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Abstract: Shape recognition is the field of computer vision which addresses the problem of finding out whether a query

shape lies or not in a shape database, up to a certain invariance. Most shape recognition methods simply sort shapes from
the database along some similarity measure to the query shape. Their Achilles’ heel is the decision stage, which should
aim at giving a clear-cut answer to the question: “do these two shapes look alike?” In this article, the proposed solution
consists in bounding the number of false correspondences of the query shape among the database shapes, ensuring that
the obtained matches are not likely to occur “by chance”. As an application, one can decide with a parameterless method

whether any two digital images share some shapes or not.
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1 Introduction

Recognition is the ability to identify, based on prior knowledge. Visual recognition, in particular, is the process of
finding correspondences between new elements and elements which have been previously seen, at least once, and live in
our “world of images”. In this work, we will focus on the problem of visual recognition based upon geometrical shape
information. Shape recognition methods usually consist of three stages: feature extraction, matching (the core of this
stage is the definition of a distance or dissimilarity measure between features describing shapes) and decision. The first
two stages have been widely addressed in the literature (see for instance [38] or [42] and references therein), and will be
discussed in Section 3. On the contrary, the decision problem for shape matching has been rarely studied, especially in
a generic framework. Once two shapes are likely to match, how is it possible to come to a decision? The purpose of this
article is not to propose a new shape recognition procedure, but to define statistical criteria leading to decide whether
two shapes are alike or not.

In computer vision, extraction of shape information from images dates back to Marr [23], but Attneave [5], as well as
Wertheimer [40] and other Gestaltists had already remarked that information in images is concentrated along contours,
and that shape perception is invariant to contrast changes (changes in the color and luminance scales). Shapes can
then be modeled as Jordan curves. However, as pointed out by Kanisza [18], in every day’s vision most objects are
partially hidden by other ones, and despite this occlusion phenomenon humans can still recognize shapes in images.
Consequently, the real atoms of shape representation should not be the whole Jordan curves corresponding to objects
boundaries, but pieces of them. In this work we will adopt this atomic shape representation; we \sibgalelement
any piece of Jordan curve. The information regarding how shape elements are extracted from images is not necessary for
the moment; we will just assume that the set of shape elements extracted from an image provides a suitable representation
of its shape contents. Let us moreover point out that we do not address in this paper the recognition of shapes as a whole,
which can be performed by integrating the recognized shape elements, based on spatial coherence [7].

When shapes are subject to weak perspective distortions, human perception is still able to recognize them. In order
to be compared, shape representations should thus be invariant to these transformations. However in general, projective
transformations have been shown not to behave well with regard to shape matching, because they permit to map a
large class of curves arbitrarily close to a circle, and thus to map a finite number of curves arbitrarily close to a given
curve [4]. Projective transformations can be locally approximated by affine transformations, and these approximations
are particularly accurate under weak perspective distortions. Since shape elements are supposed to be quite local, an
affine invariant representation of shape elements meets the geometric invariance requirement of shape representation.
For a large class of applications, similarity invariance could even be enough. Consequently, a possible approach consists
in representing each shape elem8iity a list of K affine or similarity invariant descriptors; (S), . .., zx (S), which
we will call acode

Having a shape representation which is consistent with the perceptual principles that guide recognition enables us
to address the shape correspondence problem. Determining correspondences between shape elements not only means
defining a notion of similarity between them, but also being able to decide whether the two shape elements are to be
paired or not. The main goal of this paper is to propose a general framework that enables to reach that kind of decisions
by introducing an automatic decision rule. We will apply this methodology to the shape matching problem, but the
scope of this methodology is much wider since the principles that are used are general. Up to our knowledge, a generic
acceptance / rejection decision method for shape matching has not yet been proposed. In general, matches with a query
shape are, at most, only ranked (for example along a distance [14], along some probability [35], or along some number
of votes in hashing methods [41]).

Let us specify what we mean by an “automatic decision rule” for shape matching. Assume we are looking for a
guery shape, in a shape database (usually extracted from an image or a set of images). A distance between shapes is
available, so that the smaller the distance, the more similar the shapes. The question is: what is the threshold value for
that distance to ensure recognition? Given two shapes and an observed small distatveeen them, there are only
two possibilities:

1. Both shapes lie at that distance because they ‘match’ (that is, they are similar because they are two instances of
the same object, in the broadest sense).

2. The shape database extracted is so large, that, just by chance, one of these shapes isS qlthereds no
underlying common cause between them, and they do not correspond to the same object).

Assume we are able to evaluate, for afythe probability of the second possibility. If this quantity happens to be
very small for two shapes, then the first possibility is certainly a better explanation. Following a series of articles by
Desolneux, Moisan, and Morel (see for example [10, 11, 12]), such a methodology isaakedrario decision. In
computer vision, the first attempts to detect events in imagesntrarioto a random situation certainly date back to
David Lowe’s work on perceptual organization. In [22], Lowe studies whether a configuration of points shows some



intrinsic structure: [...] any relations which arise through some accident of viewpoint or position are of no use for
recognition and will only confuse the interpretation process. This fact will provide the basic method for evaluating the
usefulness of specific image relations — relations are useful only to the extent that they are unlikely to have arisen by
accident.

Several works on target detection follow the same principles. Olson and Huttenlocher [29] present a method for
automatic target recognition under similarity invariance. Objects and images in which the objects are sought are encoded
by oriented edges, and compared by using a relaxed Hausdorff distance. The authors give an estimate of the probability
of a false alarm occurring over the entire image, which is used to take a decision. Let us quote the“@uitors:
method by which we could use the estimate is to set the matching threshold such that the probability of a false alarm
is below some predetermined probability. However, this can be problematic in very cluttered images since it can cause
correct instances of targets that are sought to be miss@&timson and Huttenlocher [16] propose to fix a threshold
on the proportion of model features (edges) among image features (considered in the transformation space) upon which
the detection is sure. Their main assumption is that the features are uniformly distributed; this “background model”,
according to the terminology we will soon define, governs random situations. This framework allows the authors to
estimate the probability that a cluster in the feature space is due todhspiracy of random”in their words. Fixing a
threshold on this probability gives sure detections: rare events are the most significant ones. The ideas developed in [16]
inspired several works [1, 30]. Following Huttenlocher and Grimson’s work, Pennec [32] presents a method to compute
the intrinsic false alarm rate of commonly used methods such as Geometric Hashing and Generalized Hough Transform,
by incorporating the uncertainty of measurements. The proposed computation relies on several limitative assumptions
(a priori shape model, uniform distribution of features), as in Huttenlocher and Grimson’s work. As pointed out by
Pennec![These limitations] are hardly ever verified in real cases. For instance in medical images of the head, extremal
points are not uniformly distributed in the image, but more or less uniformly distributed on the surface of the brain and
the skull [...]. A very interesting extension would be to compute the probability of false positileg during the
recognition itself. This would allow us to take into account the specific distribution of the model and scene features.”
This is precisely what we aim at.

Other examples illustrating treecontrariodecision methodology can be found among the literature about detection
of low resolution targets over a cluttered background (see for example [9] or [39]). A probabilistic model for the
background over which the sought objects lie is first built, then objects are detected if they are not likely to be generated
by the background.

In the following, we intend to make such probabilistic methods reliable for the shape correspondence problem, and
we propose a method to automatically compute the right matching thresholds. Instead of defining a threshold distance
for each query shape, we define a quantity (namely the Number of False Alarms) that can be thresholded independently
of the query shape. This quantity can be interpreted as the expected number of random shapes at some given distance
from a query shape. Even if thresholding this number naturally leads to threshold the matching distance, we show that
we get an additional information about how likely the matching is, and therefore about how sure we are that the matching
is correct.

A preliminary, less efficient version of the method presented here was also proposed in [27] and [28].

The plan of this article is as follows. In Section 2, we tackle the general problem of deciding whethshrap®
elementsrepresented by affine or similarity invariazddes match or not. We introduce the notionraganingful match
This concept enables to rank matches with a given shape element by a criterion which is given an accurate and handy
meaning: the Number of False Alarms (NFA). However, contrarily to most existing methods, not only does the NFA
enable us to rank candidate matches, but a detection threshold which adapts to the query shape and to the database is also
derived from a uniform bound over this NFA. In Section 3 the presented decision methodology is specified for shape
recognition in digital images; following works by Desolneetxal.[11] on boundaries extraction (improved in [8]) and
by Lisaniet al.[20, 21] on curve normalizatioshape elementsre extracted from images, then matching is performed
and followed by the presented decision process. In Section 4, we present some experiments that show the validity of the
proposed model. It is verified that the methodology satisfies Helmholtz principle [12]: a meaningful match is a match
that is not likely to occur in a context where noise overwhelms the information. Experimental results are presented in
Section 5. We conclude in Section 6.

2 An a contrariodecision framework

The aim of this section is to present a method to fix an acceptance/rejection threshold for the recogsitiapeof
elementsup to a given class of invariance. Each shape element is describeddgeda list of invariant features
belonging to some feature space) as mentioned in the previous section. Generally speaking, the recognition problem
is hard since sorting the shape elements along a similarity measure (such as a distance) to a query shape element is



not sufficient; we must answer lyesor no the question “does that shape element look like the query shape element”?
In that case, the problem consists in automatically setting the threghmldr the similarity measure and in giving a
confidence level to this decision. This is precisely the aim of the proposed methodology. We shall first build up an
empirical statistical model of the shape elements database. The relevant matches will be dateateario as rare

events for thisbackground model This detection framework has been recently applied by Desoleéeak to the
detection of alignments [10] or contrasted edges [11], by Almatsd. to the detection of vanishing points [2], by

Stival and Moisan to stereo images [25] , by Gousseau to the comparison of image “composition” [15] and by Cao to the
detection of good continuations [6]. The main advantage of this technique is that the only parameter which controls the
detection is the Number of False Alarms, that will be defined in Section 2.3. We present hareathieario decision
methodology in terms of hypothesis testing in order to link the number of false alarms first defined by Desbkleux

and the probability of false alarms introduced in usual hypothesis testing theory.

2.1 Shape modelersusbackground model

Let us precisely define the shape element representation and give some notations. Our aim is to compare a given query
shape elemer§ with the N shape elements of a databdeWe assume each shape elemgnb be represented by a

set of K featuresz;(S), z2(95), ...,z (S), each of them belonging to a metric spdég,d;) (i € {1,...,K}). We

define a distance between shape elements as the product distanég ovér, x --- x Ei, thatis

! /
d(s,8" = ie{r{}%i(K} di(z;(S), z:(S")).

We assume no other information but the observed set of features, and we are interested in shape elements which are
close to the query shape elemeéhbecause their generation shares some common cause with the gener&tiddudf
what is the underlying common cause? We probably do not know, and this is the point. Indeed, directly addressing this
problem is not possible, unless we have the exact modsél diaving such a model would imply an extra knowledge
(for instance some “expert” should have first built up the models). We are therefore unable to compute the probability
that a shape element is neéabecause it has been generated by the shape model of

We are therefore led to wonder whether a database shape element is near tt& ‘fusrgy chance”, and to detect
correspondences as unexpected coincidences. In order to address this latest point, we have to atkgound
model a model to compute the probability that a shape element from the database & Img@hance We assume
that the shape elements belong to some probability sggacd, Pr) (which will not be explicitly precised) such that the
following definition is valid.

Definition 1 We callbackground modedny random mod€(2, A, Pr) such that the following assumption holds:

(A) The random variable§’ — d;(x;(S),z;(S")) (i € {1,..., K}) fromQ to R* are mutually statistically indepen-
dent.

For everyi € {1,..., K}, the probabilityPr(S" € Q, s.t.d;(z;(S),x:(S")) < §) is denoted byP;(S, §). In the
remainder of this article, the empirical frequency

% CHLS € B, di(2:(S), 2:(S)) < 6}

(where#- denotes the cardinality of any finite set aivdis the cardinality of the databa#® is taken as an estimator
of P;(S, 6) for everys. Thatis, we use in practick; (S, 6) = + - #{S’ € B, d;(x;(S),z;(S")) < 6}.

2.2 Ana contrariodecision methodology

A distance function between shape elements being given, deciding whether a shape element matches another shape
element consists in setting a threshélaler the distances. Ideallyshould be set automatically, without any user tuning.
We propose to use the hypothesis testing framework [13, 36] in order to replace the distance bound by a probability of
false alarms bound.

A shapeS’ being observed, the hypothesis we are interested iyis“S’ has been generated by the shape model
of §”. However, handling this hypothesis with our assumption (no available shape mod#8l ifosimply impossible.
We are therefore led to concentrate on the alternative hypothgsisS’ has been generated by the background model”.
For eachd, the set of the shape elements is split into two subQgtg) and ), (), respectively made of the shape
elements whose distance $is lower thand (and for which hypothesi#{, is accepted), and of those for which the
distance taS is larger thar (for which hypothesig{ is rejected).



Definition 2 A query shape eleme&tbeing given, the (statistical) teg(S) is defined by:

o if a database shape elemefitis such thati(S,S’) < § then hypothesi#(, is accepted§’ is nearS because of
some causality). In this cas8] is classified ir2(9).

e OtherwiseH, is rejected and the alternative hypothesis is accepted$’ is nearS casually). In this case$’
is classified ir2; (9).

The quality of a statistical test is measured by the probability of taking wrong decisions. Two kinds of errors are
possible: reject, for an observatios for which H, is actually true (type | error, mis-detection), and acdeptfor S
althoughH,, is false (type Il error, false positive). A probability measure can be associated to each type of error.

e Theprobability of non-detectioor probability of a misgassociated with type | error)’ = Pr(Q;(6)|Ho);
e Theprobability of false alarmgassociated with type Il erroty = Pr(Q0(8)|H1);

providedPr(:|Hy) (resp.Pr(:|H1)) is the likelihood ofH, (resp.H;) over(Q.

It is clear that the lowerr and o/, the better the test, but it is also clear thaand o’ cannot be independently
optimized. The problem is to find a trade-off between these two probabilities. Two widely used techniques for doing
this are thdikelihood ratio testand theBayesian testHowever, the practical limits of this theoretical framework are
obvious. They indeed need that one knows the likelihood of both the hypothgsisd the counter-hypothesig;,
which is in general unrealistic if the aim is to recognize an unspecified query shape (a generative model is indeed needed
for the query shapé& to compute the likelihood of a shag under hypothesi%{;). Moreover, the Bayesian approach
needs prior information, which remains either spoilt by arbitrariness, or is strongly related to a specific problem for
which supplementary information is provided.

2.2.1 Estimating the probability of false alarms

Let us summarize the situation. We are not able to compute the probability of non-detadtinrio)|H,). On the other
hand, a straightforward computation provides the value of the probability of false alarms of the statisti€alSgst
denoted by PFAS, §) := Pr(Q0(0)|H1). SinceS’ € Q(d) if and only if d(S,S’) < ¢, it follows that

PFA(S,§) = Pr (S’ € Qs.t.d(S,S") < 6|H,)

=Pr (S’ €Qst. max  di(zi(S),z:(S")) < § | H1> .

ie{l,..,K}

Now, by the definition of{1, Pr(:|H;) = Pr(-), thus

PFA(S,d) = Pr (S’ €Qst. max di(xi(S),z:(S")) < 5) :

ie{l,...,.K}
Assumption(A) then yields

PFAS.6) = ] Pr(8 € stdi(z:(S),x:i(S) <9)
i€{1,....K}

= [ PRS0 )

ie{l,...,K}
Therefore, we have just proved the following proposition.

Proposition 1 The probability of false alarms of the statistical t&s{S) is

PFAS, )= [ Pi(S.9).

ie{l,...,K}

We recall that, in numerical experiments, we will use the estimatoPfs$, ¢) (i € {1,...,K})

Pi(S,0) = % {8 € B, di(2:(S), 2:(S)) < 5}



2.2.2 Deriving ana contrario decision rule

Now, the next step is to bound the PFA. Indeed, the probability of false alarm&SR&Abeing non-decreasing with
an upper boung on this quantity immediately provides an upper bodhaver the distances, namely

d*(p) = max{d > 0,PFA(S,9) < p}.

Consequently, if the test is to accéys} if the observed distance is bela(p), and to reject this hypothesis otherwise,

then the associated probability of false alarms is bounded Byis rule is said to be aa contrariodecision since we

accept the null hypothesis as soon as the alternative hypothesis is not likely to beeatie (probability of false alarms

of the associated statistical test is very low). Applied here to the shape recognition problem, we accept the hypothesis “a
database shape elemétitmatches the query shape eleméritas soon as it is not likely tha8’ is nearS “by chance”.

Notice that, according to this decision, all we are saying is that, under the background model, such a coincidence is
so astonishing that there must be a better explanation than randomness. We are by no means asserting that this better
explanation is “matched shape elements correspond to instances of the same object”, though this might be the cause,
among other possibilities. Experiments (see Section 5) indeed show matched shapes that are actually alike, but do not
correspond to the same object.

2.3 A detection terminology
2.3.1 Number of False Alarms

Thea contrariodecision that has just been introduced consists in fixing a threshold over the probability of false alarms
rather than over the distance between shape elements. Since a probability has little peas@gng/e now introduce
thenumber of false alarmd_et us recall that we are interested in a situation in which a query shape element is compared
to shape elements from a database of 3ize

Definition 3 TheNumber of False Alarmsf the shape elemetat a distanced is
NFA(S,d) := N -PFA(S,d)
= N- [ P(s.a).

Since the latest product of probabilities is the probability of false alarms when testing if the database shape elements are
at a distance lower thahto S (cf Equation (1)), the number of false alarms can be seen as the average number of false
alarms that are expected when we test whether the distance from each shape element in the d&té&bhstotad.
Remark:Since eaclP; is empirically estimated over the databdsehe NFA also depends df

Definition 4 The number of false alarms of the query shape eleiemtd a database shape eleméiitis the number
of false alarms of at a distancei(S, S’):

NFAS, S') := NFAS, d(S, S)).

Thenumber of false alarms betweéhand S’ corresponds to the expected number of database shapes which are “false
alarms” and whose distancefois lower thand(S, S’).

Remark:For the sake of simplicity, the same notation is used for both the preceding definitions of the number of false
alarms. Let us moreover notice that the arguments of this latest NFA (seen as a two variables function) do not play a
symmetric role.

2.3.2 Meaningful matches

Instead of directly bounding the probability of false alarms in order to deduce a distance threshold (as explained in
Section 2.2.2), we bound the number of false alarms, since this quantity that has an interpretation in terms of expected
frequencies.

Definition 5 A shape elemerd’ is ane-meaningful matclof the query shape elemefiif their number of false alarms
is bounded by:
NFA(S,S') < e.



Notice that since the functionB;(S,d) : d — Pr(y € E;s.t.d;(z:;(S),y) < d) are non-decreasing, the function
NFA(S,d) := N -[l,eq1,. iy Pi(S, d) is pseudo-invertible with respect o That is, there exists a unique positive real
numbers*(¢/N) (also depending on the query shafesuch that

6*(¢/N) := max{d > 0,PFA(S,0) <e/N}.
The proposition that follows is then straightforward.

Proposition 2 A shape elemerd’ is ane-meaningful match of the query shape elem@iftand only if
d(S,8’") < 5*(e/N).

The e-meaningful matches of are then those shape elements for which the distanc® iobelow §*(¢/N) (the
probability of false alarms of the associated test is consequently less thgn We therefore expect on the average
less thare false alarms among aftmeaningful matches over thé tested shape elements. This methodology does not
enable to estimate the numberssfmeaningful matches. However, if all shape elements in the database were generated
by the background model, then hypothe&is should never be accepted, atimeaningful detections should thus be
considered as false alarms. The following proposition makes this claim more formal.

Proposition 3 Under the assumption that the database shape elements are identically distributed following the back-
ground model, the expectation of the number-aieaningful matches is less than

Proof: Let S} (1 < j < N) denote the shape elements in the databaseyaride indicator function of the event;:
*S’ is ane-meaningful match of the quewy ” (i.e. its value isl if S} actually is ane-meaningful match of, and0

otherwise). LetR = Z;V:l X; be the random variable representing the number of shapesaningfully matchings.
The expectation oR is E(R) = Z;il E(x;). Using Proposition 2, it follows that

E(x;) = Pr(S; is ane-meaningful match of) = Pr(d(S, S}) < §*(¢/N)).
Since shape elements from the database are assumed to satisfy the assumptions of the background model, one has
E(x;) = Pr(d(S,S)) < 6"(¢/N)[H1) = PFA(S, 6" (¢/N)).

Linearity of expectation implie&'(R) = Z;V:l PFA(S,0*(e/N)). Hence, by definition ob*, this yieldsE(R) <
Z;\f:l e - N~ thereforeE(R) < e. -

The key point is that the linearity of the expectation allows to compifte). Since dependencies between events
are unknown, we are not able to estimate the probability law.of

2.3.3 Recognition threshold is relative to the context

Notice that the empirical probabilities take into account the ‘rareness’ or ‘commonness’ of a possible match; indeed the
thresholdd™ is less restrictive in the first case and stricter in the other one. If a query shapearer than another

onesS,, then the database contains more shapes cloSe tisan shapes close 9, below a certain fixed distancg.

Now, the probabilities are in fact empirical frequencies estimated over the database. As a consequence, if a query
shapeS; is rarer than another or&, then we have, foi € {1,..., K} andd < d’,

Pi(S1,d) < Pi(Ss,d).

This yieldsds, < d5, (provided both quantities are belail), i.e. the rarer the sought shape, the higher the recognition
threshold.

Another formulation of the same property is that if a given query shape is rarer among the shapes out of alflatabase
than among the shapes out of a datali&isehen we get for every e {1, ..., K} and ford “small enough”

Pi1(87 d) S Pi2(87 d)’

whereP}! and P? are respectively estimated ou8r andB,. This yieldsd; (S) < 57 (S).

The conclusion is that the distance threshold proposed by our algorithm auto-adapts to the relative “rareness” of the
qguery shape among the database shapes. The “rarer” the query shape, the more permissive the corresponding distance
threshold, and conversely.



2.3.4 Why ana contrario decision?

The advantages of the contrario decision based on the NFA compared to the direct setting of a distance threshold
between shape elements are obvious. On the one hand, thresholding the NFA is much more handy than thresholding
the distance. Indeed, we simply put= 1 and allow at most one false alarm among meaningful matches (we simply
refer to1-meaningful matches as “meaningful matches”); et 10~! if we want to impose a higher confidence in the
obtained matches. The detection threshold set uniformly whatever the query shape element and the database may

be: the resulting distance threshold adapts automatically according to them as explained in the preceding section. On the
other hand, the lowet, the “surer” thes-meaningful detections are. Of course, the same claim is true when considering
distances: the lower the distance threshilthe surer the corresponding matches, but considering the NFA quantifies

this confidence level. Moreover, computing the NFA does not need any shape model. This is a major advantage of the
proposed method, since having a shape model means that the query shape has been already recognized before somehow
or other.

Let us end up with the definition of the number of false alarms when comparing all shape elements in a database
to all shape elements in another database, and not only a single shape element to a database. This corresponds to the
experiments of Section 5 where the shape contents of two images are compared. When searching the shapes belonging
to a databasB;, made ofN; shape elements, among thg shape elements belonging to a datalidgeve define:

Definition 6 TheNumber of False Alarmef a shapeS (belonging toB,) at a distancel is

NFA(S,d) = Ny - Ny - Pr (S’, “max_ d;(z;(8S),x:i(S)) < d) )
ie{l..K}

The probabilities (depending on the searched skiaee estimated as before, as a produdadmpirical estimates
over the databasB, among which the query shapes are sought. For each shdpevie also definee-meaningful
matches. The claim up to which we shall expect on the averdglse alarms among themeaningful matches over
all N - Ns tested pairs of shapes (Proposition 3) still holds.

2.4 Building statistically independent features

Now, why is it so important to consider independent featucé64))? The reason is the following one: using indepen-
dent features is a way to beat thierse of dimensionalitjdl 7]. By combining a few independent features, we can easily
reach very low numbers of false alarms without needing huge databases to estimate the probability of false alarms. In
his pioneering work, D. Lowe [22] presents this same viewpoint for visual recognitidue to limits in the accuracy of
image measurements (and possibly also the lack of precise relations in the natural world) the simple relations that have
been described often fail to generate the very low probabilities of accidental occurrence that would make them strong
sources of evidence for recognition. However, these useful unambiguous results can often arise as a result of com-
bining tentatively-formed relations to create new compound relations that have much lower probabilities of accidental
occurrence.

Let us give a numerical example. If the considered database is madsludipe elements, the lowest value reachable
by each empirical probability,

Pi(S, d) = % (S € B, di(24(S), 2:(S)) < d},

is at leastl /N. Consequently, if the background model is builti§n= 1 feature, and the database is madé&/of 1000
shapes, then the lowest reachable number of false alarms woulibbe 1/1000 = 1. This means that even if two
shape elementS andS’ are almost identical, based on the NFA we cannot ensure that this match is not casual. Indeed,
an NFA equal td means that, on the average, one of the shape elements in the database cahbyatwdince. Assume
now that the background model is built @O = 6 features (and stillv. = 1000), then the lowest reachable number of
false alarms would b&000 - 1/1000% = 1015,

In practice, we observe that the number of false alarms between two similar shapes can be ag)lo\. aghis
means that we need to observe a databaSetimes larger in order that a meaningful match at the same distance ought
to be a false alarm.

To sum up, in our framework, in order to be reliable for the shape recognition task, shape features have to meet the
three following requirements:

1) Features provide a complete description: two shapes with the same features are alike.



2) Features are mutually statistically independent (more precisely speaking, distances between features are indepen-
dent).

3) Their number is as large as possible.

The first requirement means that the features describe shapes well, the second one is imposed in order to design the
background model, and the third requirement is needed in order to reach low numbers of false alarms. Finding features
that meet these three requirements together is a hard problem. Indeed, there must be enough features in order that the
first requirement is valid, but not too many otherwise the second requirement falls.

The decision framework we have been describing so far is actually completely general, in the sense that it can be
applied to find correspondences between any kind of structures for vihistatistically independent features can be
extracted. In the following section, we concentrate on the problem of extracting independent features from pieces of
Jordan curves (thshape elemenks Shape elements are normalized before comparison in order to meet the geometric
invariance requirement of recognition (see Section 3.2); therefore we will more specifically deabwithlized shape
elementsand extract independent features from them (Section 3.3).

3 From images to normalized shape elements to independent features

3.1 Representing shapes by level lines

In this section we discuss how the proposed methodology for decision making can be used in a realistic shape recognition
system. An algorithm extracting pieces of Jordan curves corresponding to invariant local representations of shapes in
images was proposed by Lisaatial.[20, 21]. It proceeds with the following steps:

1. Extraction of meaningful level lines.
2. Affine invariant smoothing of the extracted level lines.
3. Local encoding of pieces of level lines after affine or similarity normalization.

Let us detail and argue each of these steps. Consider the set of level lines in aniimaiie poundaries of the
connected components of its level sets). This representation has several advantages. Although it is not invariant under
scene illuminatiorchanges (in this case the image itself is changed and any descriptor hardly remains invariant), it
is invariant undercontrastchanges. The mathematical morphology school has claimed that all shape information is
contained in level lines, and this is certainly correct, in the sense that we can reconstruct the whole image from its level
lines. Moreover, the boundaries of the objects lying in the image are well represented by the union of some pieces of
level lines. Thus, level lines can be viewed as concatenations of pieces of boundaries of objects and therefore encode all
shape information.

Nevertheless, the representation provided by level lines is highly redundant, and may also contain useless informa-
tion. That is why, Desolneugt al. [11] proposed a method to extratieaningfullevel lines from images, which was
later improved by Caet al. [8]. Experimentally, these lines proved to locally coincide with boundaries of perceptually
significant objects in images. The algorithm needs no parameter tuning, since parameters are automatically set based
on statistical arguments derived from perceptual principles. Meaningful level lines are not contrast invariant, since their
detection depends on the contrast distribution in the image. However, it turns out that they are invariant with respect to
globally affine contrast changes.

Figure 1 illustrates that the loss of information implied by the use of meaningful level lines is negligible compared to
the gain in information compactness. This reduction is crucial in order to speed up the shape matching stage that follows
the encoding. Otherwise, the presented methodology could not be realistic for applications such as image retrieval from
databases.

Once meaningful level lines are extracted, we need to smooth them in order to eliminate noise and aliasing effects.
The Geometric Affine Scale Space [3, 34] is fully convenient (since such a smoothing commutes with special affine
transformations and since we are interested in affine invariance):

0 1

5 = lcuna) [ di(a),

wherez is a point on a level line, Cufx:) the curvature and(z) the normal to the curve, oriented towards concavity.

We use a fast implementation by Moisan [24]. The scale at which the smoothing is applied is fixed and given by the
pixel size. We fix the smoothing scale in order to wipe out details of size one pixel on the curves which are commonly
extracted. The aim is to reduce the complexity of meaningful level lines by simplifying them. The final goal remains



Figure 1: Extraction of meaningful level lines. (a) original “La Cornouaille” image, (b) level lines, represented here with grey-level
guantization step equal to 10 (54790 level lines), (c) meaningful level lines (296 detections).

the same: to make the shape matching faster. Indeed, smoothing reduces the number of bitangents on level lines by
eliminating those due to noise; consequently it also reduces the number of encoded shape elements, as it will become
clear from what follows.

The last stage of the invariant shape encoding algorithm is local normalization and encoding. Roughly speaking, in
order to build invariant representations (up to either similarity or affine transformations), we define local frames for each
level line, based on robust directions (tangent lines at flat pieces, or bitangent lines). Such a representation is obtained
by uniformly sampling a piece of curve in this normalized frame.

The conjunction of these three stages was first introduced by Lésai[20, 21]; the third stage is also based on
the seminal work of Lamdaet al. [19], followed by Rothwell’'s work on invariant indexing [33] and more recently by
Orrite et al.[31]. The following section is devoted to an improvement of Lisani’s algorithm.

3.2 Semi-local normalization and encoding

The proposed semi-local normalization of level lines or, more generally speaking, of Jordan curves is based on robust
directions. These directions are given by bitangent lines, or by tangent lines at flat pieces (a flat zone is a portion of a
curve which is everywhere unexpectedly close to the segment joining its endpoints, relatively to an adequate background
model [26, 37]). While bitangency is an affine invariant property, it is not the case for flat pieces. However, two
arguments stand for its consideration. The first one is that, under reasonable zoom factors, flat pieces are preserved. The
second argument is that inflexion points, which are conserved by affine transformations, are most of the time surrounded
by a flat piece, which is by consequent also conserved by affine transformations. If it is not the case, the tangent at
the inflexion point will not be a robust direction. In that sense, tangent at flat pieces can also be considered as robust
versions of tangents at inflexion points (which Lisani’s original algorithm use, together with bitangent lines and a non-
robust version of flat pieces).

We now detail the procedures used to achieve similarity and affine invariance for semi-local normalization / encoding
of Jordan curves. In what follows we consider direct Euclidean parameterization for level lines.

3.2.1 Similarity invariant normalization and encoding

The procedure is illustrated and detailed in Figure 2. Two implementation paramétansl NV, are involved in this
normalization procedure. The value Bfdetermines the normalized length of the shape elements, and is to be chosen
having in mind the following trade-off: if’ is too large, shape elements will not be well adapted to deal with occlusions,
while if it is too small, shape elements will not be discriminatory enough. One therefore faces a classical dilemma
in shape analysis: localityersusglobality of shape representations. The choicé\ofs less critical from the shape
representation viewpoint, since it is just a precision parameter. Its value is to be chosen as a compromise between
accuracy of the shape element representation, and computational load.

On Figure 3 we show several normalized shape elements extracted from a single lineftakingand N = 45.
Notice that the representation is quite redundant. While the representation is certainly not optimal because of redundancy,
it increases the possibility of finding common shape elements when corresponding shapes are present in images, even if
they are degraded or subject to partial occlusions.

All experiments to be presented in Section 5 concerning matching based on this semi-local encoding were carried
out usingF = 5 and N = 45, since it seems to be a good compromise solution. We observed that in general these
parameters can be fixed once and for all, and do not need to be tuned by the user. Let us notice that some curves cannot
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In order to represent a level ling, for each flat piece, and for each
couple of points on which the same straight line is tangent to the curve,
do:

a) Let P, and P, be either the tangency points when dealing with bi-
tangency, or the endpoints for the detected segment when dealing
with flat pieces. Consider the tangent libeto these points;

b) Starting backward fron#;, call P; the previous tangent tg, or-
thogonal toD. Starting forward fromPs, call P, the next tangent to
L, orthogonal taD;

¢) Find the intersection points betwe®n andD, and betweef®, and
D. Call themR; andR», respectively;

d) Store thenormalizedcoordinates ofV equi-distributed points over
an arc onZ of normalized lengthf’, centered at’, the intersection
point of £ with the perpendicular bisector §R: R2]. By “normal-
ized coordinates” we mean coordinates in the similarity invariant
frame defined by point&;, R, mapped to—1,0), (1,0), respec-
tively.

Figure 2: Similarity invariant semi-local encoding. On the left, an illustration based on a bitangent line.

be coded withF" = 5: when their length is too small with respect to the length of the segmenithing.], the resulting
shape element would overlap itself.

Figure 3: Example of semi-local similarity invariant encoding. The line on the left generates 19 shape elémeris § = 45).
Twelve of them are based on bitangent lines, the other ones are based on flat pieces. The representation is quite redundant. Here are
displayed three normalized shape elements, two deriving from bitangent lines, and one from a flat piece.

3.2.2 Affine invariant normalization/encoding

The procedure is illustrated in Figure 4. As we did for the similarity invariant normalization, implementation parameters
were fixed once and for all t6' = 5 and N = 45. Figure 5 shows several shape elements extracted from a single line

for this choice of parameters. The encoding is in fact less redundant than for the similarity encoding procedure. This is
due to the fact that the construction of affine invariant local frames imposes more constraints on the curve than the one
for similarity invariant frames.

3.3 From normalized shape elements to independent features

In this section, we explain the procedure we apply to extract features from these shape elements. We empirically found
that the best trade-off achieving simultaneously the three feature requirements that we pointed out in Section 3.1 is the
following (see Figure 6 for an illustration). Each piece of Jordan cidris split into five subpieces of equal length.

Each one of these pieces is normalized by mapping the chord between its first and last points on the horizontal axis, the
first point being at the origin: the resulting “normalized small pieces of curve” are five feaiyres,, ... ,Cs (each

of thoseC; being discretized with 9 points). These features ought to be independent; neverthigless,, C; being

given, it is impossible to reconstruct the shape they come from. For the sake of completeness a sixth globélfeature

is therefore made of the endpoints of the five previous pieces, in the normalized frame. For each piece of level line, the
shape features introduced in Section 2.1 are made of these six ‘generic’ shape f@aturesCs. Using the notations
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In order to derive an affine invariant representation of a leveldinfor
each flat piece, and for each couple of points on which the same straight
line is tangent to the curve, do:

a) Let P, and P, be either the tangency points when dealing with bi-
tangency, or the endpoints for the detected segment when dealing
with flat pieces. Consider the tangent libeto these points;

b) Starting forward fromPs, find the next tangent t6 which is parallel
toD. Callit D’;

c) Consider the straight lines which are paralleltand lay atl /3 and
2/3 of distance fronD to D’. Call themD; andD-, respectively;

d) Starting forward fromP;, find the next intersection points between
L andD,, andL andD-. Consider the straight lin&; defined by
these two points;

e) Starting backward fron#;, find the previous tangent 6 parallel
to 77, and call it73;

f) Define pointsR1, Rz, and R3 as the intersections betwe@&hand
T3, D and7;, andD’ and7s, respectively;

g) Points R1, R2, R3 define an affine basis. The affine normaliza-
tion is fixed by mapping R1, Rz, Rs} into {(0,0), (1,0), (0,1)}
if {R1, Rz, R3} is a direct frame, and int§(0, 0), (1,0), (0, —1)}
if not;

h) Encoding: consider the intersection point betwgeand the straight
line equidistant fronD andD’ (the first one starting fron#%). Call
it C'. Normalize the portion ofZ having normalized lengtti'/2 at
both sides of”. StoreN equi-distributed points over the normalized
piece of curve.

Figure 4: Affine invariant semi-local encoding. The encoded shape element is based on the bitangent line

Figure 5: Example of semi-local affine invariant encoding. The line on the left generates 7 shape elémeriis¥ = 45); three
of them are represented here.
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introduced in the previous sections, we hayéS) = C; (i € {1,...,6}). Foreveryi € {1,...,5}, E; = (R?)®,
Es = (R?)%, and the distance between them arg>°-distances.

A
G

b)

Figure 6: Building independent features. Example of a similarity-invariant encoding (see Section 3). Sketch a): original shape as
a Jordan curve in a normalized frame based on a bitangent line. Both ends of the considered Jordan curve piece are marked with
bold lines: this representation is split into 5 piecgs C2, Cs, C4, andCs. Sketch b): each one of them is normalized, and a sixth
featureCs made of the endpoints of these pieces is also built.

Another possibility that we have investigated is to use a principal component analysis (PCA) [28]. Although PCA
does not provide independent features but uncorrelated ones, the computation of the number of false alarms appears to
be still valid. However, results are not as good as they should be. PCA indeed suffers from an inherent drawback: it is
correct under the strong assumption that the feature space is linear. This is clearly not true for the space of shapes. The
presented independent features extraction is much more reliable and provides much better experimental results (in the
sense that meaningful matches actually mostly correspond to shape elements coming from the same “object”).

4 Testing the background model

The computation of the probability PF&, §) that a shape element could fall just by chance at a distance lowed than

to a query shapé is correct under the independence assumpgfnon the distances between features. Of course,
the degree of trust that we are able to give to the associated Number of False AlarrfS, BFefinitions 3 and 6)
strongly depends on the validity of this independence assumption. The expected number of false alarms among all
meaningful matches with the query shape should be lowerdhblevertheless, we are not able to separate false alarms
and real matches: we only observe detections. Now, Helmholtz principle [12] states that no detection in “noise” (which
has to be precised) should be considered as relevant-rAaningful matches in the noise should thus be considered as
false alarms: in such a noise situation there should be on the average abany of them. The following experiments

test this claim. We show that in this situation the NFA is a pretty good prediction of the number of detections. The
independence assumption is valid enough, so that the claim according to which there is on averagefatse@arms
amonges-meaningful matches still holds.

As a first experiment we check the detection thresholds on a very simple model: we consider as database and query
some random walks with independent increments (instead of the normalized shape elements of Section 3). Although in
this case the shape elements do not come from Jordan curves, the background model is ensured to be true, in the sense
that the considered shape elements fit perfectly the independence assumption.

Table 1 shows that the Number of False Alarms is very accurately predicted for various database sizes: the number
of detections with an NFA lower thanis about: indeed.
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| value ofe: [001]01] 1 [ 10 | 100 [ 1,000 | 10,000
100,000 shape elements 0 0 | 23] 152 | 122.2 | 1,075.5 | 9,872.2
50,000 shape elements| 0.2 | 0.3 | 1.5 | 11.9 | 106.1 | 1,001.1 | 9,789.5
10,000 shape elements| 0 0 | 1.2 125 | 1084 | 985.0 -

Table 1: Random walks. Average (ovH) samples) number of-meaningful detectiongersuse. First row: database afo0, 000
shape elements. Second row: databas@®af00 shape elements. Third row: databasé@f000 shape elements.

Of course, modeling shape elements with random walks is not realistic. On the one hand, shape elements correspond
to pieces of Jordan curves, and consequently are constrained not to self-intersect. On the other hand, shape element
features derive from a normalization procedure (as explained in Section 3) which introduces some structural similarities
(for example, shape elements coming from bitangent points show mostly common structures). In order to quantify the
“amount of dependency” due to these two aspects, we have led the following additional experiment.

Let us consider databases made of shape elements extracted from pieces of level lines in white noise images. Table 2
shows that the number of detections is not as precisely predicted as in the preceding experiment, at least for small values
of e. Nevertheless, the order of magnitude is still correct, and does not depend on the size of the database. These
properties are sufficient for setting the Number of False Alarms threshold based on Helmholtz principle. Following this
method, a match is supposed to be highly relevant if it cannot happen in white noise images. According to Table 2,
matches with an NFA lower than1 are ensured to be very unlikely in white noise images. If we want to ensure a strong
confidence in the detected matches, we are thus led to cofisidereaningful matches in realistic experiments.

| value ofe: [001]01] 1 [ 10 | 100 [ 1,000 [ 10,000 |
104, 722 shape elements 0.3 | 1.5 | 6.5 | 31.5 | 173.9 | 1,264.4 | 9,803.1
47,033 shape elements| 0.1 | 0.3 | 3.7 | 20.2 | 125.4 | 976.3 | 9,854.2
10,784 shape elements| 0 | 0.2 | 2.6 | 14.8 | 107.6 | 973.3 -

Table 2: Normalized pieces of white noise level lines. Average (t@eramples) number df-meaningful detectiongersuss. First
row: database o0f04, 722 shape elements. Second row: databast&rof33 shape elements. Third row: databasd @f784 shape
elements.

5 Experiments

In this chapter, we present several experiments that illustrate tleatrario decision methodology applied to the nor-
malization of level lines explained in Section 3. A “query image” and a “database image” being given, meaningful level
lines from each of them are encoded. Themeaningful matches (in the sense of Definition 6) are highlightened along
the following experiments. More experiments can be seen in [26] and [37].

Although images and pieces of level lines superimposed to images are shown, the reader should keep in mind that
the decision rule actually only deals witlormalized shape elementdowever, the results for the corresponding pieces
of level lines (“de-normalized” shape element in some sense) are shown here for the sake of clarity.

What we call “false matches” along the following sections are in fact meaningful matches that do not correspond
to the same “object” (in the broadest sense). Onlagiosterioriexamination of the meaningful matches enables to
distinguish them from matches which are semantically correct. We actually only detect matches that are not likely to
occur by chance, or more precisely speaking, matches that are not expected to be generated more than once by the
background model (by fixing the NFA threshold to 1). False matches have generally an NFA largerthati we are
concerned with very sure detections, we simply set the NFA threshaletb

5.1 Two unrelated images

The aim of this experiment is to check the main property of the proposed method, namely that the Number of False
Alarms is an estimation of the expected number of matches that are due to chance. On Figure 7 one can see two
different images (results are representative of what is obtained when considering other images). The similarity invariant
normalized shape elements of the meaningful level lines from the first one are searched among the normalized shape
elements from the second one. Only dameaningful match is retrieved €. the NFA of this match is below 1). As
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announced by Proposition 3, one should at most expect about one meaningful match. Although the method does not
distinguish between good and false matches, the NFA gives a good estimate on “how good a match is”.

Figure 7: Two unrelated images. Original images (left), and meaningful level lines (middle). The 846 normalized shape elements
from the top image are searched among the 281 normalized shape elements from the bottom image. IGmiyaomegful match is
detected (right). Its NFA i9.2, which is very near to 1. This match actually corresponds to pieces of level lines that look coarsely
alike “by chance”.

5.2 Perspective distortion

It is not surprising that the affine method performs better than the similarity method, when dealing with images related
through an affine transformation. In this second experiment, we show that, as expected, the affine method also performs
better (with regards to the lowest reachable NFA) than the similarity method, when applied to real images related through
moderately weak perspective transformations. The two images considered in this experiment (which we call “Hitchcock
experiment”) are two different snapshots of the same scene. They are shown in Figure 8, with their corresponding level
lines.

For the affine semi-local invariant methad,50 and853 shape elements were extracted from the target image and
from the database image, respectively. The numbel-mieaningful matches detected was Thesel6 matched
shape elements are shown, superimposed to images, in Figure 9. No false matches were detected, and all matches have
their NFA below0.1. The best match, shown in Figure 10, reaches NFA.5 101!, This value is remarkably low,
considering that ideal perfect matches in this experiment would have a number of false alaiss »f853/853% =
2.510712 (when the empirical distributions of distances to target codes are learned using only the considered database
image, as we do here).

In Figure 11 we display the meaningful matches which were detected using the similarity semi-local invariant recog-
nition method. In this case, 033 and1, 463 shape elements were extracted from the targetimage and from the database
image, respectively. As pointed out in Section 3.2.2, the similarity method leads to extract more shape elements than
the affine method, that is why motemeaningful matches (26) are detected in this case. The meaningful matches for
the similarity method are shown in Figure 11. The lowest NFA reached with the similarity metBctilig—*, and
corresponds to the shape elements presented in Figure 12. In Figures 11(b) and 11(c), we present, respectively, the
shape elements matchingsak 0.1, and those for which the NFA is betwe@r and1. Notice that none of the0—!-
meaningful matches are false matches, and that the corresponding shape elements are in general much more local than
the shape elements matching in Figure 11(c). Indeed, the more global the shape elements, the less accurate the simi-
larity approximation of the underlying transformation, which is in fact a projective transformation. As a consequence,
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Figure 8: Hitchcock experiment: original images (corresponding to two different snapshots of the same scene) and their corresponding
level lines to be encoded. The image on top is considered as “target” image. In the targetifYagesaningful level lines are
detected, and66 meaningful level lines are detected in the database image.
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the lowest NFA reached with the similarity methai10~8) is larger than the lowest NFA reached with the affine
method (which i$5.5 10~ '1). In fact, NFAs are much lower for the affine method than for the similarity method, as the
weak projective transformation applied here is better locally approximated by affine transformations than by similarity
transformations.

Two false matches, for which the NFA is larger thah, can be seen in Figure 11(c). In Figure 13 we show the shape
elements of these false matches, as well as the superimposed normalized shape elements represented in the normalized
frame. Let us notice that the distance threshold corresponding to such NFA is large enough so that no “good matches” are
missed. Although the proposed method does not quantify the probability of non-detection (denetadBgction 2.2),
experimental evidence shows that this probability is very low.

Hite h.
R

gt

.....

¥

A T b

Figure 9: Affine invariant semi-local recognition method: tteemeaningful matches between shape elements. No false matches
were detected (in the sense that all meaningful matches correspond to the same “piece of object”), and all detections show an NFA
below0.1. The lowest NFA is5.5 107,

Figure 10: Affine invariant semi-local recognition method: the match showing the lowestNFAX ).

5.3 Dealing with partial occlusions and contrast changes

The following experiment consists in comparing the codes extracted from two views of Velasquez’ daastiigninas
(see Figure 14). The codes extracted from the query imbag8§2 codes) are searched among the codes extracted from
the database imagé2, 833 codes). Shape elements are here normalized with respect to similarity transformations. Note
that the target image is a photography which was taken in the museum: visitors’ heads hide a part of the painting.

Figure 15 shows on the left the set of pieces of level lines in the target image that match a piece of level line in the
database image with a corresponding Number of False Alarms les$ {ma@aningful matches), and on the right the
set of shape elements from the database image that correspond to at least one shape element in the query image. The
algorithm identifiess5 meaningful matches. Only false matches can be seen among them. They all have an NFA
betweenl and10~*. In fact, 36 matches show an NFA lower th&im .
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(a) All 26 matches having an NFA below
(b) 12 matches show an NFA beldwl.
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(c) 14 matches show an NFA between and1.

Figure 11: Similarity invariant semi-local recognition method: meaningful matches between shape elements. A®ntatobes
having an NFA belowl, 12 are10~*-meaningful. False matches (two) can only be seen in (c), and their NFA is biove
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Figure 12: Similarity invariant semi-local recognition method: the match showing the lowestNFA)(®).

L L
- L2
- {
. 1-
os

(a) False matchNFA = 0.64

os
7 0.
4
0z
.
e B T
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Figure 13: Similarity semi-local invariant method: the two false matches. Their NFA are largef.thale could expect such
an NFA since the curves show local variations, but their global aspect is the same, as it can be noticed when looking closer at the
corresponding normalized shape elements.

19



Figure 14: Las Meninas original images (on the left) and meaningful level lines (on the right). Top: query image and its level lines.
Bottom: database image and its level lines. The codes from the query image are sought among the codes from the database image.
Normalization is here with respect to similarity transformations.

Figure 15: Las Meninas. The 55 meaningful matches. Half of them has an NFA lowerth&nThe best match has an NFA equal
to4.10~ 4. To each bold piece of level line on the right corresponds a bold piece of level line on the left.
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6 Conclusion and perspectives

In this article, we considered shape elements as pieces of long and contrasted enough level lines. This definition naturally
comes from an analysis of the requirements that shape recognition meets, namely robustness to “small” contrast changes,
robustness to occlusions, and concentration of the information along conteurseions where grey level changes
abruptly). The purpose of this article is to propose a method to compute the Number of False Alarms of a match
between some shape elements, up to a given class of invariance. Computing this quantity is useful because it leads to
an acceptance/rejection threshold for partial shape matching. The proposed decision rule is to keep in consideration the
matches with an NFA lower thah(or 10~ if we are concerned with “surer” detections). This automatically yields a
distance threshold that depends on both the database and the query.

Of course, dealing only with pieces of level lines is not enough to decide whether an object is present or not in a given
image. Nevertheless, object edges coincide well with pieces of level lines, so that it is worth taking them into account. A
further step should thus combine the matches, by taking account of their spatial coherence. Indeed, as we can see in the
experiments we have presented, false matdhesifatches that do not actually correspond to the same “object”) are not
distributed over the images in a conspicuous way, unlike “good” matches. Each pair of matching shape elements leads
to a unigue transformation between images, which can be represented as a pattern in a transformation space. Hence,
spatially coherent meaningful matches correspond to clusters in the transformation space, and their detection can then
be formulated as a clustering problem. To achieve this task, we have developed an unsupervised clustering algorithm,
still based on am contrariomodel [7]. As noticed on preliminary results [26, 37], combining the spatial information
furnished by matched shape elements strongly reinforces the recognition confidence of the method.
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