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Motivating problem
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How should cells coordinate?
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Coordination

e We fix a language L C {0, 1}",

® Each position ¢ < n has to choose a value in {0, 1}, so that
they collectively produce any element of L,

e How should cells coordinate their choices?
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Coordination: example

Let
L = {000,001, 100, 111}.
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Coordination: example

Let
L = {000,001, 100, 111}.

Generation procedure

A
B
C
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Coordination: example

Let
L = {000,001, 100, 111}.

Generation procedure
Ty

[L]

A A=z
B B = min(x, y)
C C=y
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Coordination: example

Let
L = {000,001, 100,111}.

Generation procedure

Ty

1]
A [ | A==z
B En B = min(x,y)
C [ | C=y
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Coordination: example
Let

L = {0000,0011,1010,1111}.
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Coordination: example
Let
L = {0000, 0011,1010,1111}.

Generation procedure

zy
L]
A [ | A==z
B ] | B = min(z,y)
C ] ] C' = max(x,y)
D [ | D=
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Coordination: example

Let
L = {0000,0011,1010,1111}.

Generation procedure

[T ] B = min(z, y)
EE C = max(z,y)
[ | D=

OQe

Coordination structure

.
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Language generation
Let f: A™ — B"™.
Definition

The communication complex K; of f is a simplicial
complex:

e Vertex set V = [0,n — 1],

® Aset S CV belongs to Ky if the output cells in S depend
on a common input.
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Language generation
Let f: A™ — B"™.
Definition
The communication complex K; of f is a simplicial
complex:
® Vertex set V =[0,n — 1],
® Aset S CV belongs to Ky if the output cells in S depend
on a common input.

B

e Oe o

A B C A D
C

fi(xay) ::(w,rnin(x,y),y) fé(x7y) ::(agInjn(x,y),nlax(x,y),y)
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Language generation

Definition

A simplicial complex K over [0,n — 1] generates L C B" if
there is a function f : A™ — B"™ such that:

* im(f) =L,

L4 Kf C K.
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Language generation

Definition

A simplicial complex K over [0,n — 1] generates L C B" if
there is a function f : A™ — B™ such that:

® im(f) =1L,
L4 ngK.
B
o—o—o
A B C A"'D
C

Ly = {000,001, 100,111} Ly = {0000, 0011,1010, 1111}

6/32



Language generation

Definition

A simplicial complex K over [0,n — 1] generates L C B" if
there is a function f : A™ — B™ such that:

* im(f) =L,

L4 Kf C K.

General goal

Given a language L, what are the (minimal) complexes
generating L7

B

*—0o0—0

A B C A D
C

Ly = {000,001, 100,111} Ly = {0000,0011,1010, 1111}
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Language generation: simple examples

o Let L= {0,1}".
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® Let L = {0,1}". The only minimal complex is made of
vertices:
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Language generation: simple examples

® Let L = {0,1}". The only minimal complex is made of
vertices:
e --- 00

o Let L = {07, 1}.
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Language generation: simple examples

® Let L = {0,1}". The only minimal complex is made of
vertices:

e Let L = {0",1"}. The only minimal complex is the full
complex:
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Language generation: simple examples
® Let L = {0¥1"%:0 < k < n} (non-decreasing sequences).
The only complex is the full complex.
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The only complex is the full complex.

Assume otherwise: there is a function with this dependency

relation:
zy z t
A HER
BN NN
cilm N
DEEN
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Language generation: simple examples
® Let L ={0¥1"%:0 <k <n} (non-decreasing sequences).
The only complex is the full complex.

Assume otherwise: there is a function with this dependency

relation:
zy z t
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Language generation: simple examples
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Language generation: simple examples
® Let L ={0¥1"%:0 <k <n} (non-decreasing sequences).
The only complex is the full complex.

Assume otherwise: there is a function with this dependency

relation:

zy z t

f(xlaylvzlatl) 1111 A ...

= A(z1,y1,21,11) =1 B:.-:

c
— A( yl,zl,tl) 1 D...
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Language generation: simple examples
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Language generation: simple examples
® Let L ={0¥1"%:0 <k <n} (non-decreasing sequences).
The only complex is the full complex.

Assume otherwise: there is a function with this dependency

relation:

zy z t

(w191, 21, 0) = 1111 A HER

= A(x1,y1,21,t1) =1 g:.‘:
= A(_,y1,21,t1) =1 S TT
= B(_,y1,21,t1) =1

(., ,z21,t1)=1

(., ,z21,t1)=1

(., , ,t1)=1
D(_,_,_,t1)=1
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Language generation: simple examples
® Let L ={0¥1"%:0 <k <n} (non-decreasing sequences).
The only complex is the full complex.

Assume otherwise: there is a function with this dependency

relation:
xy z t
(w191, 21, 0) = 1111 A HER
= A(x1,y1,21,t1) =1 g:.‘:
= A(_,y1,21,t1) =1 PEEE
= B(_,y1,21,t1) =1
(., ,z21,t1)=1
(., ,z21,t1)=1
= C(_, , ,t1)=1
= D(_, , ,t1)=1
= D(, , , )=1
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Language generation: simple examples
o et L= {Okln_k :0 < k <n} (non-decreasing sequences).
The only complex is the full complex.

Assume otherwise: there is a function with this dependency

relation:
xy z t

f(Ila?Jl,Zl,tl) 1111 A ...

= A(z1,y1,21,t1) =1 B=..=
c

—— A( yl,zl,tl) 1 D...
- B( yl,zl,tl) 1

B( z1,t1) =1

C( Zl,tl) =1
— 0(777777151) =1
= D(L,_,_t)=1 But D can take value 0:
== D(_, ,_ , )=1 contradiction! O
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Simple languages
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At most one occurrence of 1

Let LSI = {w S {O,l}n : ”LU|1 < 1}
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At most one occurrence of 1

Let LSI = {w S {O,l}n : ”LU|1 < 1}
® Any pair of distinct positions ¢, j are correlated, so K
contains the complete graph,

® Local rule over the complete graph: unanimity vote

RV RV~

T — —> T —
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At most one occurrence of 1

Let LSI = {w S {O,l}n : ”LU|1 < 1}
® Any pair of distinct positions ¢, j are correlated, so K
contains the complete graph,

® Local rule over the complete graph: unanimity vote

RV RV~

T — —> T —

Answer

The only minimal complex generating L<; is the complete
graph.
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At least one occurrence of 1

Let L21 = {U) S {0, 1}n : ]w|1 > 1}

11/32



At least one occurrence of 1
Let L21 = {w S {O, 1}” : ]w|1 > 1}

e [ is irreducible: it cannot be expressed as L = Ly X Lo.
Therefore, K is connected.
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At least one occurrence of 1

Let L21 = {U) S {O,l}n : |w|1 > 1}
e [ is irreducible: it cannot be expressed as L = Ly X Lo.
Therefore, K is connected.

® Local rule over any tree:

U; u u 1 z

where u,v,... € L>1
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At least one occurrence of 1

Let L21 = {U} S {0, 1}n : ]w|1 > 1}
e [ is irreducible: it cannot be expressed as L = Ly X Lo.
Therefore, K is connected.

® Local rule over any tree:

U; Uu u 1 z

where u,v,... € L>1

Answer

The minimal complexes generating L>; are the trees.
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At least k occurrences of 1
Let L>g = {w € {0,1}" : |w|; > k}.

12 /32



At least k occurrences of 1
Let L>g = {w € {0,1}" : |w|; > k}.

Answer

The minimal complexes generating L are the minimal
k-connected graphs.

k-connected = still connected when removing k£ — 1 vertices.

(a) 2-connected (b) 3-connected (c) 4-connected
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At least k occurrences of 1
Let Ly, = {w € {0,1}": |w|y > k}.
Answer
The minimal complexes generating L are the minimal

k-connected graphs.

k-connected = still connected when removing k£ — 1 vertices.

(a) 2-connected (b) 3-connected (c) 4-connected

¢ Erasing k — 1 symbols, we get L>1 (of length n — (k —1)).
It is irreducible, so the remaining complex is connected.
® [ocal rule over a k-connected graph: the same as for k = 1.
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Upwards closed languages

Endow {0, 1}" with the componentwise order, and let L be
upwards closed.

Answer

The minimal complexes generating L are the
minimal L-connected graphs.

L-connected = still connected when removing the
vertices {7 : w; = 1} for any maximal string w ¢ L.

13 /32



One occurrence of 1
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One occurrence of 1
Let L ={w € {0,1}" : |w|; = 1}.
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One occurrence of 1
Let L = {w € {0,1}" : |w|; = 1}.

Theorem

The complex Cone(K,,_1) is minimal generating L.
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One occurrence of 1
Let L ={w € {0,1}" : |w|; = 1}.
Theorem

The complex Cone(K,,_1) is minimal generating L.

Cone(Kp_1):

e Start from the complete graph K, over n — 1 vertices,

=N\ =
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()ne occurrence Ofl
Let L ={w € {0,1}" : |w|; = 1}.
Theorem

The complex Cone(K,,_1) is minimal generating L.

Cone(K,,—1):

e Start from the complete graph K, over n — 1 vertices,

® Add a vertex v and a triangle joining v to each edge
of Kn—l-
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()ne occurrence Ofl
Let L ={w € {0,1}" : |w|; = 1}.
Theorem

The complex Cone(K,,_1) is minimal generating L.

Procedure:

® The n — 1 vertices produce at most one occurrence of 1,

® v sees everything and chooses its value accordingly.
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One occurrence of 1: minimality

Assume that the hollow triangle generates Lz = {100,010, 001}:
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One occurrence of 1: minimality

Assume that the hollow triangle generates Lz = {100,010, 001}:
0
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One occurrence of 1: minimality

Assume that the hollow triangle generates Lz = {100,010, 001}:

Contradiction: 000 ¢ Ls.
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One occurrence of 1: minimality

Proposition

Let n > 3. Every pair {i,j} belongs to a triangle.
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One occurrence of 1: minimality

Proposition
Let n > 3. Every pair {i,j} belongs to a triangle.
Consider the surjective function g : U,, — Us:

a = Ty,

g(z) = abe, where < b= x;,
c=max{x: k& {i,j}}.
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One occurrence of 1: minimality
Proposition
Let n > 3. Every pair {i,j} belongs to a triangle.
Consider the surjective function g : U,, — Us:
a =,

g(z) = abe, where < b= x;,
c=max{x: k& {i,j}}.

If L, is generated by: then L3 is generated by:

c

a b
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One occurrence of 1: minimality

Proposition

Let n > 3. Every pair {i,j} belongs to a triangle.

Minimality of Cone(K,—1):

Each edge in K,,_1 belongs to a single triangle, which therefore
cannot be removed.
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One occurrence of 1

For n = 3,4,5, Cone(K,_1) are the only minimal complexes
generating L.

Open question
What about n > 67
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Monotonic sequences
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Monotonic sequences

Let
Mon,, = {000. .. 000,
000...001,
000...011,
011...111,
111...111,
111...110,
111...100,
100...000}
Symmetries:
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Monotonic sequences
Let

Mon,, = {000. .
000..
000..
011...
111...

111...
111...

100..

Symmetries:

.000,
.001,
011,

111,
111,
110,
100,

.000}

® Reflection: xoz1...Tp_1 — Tp_1...2T1X0,
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Monotonic sequences

Let
Mon,, = {000. .. 000,
000...001,
000...011,
011...111,
111...111,
111...110,
111...100,
100...000}
Symmetries:

® Reflection: xoz1...Tp_1 — Tp_1...2T1X0,
® Rotation: xzgxi...Tpn_1 —> X1...THn_170-

20/ 32



Monotonic sequences

® Two positions 7 # j can be filled independently,
® So there is a generating function on this complex:
ry
L ]|
A |
HE
HE i
j N
HE
L]
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Monotonic sequences

® Two positions 7 # j can be filled independently,
® So there is a generating function on this complex:
ry
L ]|
A |
HE
HE i
j N
HE
L]

Proposition

It is minimal.
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Monotonic sequences

For n = 3,4, those are the only minimal complexes.
For n = 5, a new one appears.

22 /32



Monotonic sequences

There is a correction function f : {0,1}> — {0,1}°.
It uses the local correction function maj : {0,1}% — {0, 1}.
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Monotonic sequences

There is a correction function f : {0,1}% — {0, 1}°.
It uses the local correction function maj : {0,1}% — {0, 1}.

First attempt

abcde A =maj(e, a,b)
ANN u B =maj(a,b,c)
L L C' =maj(b,c,d)
C HEE C e
D EEE D = maj(c,d,e)
El [ | E =maj(d,e,a)
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Monotonic sequences

There is a correction function f : {0,1}% — {0, 1}°.
It uses the local correction function maj : {0,1}% — {0, 1}.

Second attempt

abcde A= maJ(E )
ANN o B =maj(A,b,c)
rEEE W O it
C HEE -

DPH WEB D = maj(c,d, E)
El [ | E =maj(d,e,a)
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Monotonic sequences

There is a correction function f : {0,1}% — {0, 1}°.
It uses the local correction function maj : {0,1}% — {0, 1}.

Second attempt

abcde A =maj(e,a,b)
ANN o B =maj(A,b,c)
pEEE N O it
DPH WEB D =maj(c,d, E)
El HHE E = maj(d, e, a)

This complex is minimal generating Mons.
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Monotonic sequences

This complex is minimal generating Mony:

abdfyg A =maj(g,a,b)
ARN | B =maj(A,b,d)
SHEN N C =maj(a,b, D)
P D = maj(b,d, f)
E HEER E=maj(D, f.g)
FH HER F'=maj(d, f,G)
¢l HBE G = maj(f,g,a)
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Monotonic sequences

This complex is minimal generating Mong:

a bcdef gh
ANEENR L]
2 1] ] ]
CHHEEENER
DEANEENER
E EEEEER
F EEEEENR
GENm EEEN
HE®N EEEN
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Monotonic sequences: a pattern?

EE B == :

B 1 EEE B g

T 1T EEEE =

=T EEE EEE =

T E EE EEEE -

N E = = smm NN
E EE

n>2 n=>, H BER

n="17

S
Il
o0
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Monotonic sequences: a pattern?

s = J9 =
| HE EEE B EEE
[ J | EER EEER EEE
[ ] | EER EER EEE
[ ] | H ER EEER EEE

[ | [ | [ | H EER E BN
| [ ] |
n > 2 n==>5 H HER
n=T n==8§
Theorem

Let K be a minimal complex generating Mon,,. The mazimal
sitmplices of K are intervals.
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Monotonic sequences: intervals

Assume that some maximal
simplex is not an interval:

r Yy 2t
AN B
BW
¢ mn
D HEn
El HBE
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Monotonic sequences: intervals

Assume that some maximal A proper subcomplex
simplex is not an interval: generates Mon,,:
Ty z t T Yy 2 t
AR N | =
BN BN
¢ Wi ¢ m N
D HENl D B WHN
EM NN EN HE
Fam B | |
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Monotonic sequences: intervals

Assume that some maximal A proper subcomplex
simplex is not an interval: generates Mon,,:
Ty z t T Yy 2 t
AR N | =
B@ B@
¢ Hn ¢ m N
D HENl D B WHN
EM NN EN HE
Al N | |

Key observation

If w|(p g) and w[jg, gy are monotonic, then so is w.
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Monotonic sequences: intervals

A minimal complex generating Mon,, always looks like:

h

h
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Monotonic sequences: intervals

A minimal complex generating Mon,, always looks like:

h

h

Can we say more?
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Monotonic sequences: interval length

Let p(n) be the minimal & such that Mon,, is generated by a
complex whose intervals all have lengths < k.

4 s [5]

Theorem
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Monotonic sequences: interval length
Upper bound: p(n) < {?’Tn]
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Monotonic sequences: interval length
Upper bound: p(n) < {%‘]

EE N
EE N O
EEE 11
EEE EEE
EEE EEE
EEE EEN Etc.
H NN EEE
E EN E NN
- E EN
E EN

n =12
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Lower bound: 3"4+ 1

< p(n).

Lemma 0.1, Assume that f gencrates Mon,, and Ky contains no k-interval. Let b =
2An—k). For2k—n—1<j < k-1, there erists 5 such that fo(y) =0 and

dom(v) = W([0.) UWy ([ + 1.b+j +1]).

o, o lghten the notatons, we drop the subserpt

iy B snienont

I that 1) = 0 and domy) = W, ati)U

Wlla 54 100 11, This more goncrl satement will b 1scd 8 ndt

bypothesis

For j = 2k—n—1, the result s a direct application of Theor

WO 1) UW([ + L.a]). and indeed b+ +1=n (and the ves
ry).

Wy We proe the el
wore generally that

7. giving dom (s,
fon for any a bolds by

e the result for j satisfying 2% —n — 1 < j < k — 1 and prove it for j + 1.
p — k and

L =[0,4] Li=[+Lb+j+1]

Jo=[watj] Si=fatjtlatbs 1]

Leta

From the induction hypothesis, there exist partial inputs a and 4 such that
W(la) UW(L),
0 on dom(8) = W(Jo) UW(J1).

o fo(a) =0 and dom(a)

o fal
Claim 1. The dom
The intersect

of a and 3 are disjoint.
of these domains is

dom(a) 0 dom(8) = W(ly U Jo) UW(To UT,) UW(TL U J1) UW(E: UTy)

an interval of length at

We prove that it is empty by showing that each wnion I, UJ,
least

We check that Io £ Jo 2Ty £ Iy £ To (illustrated in Figure 77). Tndecd, each pair
of cnssntiv inervals cn bo cpresed s 5,31 Iy <y<:<t<atn
(Lemua 77), Ay the (see A after Lemma 77):

00— o — j+l — atjtl — n

J—ati—btitl—atbijtl —sntj
These inequalities all follow from:
k<n
Z’-m-1<j<k-l
2041 <3k

Therefore, the consec mions of intervals are intervals:

© LUTo = [0.a+ j] has sizeat j+1€ [kn),

Monotonic sequences: interval length
The dark side of the proof

o TUTy = [a,b4+ j+1] hassie b+j+2—a€ [k n],
j+La+bj+1] has size a+ b+ 1€ k],
“ kel

eLud

© LUTg=fatj+ Ln+ ] bas size n

s et K docs not contain L U, which means that WL, U D) i cnpt
Therefore, a and 3 have disjoint domains and the claim is pr
“Thiscim implic that 0 ] e compatile, 0 e can ool Len
0 wher

n—1& [a.0]. One has fi(5

1?2 Lot c=

7= alwgean U i)

The interval [a, ] hassize c+1—a = n—a = k 0 W([a, c]) is empty. Therefore, 7 =
alwie op has domain
dom() = dom(a) NW([e,0])
= (M10.3]) UW(L + 1,6+ +11)) nW([e,0])
= W~ 1) UW( +1,b+  +1])

d o, implying
([0, +1]) U
o

try, we can apply the circular permutation = — 7 + 1 n
that there exists a partial input & such that fo(8) = 0 and dom(s)
WL +2, b+ +2]) which proves the induction step.

Proof. Let

k.20~ ]

We apply Lemma 0.1 to j = k — 1, giving 7 such that fy(y om ()
WO~ O, 20 H]). o [0,k — 1] hassize k, W(0, % — 1]) .m..m pmlmn(y'
Wi,
Let
Jo=[2k—n,0]

Ji=[0.2k—n—1]=[0.2k-1]

By Theore here exists @ such that fo(a) = 1 and dom(a) = W[2k — n,n]) U
WO, 2% — n ~ 1]) = W(Io) U

We show that o and 7 have disjs int dom: One. Inm Jo £1Z Dy, I)@o«uw the
endpoits of these intervals satisy i by the followi

%on—s k — n

v Sk ko
which all follow from k < n and 3% > 2n + 1. Therefore,
© JoUT = [26— .20 — k] has size 3(n— k) + 1 € [k, ]
o TUTL = [k,2% — 1] his size .

Asaresult, @ and 5 have disjoint domains so they are compatible, but they give opposite
valtes t0 0, which is a contradiction. o
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Some open questions

e What are the complexes generating {z € {0,1}" : |z|; = 1}7

® Does this complex generate Mong?

e What are the languages L C A3 generated by A ?
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Reminder
® Let L ={0¥1"%:0 <k <n} (non-decreasing sequences).

The only complex is the full complex.

Assume otherwise: there is a function following this scheme:

xy =zt
A HER
BM BN
Cil =N
DEEN

But D can take value 0: contradiction!

[z, 1,21, 00
= A(x1,y1, 21,1

= A(_,y1, 21,11
B(_
(_
(_
(
(
(

7y17z17t1

)
)
)
)
_,21,t)
)
)
)
_)

Zlatl
atl
atl

111
1
1
1
1
1
1
1
1
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Inference system

Language axioms. For Restriction rule.
every w € L, fp) = q
- ISR
Fow) = w f(plwig) = q
Join rule. If py,ps are
Language rules. If L respects compatible, and ¢, go are
the rule ¢ — r: compatible:
flp)=q flo) =@ f(p2) = @
fp) = forUp2) =1 U

Conflict rule. If p;, ps are compatible, and g1, g2 are
incompatible:
flp) =a1 f(p2) = @2
€
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