.1. Let Q be a bounded connected open set of R? with C* boundary, T € L>=(B), vs € L*(B) with
vs € [V yMaxX] g e. in B. Assume that the assumption (2.3) holds. Then,
1. Equation (2.1) has a unique solution I, such that

I, € C°(0,T; L*(2)) N L*(0,T; Hy (),

aIN 2 . —1
S € L(0.T: H ().

2. Equation (2.2) has a unique solution p, such that

pu € C(0,T; Hy(B)) N CH(0,T; L*(B)).

Using Theorem 2.1, we define the maps
It Uga — C°(0,T5L%(Q)) N L*(0,T; Hy(2))
w— I,

where I, satisfies (2.1) and
p: Usa — C°(0,T; Hy(B))
= Du

where p,, is the solution to (2.2).
Next we define, for every p € Uyq, the functional J

1
J(pn) = 3 / (pu(t,x) —pObS(t,x))de dt + a/ p?(x)dz,
[0,T]xw Q

where @ > 0 and w C R? is the observation subset; we consider the optimization problem:

(P) min J(u).

BEUq

Theorem 2.2. (See [12].) Assume that o > 0. Then, Problem (P) has at least a solution.
Moreover, for every p optimal solution to Problem (P), there exists qi,, and ga, such that

o The state equations (2.1)—~(2.2) are satisfied

9*p .

at; (t,z) — div(viVp,)(t,x) = ['(@)u(x)1,(t,z) in (0,T) x B

pu(t,z) =0 on (0,T) x OB
in B

dp
pu(0,2) = a—t”(O,m) =0

and

L 9L, (t,x) + plx)l(t ) — AL (t,z) = S(t,z) in (0,T) x Q

ot
I,(t,z) =0, n (0,T) x 99
I,(t,z)=0 in (0,T) x B\Q
in Q.
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o The adjoint state equations are satisfied

2

8(93;” —div(v2Vaqy,) = (pu — p™™) Ly in (0,T) x B

G, =0 on (0,T) x OB (2.5)
Oq1, ‘

qu(T,-) = g? (T,)=0 in B

10 .

L giﬂ + pqzp — Agay = Tpqry, i (0,7) x Q

g2 =0 on (0,T) x O (2.6)

QQH<T7 ) = O Zn Q

o For all p € L>(2) such that p € [pu™™®, pmax],

T
</<1QFQ1M — qop) 1 dt +2afi, p — M> = 0. (2.7)

0 L2(Q)

Furthermore, systems (2.5)—(2.6) respectively have a unique solution
@1 € C(0,T; Hy(B)) NC'(0, T3 L*(B))
and
qou € C(0,T; L*(B)) N L*(0,T; Hy (B)).
Here (-, )12 denotes the L2-inner product.
2.2. Regularity results and estimates

In this subsection we give regularity results for two particular problems, of parabolic type and hyperbolic
type respectively, and we provide estimates that we will use extensively in the following sections. These
problems are representative of the systems we considered in the previous section and the ones to be studied
in the sequel. The proofs of these results can be obtained with a slight change of the proofs in [15] because
here we consider systems of equations with less smooth coefficients. Therefore, we omit these proofs.

Theorem 2.3 (Regularity result for parabolic systems). Let Q0 be a bounded connected open set of R with
C? boundary, f € L*(Q) and B € L*(Q) such that B(x) € [f™", fmaX] with 0 < ™™ < fMX Then, the
system

ow

E(t,x) + B(x)w(t,x) — Aw(t,z) = f(t,x) in (0,T) x Q
w(t,z) =0 on (0,T) x 00
w(0,z) =0 in Q,

has a unique solution w such that

w € L*(0,T; H*(Q)) N L>=(0,T; Hy(Q)), — € L*(Q).
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Moreover we have the following estimate

< Clfllz2@ (2.8)

ow
sup [lw(®)|lga() + lwlLzo,r;m2(0) + e
L2(Q)

0<t<T
where C depends on Q, T and ||B|| ()

Theorem 2.4 (Regularity result for hyperbolic system). Let Q be a bounded connected open set of R with
C? boundary, g € H*(0,T; L?(Q)) and k be a Lipschitz continuous function in 2 (that only depends on the
space variable) such that k(x) € [k™®, k™8] with 0 < K™ < K™M3% Then, the system

0%u ) .
W(t,x) —div(k(z)Vu)(t,z) = g(t,z) in (0,T) x Q
u(t,z) =0 on (0,T) x 00
u(0,z) = %(O,x} =0 in Q
has a unique solution u such that
0 2 Ou e} 1
u € L0, T3 H*(), 57 € L(0, T; Hp (),
0%u 03u
—— € L™(0,T; L*(Q)), == € L*(0,T; H*(Q
L e L0, TS IQ), T € 120, T H A (9),
and we have the following estimate
ou 0%u 03u
sup <|u<t>||Hz<m 18 20 =0 ) +| %
0<t<T HL(Q) L2(Q) L2(0,T;H-1(Q))
< Cllgllzr0,1;L20)) (2.9)

where C' depends on Q, T and ||k|| Lo (q)-
3. Stability and uniqueness results for optimal controls

In this section we first give a stability result for the optimal solution with respect to the source and with
respect to the observation data and we provide a uniqueness result.

Theorem 3.1. Let Sy, S2 € L?(Q) two sources and p§®s, psPs € H'(0,T; L?(w)) the (corresponding) measured
pressure on w X [0, T]. For all u; € Uyq solution of the optimality system (2.2)—(2.1), (2.5)—(2.7) with source

obs

S; and measurement p§

oP8 1 =1,2, we have the following estimation

obs

C
11 = p2llz2() < % (1151 = S2llz2(q) + Ity — p2llrzea) + 1195 — p5™ |l 22(q)) (3.1)
where C' = C (d, Q, T, pmin | yymax pmin gmax o 7| foc, HSiHLQ(Q))y 1=1,2.
Proof. We consider two sources S1,S2 € L?(Q). Let us write I;, p;, q1; and go; the respective solutions

of equations (2.1)—(2.2), (2.5)—(2.6). From Theorem 2.2 there exist pi, 2 € Uzq (not necessarily unique)
solutions of problems (P;), (P2) respectively. With these notations, p := p; — po satisfies the system
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d*p .
ﬁ —div(v}Vp) =T (pa 1 — p2lz) in (0,T) x B
=0 on (0,T) x 0B
0.3 ®0,)=0 in B,
and I := I; — I, satisfies
101 .
Ca —|—/,L1[ AI—S]_ SQ-}-IQ(/J,Q—M]_) m (O,T) x )
I1=0 on (0,T) x 90
1(0,)=0 in Q
I1=0 in (0,7) x B\ Q.

Similarly ¢ := q11 — q12 satisfies

32
L0 Giv(2Va) = Lufp ™) in (0,7) x B
g1 =0 on (0,T) x 0B
(T -):%(T =0 in B
) 8t 9, )
where p°P® := pP — pSPS. And ¢ := a1 — @22 is solution to
1 0g2 .
~o e TH%e — Ae =Tma + (2 — p)(g22 = Tqrz) in (0,7) x
g2 =0 on (0,T) x 99
CI2(T7 ) =0 in Q.

1143

(3.3)

(3.4)

(3.5)

We note that, after the change of variables (¢,2) — (T —t, ), Theorem 2.4 can be applied to the systems

(2.5) and (3.4). Similarly, Theorem 2.3 can be applied to the systems (2.6) and (3.5). In the sequel, we will

use this fact many times.
From Theorem 2.2, uy, po satisfy, for every £ € Uyq

T
</ Tq11 — qo1)n dt + 2apq,€ — M1> >0
0

L2(9)

and

T
</(FQ12 — q22) Iz dt + 2app,§ — M2> > 0.
0

L2(Q)

Taking € = pe in (3.6) and £ = py in (3.7) and adding the two inequalities give:

(Tg11 — go1) - I1 dt —

(Lqi1 —g21) - I dt — | (Tqu2 — ga2) - Iz dt | (p2 — 1) dx — 2af[p —

S— . S —
Ot ——y T

(g2 — qo2) - Io dt + 20a(p1 — po) | (p2 — p1) do



1144 M. Bergouniouz, E.L. Schwindt / J. Math. Anal. Appl. 431 (2015) 1138-1152

Then, applying Cauchy—Schwarz inequality, we have

T T
1 1
- <= [(Cqn—q) L1 dt — — [ (Tqiz — goo)I
1 — p2llz2(0) < %o /( qi1 — qo1) Iy dt %0 /( Q12 — q22) 12 dt
0 0 L2(Q)
. T T
= % /(Fql — q2)11 dt + /(Fqlg — q22)I dt . (38)

0 0

L2(©)

Let us estimate the right hand side of (3.8):

T T
/th*lh ) dtJr/Flhz*QQz ) dt
0 0

T T
/Fq1]1 dt /q2[1 dt
0 0

Using Theorem 2.4 and Theorem 2.3 we get that ¢; € L°°(0,T; H*(Q)), p € H*(0,T; L?(2)) and I € L*(Q).
Then, from regularity of T, Sobolev inequalities, estimate (2.9) for ¢; and estimate (2.8) for I;, we obtain

L2(Q)

T
/(FQ12 —qo2)I dt
0

L2(Q) L2(Q) L2(Q)

2 T

T
/ 11111 dt T//|F(]1|2|Il|2 dx dt
0

L2(Q) 0 Q
< C||F||2LOO(Q)||L11||2Loo(H2(Q))||Il||2L2(Q)
< OIT)7 ey lp = P N1 (22 ) 15111720 - (3.9)

Applying Theorem 2.3 for I and Iy we obtain that I € L?(Q) and I, € L?(0,T; H*()). Hence, from
estimate (2.9) for p, estimate (2.8) for I and Iy and Sobolev inequalities we get
lp = ™|l (12(w)) < T (il + Ta(p1 = p2)) 2@y + IP°* a2 (22 )
< |0 pey (Hllz2@)+
O Lol L2z 1 = 2l L2(9)) + 19|l (22 (w))
< ClTlze (e (1181 = S2llz2 @)+
+ 20| B[l 2 (w2 (o)) 11 — k2l 2 () + 107l a1 (22 0y
< ClITll(oy (151 = S2ll 2@+
+ OS2l 2@yl = p2ll2@) + 197l (22 (w)) - (3.10)
Replacing this last inequality in (3.9), we obtain

2

T
/F(hfl dt <C (Hsl — SallZa(q) + w1 — pallFoqq) + 195 — PngH%{l(m(w))) . (3.11)
0 L2(@)

Next, applying Theorem 2.3 for gz, a2 and I; and Theorem 2.4 for q; and p give go € L>=(0,T; L*(9)),
q22 € L*(0,T; L>(Q)), I € L*(0,T; H*(Q)), ¢1 € L*(Q) and p € L*(Q). So, once again
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2 T

T
/q2I1 dt < T//|q2|2|11|2 dx dt
0

L2(Q) 0 Q
< Cllgzll7 = p20) 11172 (mr2a))
< CllgalFoe (120 15111720
< Oll8ilZ2(lITmiar + (k2 — 1) (g22 — Tar2)ll72 ()
< ClISu ) (ITIE oyl N2 )+
+ iz = mllZ2 o llge2 — FQ12||?;2(L00(9)))
< ClISIE2q) (T el = P12 1)+

+ 2 = 111320 922 = Tagrall3azoe ) - (3.12)

Similarly, using again Theorem 2.3 and Theorem 2.4 we get qao € L2(0,T; H?(Q)), qio € L?(0,T; H*(Q))
and py € H(0,T; L?(Q)) and

llg22 — Tquzll 2 (L)) < 22l 2 (o)) + Tl o) |12l 2 (L= )
< Cllaz2llLzcaz@)) + 01 L @) a2l L2 (m2(0))
< CO|Tp2qizllz2(@) + 1Tl e @)l g12ll 2 (a2 ()
< Ol Lo (o llqr2ll 2 (a2 ()
< CO|T| poe (@) Ip2 — PS8 a1 (12w
< C|IT| o () (IIT 2o () 15211 2(@) + 198 [l 11 (L2 (w))) - (3.13)

By using (3.10) and (3.13) in (3.12), we deduce

T
Jand]  <c(1Si- S+l - plte + 158 - 5 Baee) . (319)
0 L2()

Eventually, inequality (3.13) and Theorem 2.3 applied to I yield

T 2 T

/ Cqi2 — qo2)1 dt < T//|FQ12 — q|*|I? dx dt

L2(Q) 0 Q

< T Tqr2 — gaall 72 oo () 11T oo (12(02))
< OITIE gy (T 19232 + 1957 s (220 )
2 2 2
(115 = Sall22q) + 123 eyl = b2y
< C (1181 = Sellfe(g) + 19220y 11 = p2ll3e(ey )

< C (151 = Sallfeg) + iz = mallfeqey ) - (3.15)
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Using estimates (3.11), (3.14) and (3.15) in (3.8) give

C ODS ODS
11 — pall 22y < % (151 = Sallz2(q) + lla — p2ll 2oy + 1D = S Ml 2 (22(w))) -

max ,,min ,,max

In the previous estimates the generic constant C' depends on d,Q, T, p™in, ymax ymin 4r

1511 L2(q), 152/l L2(@) and [|pS™8| p1(L2(w))- O

G ”F”L‘X’a

As a consequence of Theorem 3.1 we deduce the uniqueness of the optimal solution that satisfies the
optimality system (2.2)—(2.1), (2.5)-(2.7).

Corollary 3.1 (Uniqueness). Let o > C/2 with C as in Theorem 3.1. If the sources are the same S; = S
then the optimal control given by Theorem 2.2 is unique.

Proof. As S; = S, it follows that the measurements pS”® = p3P* and the optimality systems are the same.

Let p1, 1o be two solutions of (2.2)—(2.1), (2.5)—(2.7), then from inequality (3.1) we deduce

1 — p2ll2) <0,

which concludes the proof. 0O
4. Computation of the derivative of the optimal control with respect to the source and the observation

In this section, we investigate two particular cases corresponding to practical issues. In the first one, we
assume that we have an object to image, for instance a biological tissue (in the case of breast tumors) at a
fixed date. The reconstruction process is sensitive to the sources and we can control the process as shown in
the previous section. In this case, we assume that the measured pressure variation p$™ — pSP is controlled
by the source variation S; — S;. We are going to make this precise in next subsection.

In the second case, we decide to illuminate two different objects with the same source: it is the case, for
example in a calibration process. Usually, physicists perform acquisitions by difference when the object is
hard to recover. They image the background without the object and the background with the object. Of
course, the measurements are different but for many situations quite close (when the object is difficult to
locate). In addition to such calibration processes, consider a biological tissue we want to image in a large
time scale, to check micro-tumors that could appear for example. In this case, the objects to image are
close (if the acquisition dates are close enough, and the disease not too severe) and we want to estimate the
difference between the two objects, namely the new tumors or those that have disappeared.

In both case, the goal can be achieved by characterizing the derivative of u with respect to the source S
and/or the observation p°P®.

4.1. Derivative with respect to the source S

In this section we are interested in characterizing the derivative of p with respect to the source S. We
slightly change the notations in what follows: we fix S € L?(Q) and write Sp = S. Then we consider
S € L*(Q) such that [|S]|z2(q) < 1. For A > 0, we set Sy = Sp+ AS. As the previous section we write I;, p;,
q1: and ga; the respective solutions of Equations (2.1)—(2.2), (2.5)—(2.6), and p¢® the measured pressure on
w x [0, T] when the source signal is S; (i = 0, ), we will assume that p?™ € H'(0,T; L?>(w)). As the object
is unchanged, we also suppose that

obs

158 — 5[l 2 (L2 (wy) < CllSo — Sallz2(0) (H)
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for some constant C' and A small enough (say |A| < Amax for example). This is realistic form a practical
point of view. From Theorem 2.2 and Theorem 3.1 there exist unique pg, ux € Ugq solutions of Problems
(Po), (P») respectively. From inequality (3.1), with « large enough, we can conclude that the map

T:L%0,T; L*(Q)) — L*(Q)
S—u

is locally Lipschitz continuous. There exists an extensively literature devoted to the study of the differ-
entiability of Lipschitz continuous maps between Banach spaces, more precisely in obtaining an extension
of Rademacher’s Theorem, and we refer to [4,17,14,6,16,19,21,24] for this purpose. Following the results
obtained in the previous papers we can deduce that T is Gateaux differentiable at S for all S € L?(Q) \ &,
where 2l is the class of exceptional sets, this sets take the place of sets of Lebesgue measure 0 in finite
dimensional spaces. We refer to [4, Chapter 1] for the definition and properties of sets 2.

The derivative is the map i : L2(Q) — T (L?*(Q); L?(2)) given by

e T(S+AS)—T(S)
M(Sas)_;li% A ’

(4.1)

where T(X;Y') denotes the set of all maps on X in Y. We note that the previous limit is uniform in S on
each compact set. As the domain space and the image space of T are separable Hilbert spaces the limit
holds in the sense of the strong topology on L?(£2) (see for example [4, Theorem 1]). Then from (4.1) we
have

px = pto + M+ o(N) (4.2)

with ||O(>\)HL2(Q)/)\ —0as A—0.

In the same way, from estimates given by Theorem 2.3 and Theorem 2.4, we can deduce that the maps:
S— 1,5 p S+— q et S+ qo are Lipschitz continuous. As before, we deduce that these maps are
Gateaux differentiable and then there exist I, p, ¢; and o such that

Iy=1Io+ M +0(N\), pr=po+Ap+o(N),
qix = qio + A1 +0(X),  qax = q20 + Ag2 + o(N),

with [lo(A)||r2(g)/A — 0 as A — 0. In addition, from the hypothesis made on p°” we can conclude the
existence of p°P such that

pc;\bs — pgbs + )\pobs + 0()\)7

with [lo(A)||z2(@)/A — 0 as A — 0.
Furthermore I, p, ¢, and s satisfy:

%% vl + ol —Af =8 in (0,T) x Q
I=0 on (0,T) x 9§ (4.3)
I=0 in (0,7) x B\ Q

1(0,)=0 in Q
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2 .
% — div(vZVp) = 1T (fudo + pol) in (0,T) x B
D= on (0,T) x OB (4.4)
50,) = 0, =0 in B,
6241 . 2%\ . .obs .
52 div(viVa) = L,(p — p°®) in (0,T) x B
@=0 on (0,T) x OB (4.5)
QW(T, ) = %(T,-) =0 in B,
and
1 0o . . . ) ) .
oo T Hod2— Ago = T(f1q10 + pod1) — figzo  in (0,7) x Q
4o =0 on (0,T) x 9 (4.6)
QZ(T, ) =0 in Q.
Now, we define
. T
my = 7% /(]lgrql)\ — q2)\) . I)\ dt; (47)
0

so from (2.7), the optimal control uy is equal to Py, (m,), where P, denotes the projection in L?(£2) onto
Uyq. Moreover, the calculations made in the previous section show that the map

L*(Q) — L*(Q)

S—m

is Lipschitz continuous. Then, repeating the above argument, we deduce that there exists 1 € L?(£2) such
that

my = mg + A+ o(A) (4.8)
with [lo(A)||z2()/A — 0 as A — 0. It is easy to check that

T T

m = —5- /(11qu1 —go)lo dt + /(ﬂQFQIO — qoo)1 dt (4.9)
0 0

with I, p, ¢ and ¢y satisfying (4.3) (4.6) respectively. From [23, Lemma 2.1] it follows that there exists
v € L?(Q2) such that

Py, . (mx) = Pu,,(mo) + Av + o(N)

with [lo(A)||z2()/A — 0 as A — 0. From (4.2) and the above equality, we deduce

on=v.
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Definition 4.1. Let H be a Hilbert space, K C H a closed convex subset. For every ( € K, we set

Cx(¢) = J&r -9,

£>0

Ck (€) is called the tangent cone at point C.

Theorem 4.1. The derivative of the optimal control ug at point Sy in the direction of S given by (4.1) satisfies
the following properties:

. f1 € Cy,, (o), where A denotes the closure in L?(2) of a set A.
. fo € {po — mo}t, where A+ denotes the orthogonal set to A.

<M - mvﬂ>L2(Q) S 0.
. For allw € Cy,,(p0) N {po — mo}+ we have

(fi = 112, w) 12y > 0.

1
Proof. Item (1) follows directly from (4.2): = )1\11% X (1x — po) and the fact that py € Uyq for all A > 0.
—

From Theorem 2.2 and equations (2.7), (4.7), we get for every A > 0 and £ € Uyqg

<M>\ —mx, § - ,U/)\>L2(Q) >0 (410)

and

(Mo =m0, & — Ho) 2() = 0. (4.11)

Taking & = po in (4.10), dividing by A and taking limit as A — 0 we obtain

(o — mO»ﬂ>L2(Q) <0.

Similarly, taking & = py in (4.11), dividing by A and taking limit as A — 0 we obtain

<,U0 - mo;mLz(Q) > 0.

Hence, we have item (2). Similarly, taking £ = pg in (4.10) and £ = py in (4.11), adding the two inequalities,
dividing by A? and passing to the limit as A — 0 gives (j1 — 10, ,u)Lz(Q) <0.
In order to prove item (4) let us choose A, — 0 as n — +oo. First, we check that

0= (mx = px, & = px) 20
= (mo + Aptit — pio — Anft + 0(An), € = pio = Anft 4 0(An)) 12 (0
= (mo — p0,§ — po) 12(q) — (Mo — Hos Anft) 12y +
+ (An (= 1), € = p10) 20y — (An (= 1), Anf2) 12 () + 0(An).- (4.12)

Here we used (4.10), (4.2), (4.8) and that \,, — 0. Now, we consider & € Uy q such that (£ —pg) € {po—mo}+,
the inequality (4.12) yields

Ao (170 = 1,6 — p10) 2y < An (M0 — 10, ) () + A2 (10— fis 1) 12y + 0(An)-
() () ()
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Dividing by A, > 0 taking limit as n — 400 and using item (2), we get

(m —1,§ — H0>L2(Q) <0.

Now, choose w € Cyy,, (110) N {0 — mo}~: there exist 7 > 0 and ¢ € U,q4 such that w = 7(£ — pg). So, we
have

0= <m0 - M07w>L2(Q) =T (mo — o, § — Mo)Lz(Q) .

As € € Uy and (€ — pg) € {po — mo}+, the previous computation shows that (j — 7, & — M0>L2(Q) <0.
Since 7 > 0, we obtain the inequality of item (4) for all w € Cy,, (110) N {po — mo}+.

Passing to the limit for appropriate sequences, we obtain the last inequality for all w in the closure of
Cu,.,(110) N {pto — mo}*+. This concludes the proof of the theorem. O

Corollary 4.1. The Gateauz-derivative [ of the optimal control p at Sy with respect to the source, can be
characterized as the unique function in L?(Q) that verifies the optimality system (4.3)-(4.6) and

Vw € Cuad (:U‘O) N {IU‘O - mO}J_v <:U' —m,w — :[1'>L2(Q) >0 (413)
with mh given by (4.9).

Proof. The demonstration follows immediately from Theorem 4.1, items (3) and (4). The inequality (4.13)
says that f1 is the projection of 712 in L2(£2) onto Cyy,,(po) N {0 — me}+. O

This corollary will be used to perform the numerical computation.
4.2. Derivative with respect to the observation

In this subsection, we consider the case where the source is unchanged and discuss the stability of the
optimal solution of Problem (P) with respect to the observation p°bs.

Let S € L*(Q) be fixed. For any fixed p € L?(0,T; L?(w)), we consider pg®® and p3™ = p&bs + A\p two
observations on [0, T] xw and call y19, gy the unique corresponding solutions of optimality systems (2.1)—(2.2),

(2.5)-(2.7). For example, p can be equal to (pP* — psbs) /||p$P® — pgPs|| 2 where pSP* is a measurement of the
pressure corresponding to another abject, and A = ||p®® — pgP®||zz. We will denote I;, p;, g1; and go; the

respective solutions of Equations (2.1)—(2.2), (2.5)—(2.6), when the observation data is p?”® with i = 0, \.
Relation (3.1) of Theorem 3.1 yields that the map T : p°®® — p is Lipschitz continuous (if « is large
enough). With the same arguments as in Subsection 4.1 we deduce there exists ji(p) € L?(2) such that

T obs M) =T obs
iy L8> + Ap) — T(15™)

obs, ~ _ 1
A0 A ’

ﬂ(po ,p)

and
px = o + M+ o(N)
with [[o(A)||£2(q)/A — 0 as A — 0. We also get the existence of I, p, ¢1 and ¢» such that

In=1Io+ M +0()), px=po+Ip+o(N),
qix = qio + A1 +0(N),  gax = q20 + Ag2 + o(N),

with [lo(A)||z2(@)/A — 0 as A — 0. Then we can prove similarly
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Theorem 4.2. The Gateaus-derivative i of the optimal control p at pS™ with respect to the observation, can

be characterized as the unique function in L*(S) that verifies the following optimality system:

igﬁ+ﬂojmmo in (0,T) x
[=0 on (0,T) x 99
1(0,-)=0 in 2,
Pp e, . S
o2 div(vVp) = 1o (ulo + pol) in (0,T) x B
p=0 on (0,T) x OB
. op .
p(oa) - E(Oa) =0 m B’
32(?1 . 2w - _ . ~ .
gz~ W Va) =1.(p—p) in (0.T)x B
G =0 on (0,T) x OB
(T .):%(T =0 in B
’ ot ’
1 9go . . . . . ,
—o g THodz — Ado = T'(f1qi0 + pod1) — frgao i (0,T) x Q
i =0 on (0,T) x 0Q
G@(T,) =0 in €,
and
Yw € C’uad(,uo) N {M() - mO}J'v <:U' —m,w — ;u'>L2(Q) >0

where m is given by (4.9).
5. Conclusions

We have proved the uniqueness of the solution of the optimal control problem studied in [12] and given
a stability result. We also provide a characterization of the derivative of the optimal control with respect
both to the source and the observation. Furthermore, this characterization leads to a numerical scheme for
the computation of these derivatives. This numerical aspect will be discussed in a forthcoming paper.

Open questions remain, as the stability of the optimal control with respect to the sound speed. The study
of the uniqueness and stability in the case when the diffusion coefficient D is not constant will be studied

in future work.
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