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This talk...
1. inclusion-exclusion formulas and their simplifications
2. abstract simplicial complexes and inclusion-exclusion
3. topological space of a graph
4. which topological spaces are we talking about?
5. geometric realization of an abstract simplicial complex
6. nerve complexes and the nerve theorem
7. Delaunay triangulations and Voronoi diagrams
8. proof of the formula for balls
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> Bounded VC dimension, balls in R? [Kratky'78]  [Naiman-Wynn'92]
[Edelsbrunner’95]| [Edelsbrunner-Attali’05]

> halfspaces in RY [Naiman-Wynn'97]

> pseudodisks in R? [Edelsbrunner-Ramos’97]

> orthogonal orthants [Naiman-Wynn'01]

> set systems with sparse Venn diagrams |G-Matousek-Patak-Safernova-Tancer'15]

NB: al k '
(NB: also work on approximate [Linial-Nisan'03] [Kahn-Linial-Samorodnitsky’96]
universal inclusion-exclusion formulas)
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Abstract simplicial complex

© 2 collection of sets that is
closed under taking subsets.

& a " hereditary hypergraph”.

Include undirected graphs

(V.E) < {0} U (Uyey H{u}}) UE

K = {®7{1}7{2}7{3}7{4}7 Z(/::{@7{1}7{2}7{3}7{4}7{172}7
{1,2},{1,3},{1,4}} {1,3},{2,3},{1,2,3}}

P, = all sets S of primes such that Hpesp < k.

}%O:: {®7{2}7{3}7{5}7{7}7{11}7{13}7{17}7{19}7
231,129, 12,3142, 55,42, 71,12, 1,
{2,13},{3,5},{3,7},{2,3,5}}
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Let ' = {ay,a2,...,a,} be a set system.

Let K be some abstract simplicial complex

with vertices {1},{2},...,{n}.

> Pick p € Ul_;a; and let F), = {i:a; > pl.
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(1)
> Always true for every p ¢ U, q;.

The subcomplex of K
induced by F),.

V() 237 (—nllt,

ceK

K induces an IE-formula for F' in the sense of (1)
& for any p € UF, the subcomplex K|F}] has Euler characteristic 1.



Let's associate to every abstract simplicial complex
some topological space that helps analyze its Euler characteristic.
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> start with any graph G = (V, E) with V finite K5 = (V, E) with

> fix some map f: V — R3 such that V=1{1,2,3,4,5}
no four images are coplanar. and
def L= {{172}7{173}7{174}7
>Tar = | U@ ul U conv({f(w). f(0)}) {1,5},{2,3},{2,4}, {2,5},
uwev {uv}eB {3,4},{3,5},{4,5}}.
> The topological space I'; ¢ is independent of f ~ |G|.
For any maps f1, f2, I'q.t, is homeomorphic to I'g ¢, . o)
G is planar & |G| — R?. O
O=Z o

Genus of G = min. g s.t. |G| — T,.

Crossing number of G = min # crossings in a map |G| — R2.
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> our topological spaces are subsets of R?, d < oo,
+ the topology induced by open balls of RY.

> f: X — Y is a homeomorphism iff
f is bijective, and f and f~! are continuous.

> fo: X =Y and f1 : X — Y are homotopic (fy ~ f1)
iff there exist f: X x [0,1] — Y continuous

s.T. f(,O) — fO and f(7 1) — fl-

> X and Y are homotopic spaces iff there exist
mapsg: X - Y and h:Y — X
s.t. hog~idx and go h >~ idy.

> X is contractible if X is homotopic to a point.
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> fix some generic map f : V — R? with d large enough } of the choice of f.
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Abstract simplicial complex K ={0,{1},{2}, {3}, {4},

= a collection of sets that is {1,2},{1,3}, 11, 4}}
closed under taking subsets. K' = {0,{1},{2}, {3}, {4}, {1, 2},

< a "hereditary hypergraph”. th35,42,3, 41, 2,3}

Collect sets
of vertices
forming a
face
Geometric simplicial complex
= a collection of geometric simplices in R? \LO
closed by taking faces, and such that
any two intersect in a common face.
Geometric simplex = convex hull of k < d + 1 o f b
affinely independent points in R?
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Lemma. Let K be an abstract simplicial complex. If
the geometric realization of K is contractible, then

X(K) = > (-1 =1,

oceK

. def
> dimo =

ol —1.

Ingredients...

> simplicial and singular homology, Betti numbers 3;(K)

> X (K) = Bo(K) — B1(K) + B2(K) — ...

> homology is invariant under homotopy.
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N(F) = {0,{1},{2},{3},{1,2},{1,3},{2,3},{1,2,3}}

> Nerves are abstract simplicial complexes.

Theorem. If all subfamilies of F' have empty or
contractible intersections then |N(F')| and UF
are homotopy equivalent.

fasing 18

[Borsuk'48] [Leray]

> Reconstruction methods.

> TOpO'OgiC3| data analysis. https://doc.cgal.org/latest/Manual/tuto_reconstruction.html
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The Delaunay triangulation of P
Is the nerve of the Voronoi
regions of P.

0\

The Delaunay triangulation of n
points in R? can be computed in

@, (n logn + nL%J) time.

P a (finite) point set in R?

Voronoi region of p € P

“ all points of R? closer to D

than to P\ {p}.

Voronoi diagram of P
= partition of R by the Voronoi
regions of the points of P

A simplex over P is Delaunay
& 1t iIs contained in a sphere
enclosing no other point of P.

Delaunay triangulation of P
= triangulation of conv P by the
Delaunay simplices over P.



#7. proof of the formula for balls

Theorem. [Naiman-Wynn'92]
Let F' = {by,ba,...,b,} be a family of equal radius balls in R%. Letting
I' denote the Delaunay triangulation of the balls’ centers, we have

1U?=1 bi — Z(_l)dimalmiea b;

ocTl
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Are there simplified inclusion-exclusion formulas
induced by simplicial complexes of fixed dimension for...

> families of intersections of 2 halfspaces? of a fixed number of halfspaces?

Yes for axis-parallel halfspaces, open in general.

Would imply the same for semi-algebraic sets of constant complexity (Veronese).

> families of sparse Venn diagrams?

> families of fixed VC dimension?

Arbitrary formula: poly-size support is possible but coefficients blow-up.



Thank you for your attention!



By the way... P, = all sets S of primes such that p < k.
y y peS

}%0:: {@,{2}7{3}7{5}7{7}7{11}7{13}7{17}7{19}7
123},{29},{2,3},{2,5},{2,7}, {2, 11},
{2,13},{3,5},{3,7},{2,3,5}}

Prime number theorem < |x(P,)| < en for all € > 0 and sufficiently large n.

Riemann hypothesis < |x(P,)| < nz"¢ for all € > 0 and sufficiently large n.

[Bjorner'12]



