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Abstract

Given a language, which in this article is a set of strings of some
fixed length, we study the problem of producing its elements by a
procedure in which each position has its own local rule. We intro-
duce a way of measuring how much communication is needed between
positions. The communication structure is captured by a simplicial
complex whose vertices are the positions and the simplices are the
communication channels between positions. The main problem is then
to identify the simplicial complexes that can be used to generate a
given language. We develop the theory and apply it to a number of
languages.
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1 Introduction

In this article, a language is a set L C Al where A and I are finite sets.
Typically, we will take A = {0,1} and I,, = [0, n—1] for some positive n € N.

Our goal is to generate L by a procedure in which the elements of I
choose values in A in order to form any element of L, and communicate as
little as possible. More precisely, a procedure is a function f : B/ — Al
for some finite sets B, J, and it generates L if its image is L. Each output
cell i € I only reads the values of the input on a subset Wy (i) C J, called
its input window. Communication between elements of I is possible when
their input windows intersect, and our goal is to find procedures in which
input windows intersect as little as possible.

The communication structure of such a function f can be captured by a
simplicial complex over vertex set I, called the communication complex of f
and written K;. For instance, there is an edge between two vertices 4, j € I
if We(i) N Wy(j) # 0, there is a triangle joining i, j, k if We(i) N Wy (j) N
Wy (k) # 0, and so on. One can think of the inputs cells in J as the simplices
of a complex and the output cells as the vertices, reading the values assigned
to their incident simplices. We say that a simplicial complex K generates L
if there is a function f generating L, whose communication complex Ky



is contained in K. Given a language L, we want to identify the minimal
complexes that can generate L.

We introduce the main definitions and study their fundamental proper-
ties. We then identify, for several languages, the minimal simplicial com-
plexes generating those languages. In many cases, it turns out they are
graphs, but sometimes higher-dimensional complexes are necessary. In sev-
eral cases, we are able to characterize the minimal complexes generating the
languages; in other cases, the problem turns out to be more difficult and we
identify some of them but fail to obtain a complete characterization. For
instance, the language of binary strings having exactly one occurrence of 1
belongs to the second category.

The idea of vertices having local rules determining their values or state
depending on the values of their neighborhoods is similar in spirit to what
happens in cellular automata [Kar05], non-uniform cellular automata [DFP12],
or automata networks [GM90, Gad19, GGPT21]. However, in our case the
input values are not placed on the vertices, but on the edges or more general
simplices. More importantly, those models are usually studied as dynamical
systems evolving over time, but we do not allow any form of iteration: the
function is to be applied once, so information cannot circulate by successive
applications of the rules. In particular, two vertices that are not directly
connected by an edge cannot communicate at all, even if they are joined by
a path. We also observe that in the theory of automata networks, the input
and output cells belong to the same set and the binary relation reflecting
the dependency between them is captured by the interaction graph [Gad19];
this graph can be translated in our setting by a simplicial complex whose
vertices are the output cells and the simplices are input cells, and a vertex
depends on a simplex if it belong to it.

The problem of producing sequences respecting global specifications by
local computations is very classical in distributed computing, and has been
investigated via many different graph-based models: distributed reactive
systems [PR90], distributed networks [NS95], distributed graph automata
[Reil5], distributed environments [FG18]. Simplicial complexes are also used
in the study of distributed algorithms via combinatorial topology [HS99,
HKR13]. The problem of language generation can be expressed in that
framework, but the task that we consider is unusual in distributed computing
and it is not clear whether the techniques developed in this area can help
solving our problem. We discuss this point in Section 5.

The article [FH25] also explores the idea of generating a language with
restrictions on the access that output cells have on the input cells. However,
the restrictions studied in [FH25] are not directly about the communication



between the output cells, but on the maximal number of input cells that are
visible by each one of them. Although these two types of restrictions do have
an impact on each other, their precise relationship is not straightforward.

In Section 2, we introduce the main concepts and prove their structural
properties. In Section 3 we study several families of languages and obtain
in each case a characterization of the minimal complexes generating them.
In Section 4, we study two families of languages whose analysis turns out
to be more difficult and present partial results. In Section 5 we discuss
how the language generation problem can be translated in the framework of
distributed computing via combinatorial topology. We conclude in Section
6 with possible future directions.

2 Generation of a language

In this section we introduce the main concepts of the article.

We start with a few notations. Let A, be two sets. If x € AT and i € I,
then we denote x(i) by z;. If W C I and x € A, x|y € AW is the restriction
of z to W. For n € N, let I,, = [0,n — 1]. We will usually denote A" by A™.

2.1 Visibility

Let A, B and I, J be finite sets and f : B/ — Al be a function. The elements
of I will be called the output cells, and the elements of J the input cells.
The evaluation of f should be thought as follows: each output cell observes
the content of some input cells and applies a local rule to determine its
content. We write f;(x) for f(x);.

The following notion captures the idea that an output cell may only
have a partial view on the input, as through a window. It appears in several
places with different names, for instance [Gad19, FH25].

Definition 2.1 (Input windows). Let f : B/ — Al. To each i € I we
associate its input window W¢(i), which is the smallest subset W of J
such that for all z,y € B’ if x|y = y|w, then fi(x) = fi(y).

Proposition 2.1. This notion is well-defined, i.e. there is indeed a smallest
such set W.

Proof. There are finitely many sets W satisfying the condition that x|y =
ylw implies f;(z) = fi(y). Let Wy, ..., W), be an enumeration of these sets,
and let W (i) be their intersection. Let x,y coincide on Wy(i). We can build
a sequence of inputs x = g, 21,...,7,41 = y such that for each j < k, x;
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and xj41 coincide on Wj, implying that fi(x) = fi(zo) = ... = fi(zk+1) =
fi(y). One simply let x4 coincide with  on Wy N ... N W; and with y
elsewhere. The final string x4 coincides with x hence with y on Wg(i),
and with y elsewhere, so 11 = y. O

It will also be useful to adopt the viewpoint of an input cell and identify
the output cells that can see it.

Definition 2.2 (Dual windows). Let f : B/ — Al. We define the dual
window of j € J as

WI(G) ={i e I:j5eW(i)}.
The visibility diagram of f is the relation
{(.5) 5 €eWs@)} ={Gi,j) i e WG} S I x .
It will be be depicted as in Figure 1, where a square in column 7 and row j
indicates that j € Wy(i), i.e. that ¢ has access to the content of j, or equiva-
lently that i € W/ (4), i.e. that j is visible by i. In network automata, there
is no distinction between input and output cells and the visibility diagram
is represented as a graph, called the interaction graph [Gad19]. In our set-

ting, it can be seen as a bipartite graph, but the representation as a boolean
matrix is more readable.

Ezample 2.1. Let f : {0, 1}{ebedt 10 1HABCY be defined by
f(a,b,¢,d) = (a x b,b x ¢,cxd).

Its visibility diagram is shown in Figure 1 and summarizes the following
information:

Wi(4) ={a.b}  W/(a) = {4}

Wi(B) = {b,e} W/ (b) = {4,B)

WH(C) = {e;d}  W!(c) = {B,C}
Wy (d) = {0}

It is convenient to introduce the following notation.

Definition 2.3. For S C I, let
Wi (S) = () Wy (i)
1€S
={jeJ:sSW(j}.
Intuitively, W¢(S) is the set of input cells that are visible by all the
output cells in S. The fact that Wy (S) is non-empty can be interpreted as

the possibility, for all the output cells in S, to communicate all together in
order to choose their contents.



ab cd

ANN
B HN
C ]

Figure 1: The visibility diagram of f : {0, 1}{®bedt 5 (0, 1}{4.B.C}

2.2 Communication complex

When an input cell is read by several output cells, it allows these ones to
communicate in order to choose their content. We introduce an object that
captures this communication structure.

We first recall the classical notion of simplicial complex and refer to
[Koz07] for more information.

Definition 2.4 (Simplicial complex). A simplicial complex (or complex)
over a set I is a collection K of subsets of I which is downwards closed:
if SCT and T € K, then S € K. The elements of K are called simplices.

A simplicial complex is entirely determined by its maximal simplices.
We will often abuse notation and write K = {Sp,..., Sk} where the S;’s
are its maximal simplices: it should be understood that K is the simplicial
complex induced by the S;’s, i.e. the collection of subsets of the .5;’s.

One may think of a simplicial complex as a hypergraph, where the ele-
ments of I are the vertices, the pairs are the edges and the larger simplices
are hyperedges.

We then arrive at the two most important definitions of the article.

Definition 2.5 (Communication complex). To a function f: B’ — Al we
associate its communication complex K, which is the simplicial complex
over I defined for S C I by:

SeKp < We(S) = Wri) # 0.
1€S
It is indeed a simplicial complex: if S € Ky and T'C S, then T' € K.
Definition 2.6 (Language generation). Let L C A!. We say that a func-
tion f : B/ — Al generates L if im(f) = L, and that a simplicial com-

plex K over I generates L if there exists a function f generating L such
that K; C K.



Of course, if K C K’ and K generates L, then so does K’. Therefore,
our main goal will be to identify the minimal complexes generating a given
language L, where minimal is understood in the sense of inclusion between
complexes.

Remark 2.1 (The trivial generation procedure). For any L C A, the full
complex K = {I} always generates L because all the cells can collectively
agree on the element of L to be produced. Formally, let B = L, J = {0}
and f: L7 — Al be the “identity”: its input is an element z € L = L, and
its output is z € A!. There is a single input cell in J, and all the output
cells read it. Whatever the communication complex Ky is, it is contained
in the full complex.

It will sometimes be convenient to express the communication complex
of f using its dual windows.

Proposition 2.2 (Communication complex via dual windows). Let f :
B’ — Al Its communication complex Ky is the simplicial complex induced
by the dual windows of f, i.e. for every set S C I,

SeK; — FeJSCW().

In particular, every dual window belongs to Ky, and every maximal
simplex of Ky is some dual window.

Proof. Let S C I. One has

SeKp > (W) #0
1€S
— e JSCTW). O

Remark 2.2 (Varying input alphabets). When designing a generation pro-
cedure, it is sometimes convenient to allow different alphabets for the in-
put cells: for every j € J, we choose a finite set B; and consider func-
tions f : [[; Bj — AT, Such a function can always be converted into a
function g : B/ — A! for a sufficiently large alphabet B, generating the
same language and whose communication complex is the same as the one

that could be defined for f.

Examples. We give a few corner case examples.

Ezample 2.2 (Constant function). Let f: B/ — A be constant (i.e. im(f)
is a singleton). One has W¢(i) = ) and W/ (j) =0 for alli € I and j € J,
and Ky is the empty complex.



Therefore, if L C A’ is a singleton, then the only minimal complex
generating L is the empty complex. Intuitively, no communication is needed
because each output cell has a predetermined constant value.

Ezample 2.3 (Identity function). Let f : AT — Al be the identity, with |A| >
2. For each i € I, one has Wy (i) = W/ (i) = {i}, and K is the complex
made of singletons, i.e. K; is a set of vertices with no edge or higher-order
simplices between them.

The only minimal complex generating the full language L = Al is the
complex made of singletons. Intuitively, no communication between output
cells is needed, but every cell needs to read some varying input to produce
a varying output.

Ezample 2.4 (Constant sequences). Assume that |A| > 2 and let L C Al be
the set of constant sequences. We show that the only complex generating L
is the full complex over I. Let f generate L. As all the functions f; are
equal, W := W;(i) does not depend on i € I. As |A| > 2, each f; is non-
constant so W = W;(i) is non-empty. Therefore, (;c; Wy(i) = W # 0,
so Ky is the full complex.

We will see that most languages are generated by intermediate com-
plexes, sometimes by graphs, sometimes by higher-dimensional complexes.

Our general goal is to identify the family of complexes that generate a
given language, and more precisely the minimal ones. Certain languages
admit a unique minimal generating complex, other languages admit a larger
family of generating complexes.

More generally, we want to relate the properties of a language to the
properties of the complexes generating it. For instance, the connectivity
properties of complexes generating a language gives information on the cor-
relations or dependencies between values that the language puts on positions
in I.

We now develop all the fundamental properties of communication com-
plexes and language generation. Most of them are very natural and simple
to prove, and constitute a toolbox that will be very useful when investigating
particular languages.

2.3 Composition

It frequently happens that a language L can be obtained from another lan-
guage M by applying a surjective function f : M — L. Any generation
procedure for M then induces a generation procedure for L by composition.
We analyze how it transforms the underlying communication complexes.



Definition 2.7 (Image of a complex). Let f : B/ — Al be continuous
and K be a simplicial complex over J. We define the simplicial com-
plex f.(K) over I as the simplicial complex induced by the sets

£:(8) == W)

jes

for all S € K. In other words, a subset of I belongs to f.(K) if and only if
it is contained in one of these sets.

Proposition 2.3 (Image of a language). Let f : BY — Al and g : CH —
B’. One has
Kiog C f4(Ky).

In particular, if a complex K generates a language M C BY, then f.(K)
generates the language f(M) C Al

Proof. Every simplex of K fo, is contained in W/°9(h) for some h € H. One
has W/°9(h) C Ujews ) W/ () which belongs to f.(K,) as W9I(h) belongs
to K.

Therefore, if g generates M and K, C K, then f o g generates f(M)
and Kyog C fi(Ky) C fo(K). O

Projection. A particularly simple operation consisting in projecting a
language on a subset of coordinates. It easily corresponds, on the side of
simplicial complexes, to restricting the complex to a subset of vertices.

For J C I, we define the projection function 7 : A’ — A7, sending z
to z|y. If K is a complex over I, then K|; is the complex over J whose
simplices are the simplices of K that are contained in J.

Corollary 2.1 (Projection). Let L C Al. If K generates L, then K|;
generates my(L).

Proof. Let f = my. One has
, {j} itjed,
W/ (j) =
b) { 0 otherwise.

so f«(S) = SnNJ for S C I. Therefore, f.(K) = K|; generates m;(L) by
Proposition 2.3. O



Canonical generation procedure. We now show that if a complex K
generates a language L, then there exists a generation procedure working
as follows: arbitrary values are assigned to the simplices of K, or just to
its maximal simplices, and each vertex ¢ € I has a local rule that, upon
reading the values of its incident simplices (i.e., the ones that contain i),
determines a value for i. Moreover, one can assume that the values that are
assigned to the simplices are elements of L, and that if a vertex ¢ reads the
same element x in all its incident simplices, then ¢ takes value z;. In other
words, if J = {Sp, ..., Sk_1} is the set of maximal simplices of K, then this
procedure is a function f : L¥ — Al such that for all j € Iy, W/(j) = Sj,
and for all x € L, f(x,...,z) = .

A particularly simple example is when K is a graph: values are assigned
to the edges, and each vertex determines its value depending on the values
of its incident edges.

Proposition 2.4 (Canonical generation procedure). Let L C Al and K
a complex over I generating L. Let B = L and J be the set of mazrimal
simplices of K. There exists a function f : B? — Al generating L, such
that Ky C K and f(z,...,z) =x for allz € L.

Proof. For more clarity, J is an initial segment of N and (.S;) ey is the family
of maximal simplices of K.

We start with some g : C — Al generating L with K, C K, for some
finite sets C' and H. We define ¢ : B/ — CH such that g o ¢ generates L
and Ky, C K.

For each h, WY(h) is contained in some maximal simplex Sj, of K
(Proposition 2.2). For each z € L, there exists z(z) € C!! such that g(z(z)) =
x. We define ¢ : B/ — C as follows: for h € H, let

on(y) = zn(y;,)-

First, gop generates L. One has im(gop) C im(g) = L. For each x € L,
let y; = « for all j. One has p(y) = z(z) so goyp(y) = =. Therefore, im(g) =
L.

Note that W,(h) C {jn}, so if h € W¥(j) then jj, = j. Therefore,

weey e | wo)



As a result, Ky, C K. O

In many cases we will find a much more economical procedure, using a
small input alphabet such as {0, 1}.

2.4 Irreducible components

The connectivity of a complex reflects a simple property of the language it
generates.

Definition 2.8. A language L C A’ is irreducible if there is no non-trivial
partition I = Ip U I; such that L = 7y, (L) x 7, (L).

For instance, the classical operation of concatenating two languages re-
sults in a non-irreducible language.

A simplicial complex K over I is disconnected if there exists a non-
trivial partition I = Iy LI I such that every simplex of K is contained in I
or in I;. Otherwise, it is connected.

Proposition 2.5 (Irreducible vs connected). A language L is irreducible if
and only if every complex generating L is connected.

Proof. Assume that a disconnected complex K generates L. Let [ = IoU 14
be a non-trivial partition such that every simplex of K is contained in I
or I;. Let f: B/ — Al be a generation procedure with Ky C K. Note
that if ig € Iy and 41 € Ir, then Wy(ig) N Wy(i1) = 0. We show that L =
71, (L) x 71, (L). Let yo € 77,(L) and y; € m(L), and let xg, 71 € B’ be
such that f(z0)|;, = yo and f(z1)|, = v1. Let © € B’ coincide with z
on U;eq, Wr(i) and with 21 on e, Wy(i). It is well-defined as these two
sets do not intersect. One has f(z)|r, = yo and f(z)|, = y1, and f(x) € L.
We have shown that L = 7y, (L) X 7, (L), so L is not irreducible.
Conversely, assume that L is not irreducible, i.e. there exists a non-trivial
partition I = Iy U Iy such that L = 77, (L) x 7y, (L). Let fo : B% — Al
and f; : B/t — Al be functions generating m7,(L) and 77, (L) respec-
tively (we can indeed assume that they have the same input alphabet B).
Let f : B% x B/* — Al be defined by f(xo,z1)i = fo(zo)s if i € Io,
and f(zg,z1); = fi(x1); if i € I;. We can see the input space of f as B/t
The communication complex of f is the disjoint union of the communication
complexes of fy and f1, and is disconnected. O

The proof shows that a partition of I witnesses the reducibility of L if
and only if it disconnects some complex generating L.
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Corollary 2.2. Let I = Ig ... U I and for each i € [0,k], let L; C Ali
be irreducible, and L = Lo X ... X L. A simplicial complex K is minimal
generating L if and only if K = Ko U ... U K} where for each j <k, K; is
a complex over I; which is minimal generating L;.

Proof. In the second part of the proof of Proposition 2.5, one could start
with any generation procedure g for L and use fo = 7,09 and fi =7, 09
to generate the two projections of L. The complexes Ky, and Ky, are then
obtained from K, by keeping the simplices of K, that are contained in I
and I; respectively. The final complex Ky, which is the disjoint union of Ky,
and Ky, is therefore contained in K,. It shows in particular that if K is
minimal generating L, then K; = K, which is therefore already disconnected
via the partition I = Iy I7.

Iterating this argument, a minimal complex generating L must be dis-
connected along the partition [ = Iy LUl... 1 [.

Conversely, if each K is minimal generating L;, then K generates L.
If K’ C K generates L, then its restriction to I; generates L; so it equals K.
Therefore, K’ = K, showing that K is minimal generating L. O

Every language L C Al can be uniquely factored as a product of ir-
reducible components. In order to understand how to generate L, it is
sufficient to understand how to generate its irreducible components.

2.5 Symmetries

In this section, we make precise the intuitive idea that some of the sym-
metries of a language induce symmetries on the family of its generating
complexes.

Let G be a group acting on I. This action induces an action of G on A’:

(9-7)i=wx41, for g€ G and x € Al

We say that a language L C A’ is G-invariant if for allw € L and g € G,
one has g-w € L.

Proposition 2.6 (Symmetries). Let G be a group acting on I and L C A’ be
a G-invariant language. If a complex K generates L, then g- K generates L,
where

g-K={g-5:SeK}={{g-i:ieS}:Se€K}.

Proof. 1t is a direct consequence of Proposition 2.3. Indeed, for each g € G,
the function f : AT — A’ mapping = to ¢ -z has the property that W/ (i) =
{g-i}. If K generates L, then f,(K) = g- K generates f(L) = L. O

12



If L is G-invariant, then it is not necessarily the case that every complex
generating L, or every minimal complex generating L, is G-invariant. For
instance, if G is the whole group of permutations of I, then all the elements
of I play the same role w.r.t. L, but it may be necessary to break this
symmetry to design a generation procedure with little communication. We
give such an example.

Ezample 2.5 (Symmetry breaking). Let Card<; C {0,1}! be the language
of sequences having at most one occurrence of 1. It is symmetric in the
maximal possible way, because it is invariant under the action of the whole
group of permutations of I. However, we will see in Corollary 3.3 that the
minimal complexes generating Card<; are the trees spanning /. As predicted
by Proposition 2.6, the class of trees is indeed invariant by permutations, but
each individual tree is asymmetric because it both has leaves and internal
nodes (unless |I| < 2).

2.6 Realizing a complex

Certain languages admit many different generation procedures relying on
different ways of communicating. For other languages, there is only one
way, i.e. one minimal complex generating these languages.

We show that for every complex K, there exists a language L such that K
is the only minimal complex generating L.

Proposition 2.7. Let K be a simplicial complex over the finite set I. There
exists a finite set A and a language L C Al such that the complexes gener-
ating L are the complexes containing K.

Proof. For i € 1, let K (i) be the set of simplices of K containing i. Let A =
{0,1}¥ be the set of assignments of boolean values to the simplices of K.
If h e Aand i € I, then let h; € A coincide with h on K (i) and have value 0
elsewhere (h; is essentially the restriction of h to K(i)), and let z, : [ — A
map 4 to h;. The sought language is L = {z}, : h € A} C AL,

Let f:{0,1}® — Al be the function sending h to zj,. It is surjective by
definition of L (and continuous because K is finite). We prove that K; = K
by showing Wy (i) = K (i) for each i € I. Observe that f;j(h) = xp(i) = h;.
If h and ' coincide on K (i), then f;(h) = h; = h} = f;(h'), so Wy (i) C K (i).
For the other inclusion, let S € K (i), and let h, h’ coincide everywhere except
at S. As S € K(i), h; # I} so fi(h) # fi(h'). Therefore, S € W¢(3).

Therefore, if S C I, then (,cg Wy (i) is non-empty if and only if there
exists a simplex in K containing .S, which is equivalent to S € K.

Conversely, let us show that every complex generating L contains K.

13



Fix some S € K and let g : A — {0,1}! be defined by g;(z) = x(7)(S5).
As g;(x) is defined from x(i) and can take any binary value, one has W (i) =
{i} so W9(i) = {i} and for any complex K', g.(K') = K.

The language g(L) C {0, 1}/ is the set of functions that are constant on S
and constantly 0 outside S. By Example 2.4, a complex generates g(L) if and
only if it contains S. If a complex K’ generates L, then g.(K') generates g(L)
5o g«(K') contains S. As g«(K') = K’', K’ contains S. As this is true for
any S € K, K’ contains K. O

2.7 The join

A simple strategy to generate a language L C A is to first generate a
projection of L on a set J C I, and then let the remaining elements in J \ 1
extend the result. The complex generating L using this strategy can be
simply expressed in terms of the complex generating its projection, using
the join operator.

Let Ky, K1 be two complexes on disjoint vertex sets Iy, I; respectively.
Their join Kyx K7 is the complex over I = IylLII; whose simplices are SyLIS1,
with Sy € Ko and S1 € K (see [Koz07]).

Ezample 2.6. If K is a complex over I and a ¢ I, then {a} x K is the
complex over {a} LI whose maximal simplices are obtained by adding a to
the maximal simplices of K (it is usually called the cone of K).

Ezample 2.7. Let K be a complex over I and let a,b ¢ I be distinct.
Let {{a},{b}} be the complex made of two vertices and no edge. The
complex {{a},{b}}x K is the complex whose maximal simplices are {a} LI S
and {b} U S, for every maximal simplex S of K (it is usually called the
suspension of K).

We denote by Ay the full complex with vertices in I.

Proposition 2.8. Let L C Al and J C I. If a complexr K generates m;(L),
then Ap\ yx K generates L.

Proof. Intuitively, the output cells in J keep the same generation procedure
to produce an element y of 7;(L), and the other output cells have access to
the entire input and collectively choose the extension of y to be produced.

More precisely, let f : C? — A7 be a function generating 7;(L),
with Ky C K. We can assume that |[C| > |L|. We pick a function g :
C x C" — Al such that for each z € C*, {g(c,z) : ¢ € C} is the set
of elements of L extending f(x). We can reformulate the input space of g
as ClVH with o ¢ H.
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We show that Ky C Ap j* K, which means that for every simplex S €
K,, SNJ € K. Observe that an output cell i € J does not need access
to the value of a, because g(c,x); = f(z); does not depend on c. In other
words, one has Wy (i) = Wy(i) for i € J. If S € Ky, then (,cg~; Wy(i) =
Nies Wq(i) # 0, therefore SN J € K, ie. S € Apy* K. O

We state two particular cases.

Corollary 2.3. Let L C A, i€ I and J = I\ {i}. If K generates (L),
then {i} x {K} generates L.

Proof. By Proposition 2.8, Ap ;x K generates L, and Ap ; is {i}. O

Given a language L C Al we say that two cells i, j € I are independent
w.r.t. Lif w21 (L) = 7y (L) x w53 (L), i.e. if the contents of i and j can be
chosen independently of each other. In other words, it means that 7T{i7j}(L)
is not irreducible. Intuitively, if 7,7 are independent, then they do not
need to communicate directly in a generation procedure and indeed, it is
reflected by the existence of a complex generating L that does not contain
the edge {1, j}.

Corollary 2.4. Let i,5 € I be distinct. The two cells i,j are independent
w.r.t. L if and only if L is generated by {I\{i}, I\{j}}, which is the complex
made of all the simplices that do not contain {i,j}.

Proof. Let J = {i,j}. If i, are independent, then the complex {{i},{j}}
generates (L), so Ap ;53 %{{i},{j}} generates L by Proposition 2.8. The
maximal simplices of that complex are I\ {i} and I\ {j}.

Conversely, if that complex generates L then its restriction to {i,j}
generates 7; ;1(L). The restriction of the complex is {{i},{j}}, which is
disconnected, so 7y; ;3 (L) = 7 (L) X 751 (L) (Proposition 2.5). O

However, in that case, it may happen that some minimal complex gen-
erating L contains the edge {i,j} (see for instance the language of even
sequences in Section 3.1 below).

3 Simple languages

We now examine many particular languages, which are all binary, i.e. subsets
of {0,1}" for some n € N.
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3.1 Even number of 1’s

Let Ev; C {0,1} be the set of strings containing an even number of 1’s (we
call them even strings). Note that Ev; is invariant under the action of the
whole group of permutations of I, so the family of complexes generating Ev;
is closed under permutations of the vertices.

Proposition 3.1. A complex generates Evy iff it is connected. Therefore,
the minimal complexes generating Evy are the trees spanning I.

Proof. Note that Ev; is irreducible: for any J C I, m;(Evy) = {0,1} so for
any non-trivial partition I = Iy U Iy, 75, (Evy) x 77, (Evy) = {0,1} # Evy.
Therefore, every complex generating Evy must be connected by Proposition
2.5.

Conversely, every connected complex contains a spanning tree, so it is
sufficient to show that every spanning tree generates Evy. Let T be such
a tree and consider the following local rule upon a binary assignment to
its edges: each vertex is assigned the sum modulo 2 of the weights of its
incident edges. This procedure indeed generates even strings, because the
sum of the weights of the vertices is twice the sum of the weights of the
edges. It produces every even string x: choose an edge incident to a leave,
give it the only possible weight, remove that edge and iterate this process;
this way we can freely choose the output values of all the vertices except the
last one, but its value is the only one that makes the string even (we are
essentially applying the Gaussian elimination algorithm to show that Evj
is the image of the linear map between vector spaces over the field Z/27Z,
represented by the incident matrix of the tree). O

The case of an odd number of 1’s is similar, because it is obtained by
flipping one bit. More precisely, let Od; be the set of strings having an
odd number of 1’s. Fix any ip € I and let f : {0,1}/ — {0,1}! be defined
by f(x)i, = 1 — x4, and f(z); = x; for i # i9. One has f(Evy) = Od;
and f(0d;) = Evy, and for any complex K, f.(K) = K as W/ (i) = {i} for
all ¢ € I. Therefore, the same complexes generate Evy and Od;.

3.2 Non-decreasing sequences

Let ND,, € {0,1}" be the set of non-decreasing binary sequences over I,
i.e. ND,, = {0F1""1=% .0 < k < n}.

Proposition 3.2. The only complex realizing ND,, is Ay, , the full complex
over I,.
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In order to prove the result, let us introduce some simple notions. Fix
some function f : B/ — Al.

Definition 3.1. A partial input is o € BP for some D C J. If E C J,
then a|g € BP™F is the restriction of a to DNE. Fori € I, we write f;(a) =
1 if for all z € B/ extending «, one has f;(x) = 1.

Proof. Let f: B’ — {0,1}" generate ND,,. Let Ag = I,, and for 0 < i < n,
let Ajt1 = A;NWy(i). Our goal is to show that A, = Wy(I,,) is non-empty,
i.e. that K contains the full simplex I,.

‘We make two observations:

(i) If fi(a) = 1, then fi(alw, ) = 1 because f;(z) is determined by x|y, (i),

(i) If fi(a) = 1, then fit1(a) = 1 as f only produces non-decreasing
sequences.

Therefore, we can iteratively derive the following chain of implications,
starting from some z such that f(z) = 1™
_ (%)

fo(z) =1 = Jolzla,)

AGla) =1 2 fiala)

(ii
(1)

1
1
U @l ) =1 2 pi(la) =1

If A, was empty, then the last statement would mean that f, 1 is con-
stantly 1, because every input would extend z|4, which nowhere defined.
But f,_1 also takes value 0 as 0" € L,,. Therefore, A,, # (), which is what
we wanted to prove. O

More generally, this argument shows that if L C {0,...,k}" contains the
constant sequences 0" and k™ and is contained in the set of non-decreasing
sequences, then the only complex generating L is the full complex over I,,.

3.3 Non-constant sequences

Assume that |A| > 2 and let NC; C Al be the set of non-constant sequences.

Proposition 3.3. A complex generates NCy iff it is connected. In other
words, the minimal complexes generating NCy are the trees spanning I.
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Proof. By Proposition 2.5, a generating complex must be connected be-
cause NCy is irreducible: if I = Iyl is a non-trivial partition, then 77, (NCy) x
71, (NCy) = AT # NC;.

Conversely, if a complex is connected then it contains a spanning tree, so
it is sufficient to prove that every spanning tree T generates NC;. We give
a simple procedure whose input alphabet is NC;. A more economical input
alphabet would be possible, with a slightly more complicated procedure.

We fix a function h : A — A such that h(a) # a for all a € A. We fix
a root, and each vertex which is not a leaf chooses a distinguished children.
Each edge is assigned an element of NC;. The rule of a vertex i is as follows:
if all its incident edges have the same value x, then i takes value x;; otherwise
it takes value h(x;), where j is its distinguished children and z is the value
assigned to the edge (7,j) (note that the second case cannot happen for a
leaf, which has degree one hence sees the same value on its incident edge(s)).

Every x € NC; can be obtained by assigning x to all the edges. Con-
versely, we fix some input ans show that it produces a non-constant se-
quence. If the input gives the same value x to all the edges, then the output
isx € NC;. Otherwise let E be the set of vertices having at least two incident
edges with distinct values. There exists ¢ € E such that its distinguished
children j is outside E (indeed, start from some i € E and follow its distin-
guished children as long as it belongs to E: as the leaves are outside F, we
eventually find such an 7). As j sees the same value x on its incident edges,
it takes value x;. As i does not, it takes value h(z;) # z;. Therefore, the
output sequence is non-constant. ]

3.4 Upwards closed languages

We can identify {0, 1}1 with 27, the powerset of I, seeing a binary sequence as
the characteristic function of a subset of I. We endow 2! with the inclusion
ordering and say that L C 2! is upwards closed if for all U,V € 2!, if U € L
and all U CV then V € L.

For any upwards closed language L, we obtain a characterization of the
complexes generating L. It turns out that the minimal complexes generating
such languages are graphs, which means that only pairwise communication
is needed between vertices.

Definition 3.2. Let L C 2! be upwards closed. Say that a graph G on
vertex set I is L-connected if for every maximal set W ¢ L, removing W
from G results in a connected graph.

Ezample 3.1 (k-connected graphs). The classical class of k-connected graphs
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[Diel7] is an instance of this notion. Let k € N, |I| > k+1 and let Card>;, C
27 be the collection of sets of size at least k. It is upwards closed and the
maximal elements W ¢ L are the sets of size k — 1. A graph is Card>j-
connected if and only if it is k-connected.

The notion of k-connected graph usually assumes that |I| > k + 1.
When |I| = k, removing k — 1 vertices results in a single vertex, which
is a connected graph, so every graph on k vertices is Card>z-connected.

Remark 3.1. For certain L, being L-connected implies that for every W ¢ L,
removing W yields a connected graph, but it is not always the case.

For instance, for I = {0,1,2} and L be the collection of sets contain-
ing 0 or 1. The complement of L is {0,{2}}. Let G be the graph on I
having only one edge between 0 and 1. It is L-connected but not connected,
i.e. removing () from G does not yield a connected graph.

The 1-skeleton of a complex is the set of edges belonging to that com-
plex, it is therefore a graph.

Theorem 3.1 (Generating upwards closed languages). Let L C 2" be up-
wards closed. A complex on V generates L if and only if its 1-skeleton
1s L-connected. In other words, the minimal complexes generating L are
the L-connected graphs.

Proof. Let G be an L-connected graph. To each edge we assign an element
of L. If all the edges that are incident to a vertex ¢ are assigned the same
element U € L, then i takes value U(i), otherwise it takes value 1. We
show that this function generates L. First, every element of L is reached, by
assigning it to every edge. Now assume for a contradiction that the function
outputs some U ¢ L, and let x be a corresponding input. Let W D U be a
maximal element outside L. For each i ¢ W, U(i) = 0 so all the edges that
are incident to ¢ have the same value V; in z, and V;(i) = 0. As I\ W is
connected by assumption on the graph, V := V; does not depend on ¢ ¢ .
One has V € Land V(i) =0 for all i ¢ W, ie. V C W, so W € L which is
a contradiction. Therefore, the function only produces elements of L, and
produces all of them, so G generates L. If the 1-skeleton G of a complex K
is L-connected, then G generates L so K O (G generates L as well.
Conversely, let G be the 1-skeleton of a complex K generating L and
assume for a contradiction that for some maximal set W ¢ L, I \ W is
disconnected in G. Let I\W = VyUV) be a non-trivial disconnection. As W
is maximal outside L and Vj, V] are non-empty, one has Wy :=W U Vy € L
and Wy := WUV, € L. Let xzp,x1 be corresponding inputs on K. We
define x that coincides with zg on the simplices that contain a vertex in V7,
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with 1 on the simplices that contain a vertex in Vj, and that is arbitrary
elsewhere. Note that it is well-defined because there is no edge, hence no
simplex, containing vertices in both V{ and V;. Let U be the output of the
generating function on x. For each vertex i € Vj, x coincides with x; on
its incident simplices, so U(i) = Wi(i) = 0. Similarly, for each vertex i €
Vi, U(i) = Wy(i) = 0. Therefore, U(i) =0 for all i € I\ W, ie. U C W.
As U is produced by the function, it belongs to L which is upwards closed,
so W € L, contradicting the choice of W. Therefore I \ W is connected
in G, and finally G is L-connected. O

We state the corresponding formulation of the result for downwards
closed languages.

Corollary 3.1 (Generating downwards closed languages). Let L C 2! be
downwards closed. A complex generates L if and only if its 1-skeleton G
satisfies the property that for every minimal W ¢ L, the induced subgraph
of G on W is connected.

Proof. 1t can be proved similarly, or derived from the previous result. The
complementation function ¢ : 2/ — 27 induces a bijection between L and c(L)
which is upwards closed. Moreover, its evaluation is local in the sense
that W¢e(i) = {i} for all i« € I. As a result, ¢,(K) = K for any com-
plex K so the same complexes generate a language L and its image ¢(L)
(note that c is its own inverse, so it sends ¢(L) to L). The property in the
statement precisely means that ¢(L) is ¢(L)-connected. O

3.4.1 Examples

We apply Theorem 3.1 to simple examples.

Corollary 3.2 (Cardinality at least k). Letk € N, |I| > k41 and Card>) C
21 be the collection of subsets of I of size at least k. A complex gener-
ates Card>y, if and only if its 1-skeleton is a k-connected graph.

If |I| = k, then Cardsj is a singleton and is generated by any complex
over I containing the singletons. It agrees with the fact that every graph
on k-vertices is Card>j-connected. In particular, a complex generates Card>1
if and only if it is connected, so the minimal ones are the spanning trees.

Similarly, we can define Card<;, C 2V which is the collection of subsets
of size at most k.

Corollary 3.3 (Cardinality at most k). Let k € N and |I| > k+1. A com-
plex generates Card<y, if and only if its 1-skeleton is a graph whose induced
subgraphs of size k + 1 are all connected.
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In particular, the only minimal complex generating Card<; is the com-
plete graph.

Remark 3.2 (At most one occurrence of 1). We give a more concrete way
of generating Card<; by the complete graph. On the input side, each edge
of the graph is assigned a bit, which is interpreted as a choice between its
two endpoints (one may for instance orient the edges and interpret 0 as the
source and 1 as the target of the edge). On the output side, a vertex is
assigned 1 if and only if it has been chosen by all its incident edges. As the
graph is the complete graph, at most one vertex can take value 1, and it
is easy to see that every sequence with at most one occurrence of 1 can be
obtained this way.

We apply the result to another class of downwards closed languages.
Let G = (V, E) be a simple graph and let Lg C {0,1}" be the set of binary
colorings (zy)yey of V such that there is no edge {u,v} € E satisfying z,, =
Ty = 1.

Corollary 3.4. The only minimal complex generating Lg is G.

Proof. Lg is downwards closed so we can apply Corollary 3.1. The minimal
colorings outside L¢ are the ones that assign value 1 to the two ends of an
edge and 0 to the other vertices. Therefore, a complex K generates L¢g if
and only if every edge of E belongs to K, i.e. iff K contains G. O

3.5 One or n occurrences of 1
Let
L={uec{0,1}":|uly =1 or n}.
For n = 2, only the line segment realizes L, because the two vertices are not

independent (they can both take value 0, but not at the same time).

Proposition 3.4. Letn > 3. The minimal complezes generating L are {1\
{a}, I, \ {b}} for distinct a,b € I,,.

Proof. For n > 3, for any pair {a, b} of distinct vertices, a, b are independent
so {I, \ {a}, I, \ {b}} generates L by Corollary 2.4.

Conversely, let K be a complex generating L. We show that it con-
tains {I,, \ {a}, I, \ {b}} for some distinct a,b.

Claim 1. For any i € I,,, K contains a simplex I, \ {a}, for some a # i.
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Proof. Leti € I,. Let F be the set of partial inputs a such that f;(a) = 1 for
all j. If « € F and j, k € I, are distinct, then § := a\wf(j)uwf(k) e F. In-
deed, fj(a) = 1 and fy(a) = 1 implies that fj(alw,) =1 and fr(alw, @)
1, which implies that f;(5) = 1 and fx(8) = 1, which implies that f;(8) =
for all [, i.e. B € F.

Let = be an input such that f(z) = 1. One has = € F and by iterating
the previous observation, the restriction a of x to (;., Wy(j) U Wy(k)
belongs to F. Therefore, fj(a) =1 hence fi(aly, @) = 1.

As fi can take value 0, Wy (i) N (02 Wr(j) UWy(k) # 0. Let h be-
long to that set. Its dual window W/ (h) contains i and intersects every
pair {j,k} with j # k. Therefore, there is at most one element a € I,
outside W/ (h), and that element cannot be i. We conclude that I,, \ {a} is
contained in WY (h) hence belongs to K - O

1

Pick some arbitrary ¢ € I,,. By the previous claim, K contains a sim-
plex I, \ {a} for some a. Applying again the claim to i = a, K contains a
simplex I, \ {b} with b # a. Therefore, K contains (I, \ {a}, I, \ {b}) for
some a # b. O

The same result holds for Y = {u € {0,1}" : |u|]y =0 or 1 or n}. Indeed,
let w, take an extra value L, which allows for all the vertices to take value 0.
The rest of the argument applies equally to Y because it has the same
property that if u € Y and |u|; > 2, then |u|; = n.

4 Partial results on other languages

We present two languages for which the analysis turns out to be more diffi-
cult.

4.1 One occurrence of 1

Definition 4.1. Let U, C {0,1}" be the set of sequences containing a
unique occurrence of 1.

We identify a family of minimal complexes but so far, we do not know
whether they are the only ones.

For n = 1, the empty complex generates Uy = {1}. For n = 2, Uy =
{01, 10} is irreducible so the only complex generating Us is the full complex
over Iy, i.e. the edge. We now assume that n > 3.

We first give a necessary condition for a complex to generate U,: every
pair of vertices must belong to a solid triangle.
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Proposition 4.1. Let n > 3. If K generates U,, then for every pair of
distinct elements a,b € I,,, there exists ¢ € I, \{a, b} such that {a,b,c} € K.

Proof. We first show the result for n = 3, namely that the only complex
generating Us is the triangle. Let F' generate Us. For each ¢ € {0,1,2},
there exists an input x; such that Fj(x;) = 1. We can derive the following
constraints:

Fi(z;) =1 = Fi(zilw,) =1

= Fi+1($i|WmWi+1) = O’

where 7 + 1 should be taken modulo 3. Let «; = .m‘WimWHl. If K does not
contain the triangle {0, 1,2}, then WyNW; "W, = () so the a;’s have disjoint
domains hence are compatible; therefore, o = ag Ll a1 LI ag is well-defined
and satisfies F'(a) = 000. As this sequence does not belong to Us, we obtain
a contradiction.

We now prove the general case. Let K be a complex generating U,,, and
let a,b € I, be distinct. Let f : U,, = Uz be defined by

fO(l‘) = Za,
fi(z) =z,
fo(x) = max{x; : i € I, \ {a,b}}.

One has f(U,) = Uz and W/ (a) = {0}, W/ (b) = {1} and W/ (c) = {2} for
all ¢ € I, \ {a,b}. Therefore, f.(K) generates Us so f.(K) contains {0, 1,2}
by the first part of the proof. It means that there exists a simplex S € K
containing a,b and some c € I, \ {a, b}. O

We now identify a family of minimal complexes generating U,.
Let n > 3 and a € I,,. Let Cy \(q) be the complete graph on I, \ {a}
and let K, := {a} x Cy,\ {4} be made of all the triangles containing a.

Proposition 4.2. The complex K, is minimal generating U,,.

Proof. Observe that 7 \(q)(Un) = Card<1. As Cj,\ 14} generates Card<; by
Corollary 3.3, K, = {a} x KJ,\ {4} generates U,, by Corollary 2.3.

Let K C K, generate U,,. Let b, c € I, \ {a} be distinct. By Proposition
4.1, there exists d € I, \ {b,c} such that K contains {b,c,d}. The only
triangle in K, containing b and cis {a, b, ¢}, so d = a and K contains {a, b, c}.
Therefore, K contains every triangle of K,, so K = K,. O
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Small values of n. For small n, we can show that the complexes K, are
the only minimal complexes generating U,,.

Proposition 4.3. For3 < n <5, the only minimal complezes generating U,
are of the form K,.

Proof. For n = 3, we know that the only complex generating Uj is the full
complex, which is K, for any a.

For n = 4, let K be minimal generating Uy. K cannot contain ev-
ery triangle, otherwise it properly contains any K, hence it is not minimal.
Assume w.l.o.g. that K does not contains the triangle abc. As every edge be-
longs to a triangle, K contains the triangles abd, bed, acd, i.e. K contains Ky
hence K = K.

Let n = 5. We first show the following lemma which, combined with
Proposition 4.1, will imply the result.

Lemma 4.1. If K generates Us, then K contains the triangle abc or the
triangle ade.

Proof. Assume for a contradiction that it is not the case, and let f : B/ —
{0,1} generate Us with Ky C K. Let a be an arbitrary partial input whose
domain is the complement of Wy(a).

Claim 2. One must have fy(a) = 0 or f.(a) = 0. Similarly, fg(a) = 0
or fe(a) = 0.

Proof. The pairs (b, c) and (d, e) play a symmetric role, so we only need to
prove the first. part. The idea is that once filling the input cells with «, b
and ¢ cannot communicate any more, because Wy(b) N Wy(c) is disjoint
from Wy(a). It each one of them can take value 1, then they can take that
value at the same time, producing an invalid output.

More formally, if z,y are inputs extending «, such that fy(z) = 1
and f.(y) = 1, then we let z be any input that coincides with x on Wy(b) and
with y on W¢(c) (which is possible because x and y agree on Wy (b)NW¢(c) C
dom(a)). One has fi,(2) = fo(z) =1, so f(z) ¢ Us. O

By symmetry, we can assume that f.(a) = 0 and fe(a) = 0. Let y be
such that f,(y) =1 and let

B =aUylw,({abayp-

Claim 3. One must have f,(8) =0 or f4(8) = 0.
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Proof. The idea is the same: no communication is possible between b and d
outside dom(f3), because Wy (b)NW¢(d)\dom(a) = W¢({a, b,d}). Therefore,
one of them must constantly take value 0 on extensions of S. O

By symmetry, we can assume that fy(5) = 0. As fu(y) = 1, one
has fo(ylw({apy)) = 0. Therefore, if v = a U y\Wf({mb}), which extends £,
then fy(y) =0.

Finally, let  be such that f.(x) = 1 and let § = $|Wf({c7a}). One
has f,(d) = 0. Observe that v and ¢ have disjoint domains because abc is
missing in K, so they are compatible. But f(v U d) = 00000 ¢ Us, which is
a contradiction. O

Of course, all the symmetric versions of Lemma 4.1 hold. It implies that
if the triangle abc is missing in K, then all the triangles containing d and e
are in K, and all the symmetric versions of this property.

Now assume that K does not contain any K,. It means that for each
vertex v, some triangle containing v is missing in K.

Start with a triangle that is missing in K and assume by symmetry that
it is abc. By Lemma 4.1, K contains all the triangles containing d and e.

By assumption, some triangle containing d is missing in K. It cannot
contain e, so it is abd, acd or bed. By symmetry, we can assume that abd is
missing. Lemma 4.1 implies that K contains all the triangles containing c
and e.

Finally, some triangle containing e is missing, it cannot contain d or ¢
so it is abe. As a result, all the triangles containing a and b are missing,
contradicting Proposition 4.1.

Therefore, K contains some K, so K = K, by minimality. O

We leave several questions open:
e For n > 6, are there other minimal complexes generating U,,?
o [f the answer is positive, are they only made of triangles?
e Are the K,’s the only minimal complexes generating U,, and containing
only triangles?
4.2 Identical consecutive letters

Let A be a finite alphabet and Eq,,(A) € A™ be the set of strings having at
least two identical consecutive letters: w € Eq,,(4) <= i, w; = wit1.

The class of complexes generating Eq,,(A) depends on the size of the
alphabet.
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4.2.1 Two letters

The binary alphabet A = {0, 1} is a very special case because the local condi-
tion of having two identical consecutive letters can be forced by choosing two
distant letters: for instance with n = 100, if wy = wgg = 0 then w € Eq,,(A4).

Proposition 4.4. If |A| = 2 and n > 3, then the minimal complexes gen-
erating Eq,,(A) are the spanning trees.

Proof. Assume that A = {0,1}. Eq,(A) is irreducible so every complex
generating Eq,,(A) must be connected, hence contain a spanning tree. Con-
versely, observe that w € Eq,(A) <= 3i,j,w; + w; +i+ j = 1 mod 2.
Indeed, if w ¢ Eq,,(A) then Vi, w; =i mod 2 or Vi, w; =i+ 1 mod 2, and in
both case w; +w; + 4+ j = 0 mod 2 for all 4, j.

Let T be a rooted spanning tree and consider the following procedure.
Each edge is labeled with an element of Eq,,(A). The rule of a vertex i is as
follows: if all its incident edges have the same label w, then i takes value w;;
otherwise let w be the label on the edge between ¢ and its leftmost child j,
and let 7 take value w; + 4+ j + 1 mod 2.

Every element w of Eq,,(A) is reached, by assigning w to all the edges.
Conversely, if all the edges have the same value w, then the output is w which
belongs to Eq,,(A). Otherwise, let i be a deepest vertex whose incident edges
do not have the same value (deepest means that its descendants do not have
this property). Observe that i is not a leaf. As its leftmost child j sees the
same value w on its incident edges, it takes value w;. As i does not see the
same values on its incident edges, it takes value w; +¢+j + 1 mod 2. As a
result, the output « satisfies x; + x; +i+j =2(w; +i+j) +1 =1 mod 2,
so z € Eq,,(4). O

4.2.2 More letters

The proof of Proposition 4.4 does not work with more than two letters, and
indeed we show that not every spanning tree generates Eq,,(A). We give par-
tial results, leaving open the problem of finding a complete characterization
of the complexes generating Eq,,(4). We conjecture that all the minimal
complexes generating Eq,, (A) are trees.

For n = 3 and |A| > 2, it is easy to see that the only minimal complexes
generating Eq,,(A) are the trees, because the language is irreducible and any
pair of distinct positions 4, j are independent.

However, the landscape starts to change for n > 4 and |A] > 3. We
do not know whether it changes only from |A| = 2 to |A| = 3, or whether
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it keeps changing as the size of A grows. Observe that the family of com-
plexes generating Eq,,(A) can only decrease as A grows: if |A] < |A| and a
complex K generates Eq,,(A’), then K generates Eq,,(A): one can compose
any generation procedure for Eq, (A’) with a surjective function f: A" — A
applied component-wise.

4.2.3 Two counter-examples

For n = 4 and |A| > 3, we show that the following two trees do not gener-
ate Ly(A). At the end of Section 4.2.4, we will explain why they are the only
ones that do not generate L4(A), up to symmetry by reflection i — 3 — 4.

Proposition 4.5. The tree in Figure 2 does not generate Ly(A), if |A] > 3.
Yy
z
x
Figure 2: A tree that does not generate L4 on three letters

Proof. We can assume that A contains {a, b, c}. Assume for a contradiction
that F' generates L4(A) and K is contained in the tree.

Let zyz be such that F(zyz) = baac. Let 2/,2" be such that Fy(z') =
b and Fy(2') = c. It implies that F(2'yz) = aabc and F(zyz') = bcaa.
Therefore F(2'yz") = acba ¢ L4(A), which is a contradiction. O

We give the second one.

Proposition 4.6. The tree in Figure 3 does not generate Ly(A), if |A| > 3.

x
O () (3)
z

Figure 3: This graph does not generate L4 on three letters
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Proof. We can assume that A contains {a, b, c}. Assume for a contradiction
that F' generates L4(A) and K is contained in the tree.

Let zyz be such that F(zyz) = abaa. Let 2,2’ be such that Fy(z') = ¢
and F3(z') = b. One has F(2'yz) = bbca, and F(zyz') = aaab. There-
fore, F(z'yz") = bacb ¢ Ly(A). O

4.2.4 A sufficient condition

The same strategy as in Proposition 4.4 can be applied to certain trees.

Proposition 4.7. Let T be a rooted spanning tree such that each i € I,
which is not a leaf has a descendant which is i —1 or i+ 1. Then T gener-
ates Eq,,(A) for any A.

Proof. We apply the same strategy as in Proposition 4.4: if the edges that
are incident to a vertex ¢ do not have the same values, then 7 takes value w;,
where j =i—1 or i+ 1 is a descendant of 7 and w is the edge starting from ¢
and going towards j. O

However, this condition is not necessary. Among the trees on Iy, all of
them satisfy the condition of Proposition 4.7 except three: the ones from
Propositions 4.5 and 4.6, which do not generate Ly, and the next one which
does.

Proposition 4.8. The graph in Figure J generates L4(A) for any A.
z
ORO50R0
T

Figure 4: A tree that generates L4 on three letters

Note that for every choice of a root, b or c is child of the other, and has
no descendant which is a consecutive position.

Proof. The edges (0,2) and (1,3) take values in A and give their values
to 0 and 3 respectively. The edge (1,2) takes values in A x A x {1,2}.
The idea is that such a value (u,v,w) gives possible values u and v to 1
and 2 respectively, but also chooses a vertex w € {1,2} that is in charge of
making sure that the output is correct (and the other vertex simply takes
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its assigned value). For instance if 1 is chosen, as it knows the value of 3 by
reading z, it takes its assigned value u only if 2 and 3 take the same value,
otherwise it takes the same value as 2. If 2 is chosen, then the symmetric
strategy is applied by 2, which sees the value of 0.

Precisely, the rules are:

Fo(.’L') =,
u ify = (u,v,1) with v = z,
Fi(y,z) =qv ify=(u,v,1) with v # z,
u ify=(u,v,2),
v ify = (u,v,2) with u = =z,
Fy(z,y) =< u ify=(u,v,2) with u # x,
v lfy_ (’U, )7
Fg(z) = Z.

If y = (u,v,1) then

Flay,2) = {:EUZZ if v =z,

vz if v # 2,
and symmetrically, if y = (u,v,2) then

Flaoy,2) = TITVZ %f u =z,

zuuz if u # x.
We see that all the outputs belong to L4(A), and that every element of L 4(A)
can be obtained. O

For n = 4, one can check that the trees that differ from the tree ex-
amples presented above all satisfy the condition of Proposition 4.7, so they
generate Ly(A):

e [f a tree has a vertex of degree 3 then it can be rooted in that vertex
and satisfies the condition of Proposition 4.7,

e Otherwise it is a path (vg, vy, v2, v3). If vg and vy are consecutive then
it can be rooted at v, and symmetrically if v9 and v are consecutive
then it can be rooted at ws: in both cases Proposition 4.7 can be
applied,

e Otherwise, up to symmetry one has {vg,v1} = {0,2} and {vg,v3} =
{1,3} so it is one of the three examples presented above.
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4.2.5 Paths must connect some consecutive positions

It seems natural to expect that if a tree or a more general graph gener-
ates Eq,,(A), then it should connect at least two consecutive positions 14
and ¢ + 1. We are only able to prove it in the case of paths when the alpha-
bet is sufficiently large. A path is a tree made of one root, one leaf and a
branch between them. Whether the result holds for general trees is left as
an open question.

Theorem 4.1. Assume that |A| > 7. If a path generates Eq,,(A), then it
contains an edge between two consecutive positions.

We need to introduce some simple vocabulary. Let V be a subset of I,,.
A V-sequence is a function w : V — A. It is valid if there exists ¢ such
that both ¢ and i + 1 belong to V, and w(i) = w(i + 1). In particular,
if V' does not contain any pair of consecutive positions, then there is no
valid V-sequence.

Ideally, we would like to remove the vertices one by one, so that at each
step the remaining subpath has a generation procedure producing the valid
partial sequences. We cannot quite achieve this, but almost.

Definition 4.2. For v € V| we say that a complex T over V is v-good if it
is has a generation procedure that only produces valid V-sequences and such
that every (V'\{v})-sequence is the restriction of some produced V-sequence.

If T over [0, n—1] generates Eq,,(A), then T is v-good for any v € [0, n—1].

Lemma 4.2. Letv € V. If a complex T over V isv-good, thenv—1 or v+1
belongs to V.

Proof. Take an invalid (V \ {v})-sequence. It is the restriction of a pro-
duced V-sequence; that produced V-sequence is valid so it gives the same
value to two consecutive positions. As its restriction to V' \ {v} is invalid,
one of the consecutive positions must be v, so the otherisv—1orv+1. [

Let T be a tree and let v € T. The forest T'\ {v} is a disjoint union of
trees 11,..., T, made of vertex sets Vi,..., Vj.

Lemma 4.3. Assume that the tree T is v-good over V. If V; contains
neither v — 1 nor v+ 1, then T\ 'V; is v-good over V '\ 'V;.

Proof. Let J be the set of edges of T and f : B/ — AV be a function
witnessing that 7' is v-good. Let W =V \ (V; U {v}), let D = {J,cpp Wy(u)
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be the corresponding set of inputs and let g : BY? — AW be the restriction
of f.

Let E be the set of edges that are incident to v in T\ V; and « a partial
input whose domain is F.

We will use the following simple and classical combinatorial observation.
We include a proof for completeness.

Lemma 4.4. Let A be a set (Sy)zex be a family of subsets of A of size at
most 2. If for every triplet (zg, z1,z2), the set Sy, NSy, NSy, is non-empty,
then (e x Sz i non-empty.

Proof. It can be shown by contraposition. Assume that (),.x S, = 0 and
let z¢p be arbitrary. Let si,s2 € S be such that S;, C {s1,s2}. By as-
sumption, for each k € {1,2} there exists z; € X such that s, ¢ Sg,.
Therefore, Sz, N Sy, N Sz, = 0. O

Claim 4. There exists a letter a € A such that for every total input 8 on D
extending «, g(f) U [v — a] is valid.

Proof. Note that when g(f) is already valid, the value of a does not matter,
so we only need to consider the case when ¢(f3) is invalid. Let

X = {B € BP : B extends a and g(f) is invalid.}

For each 8 € D, let Sg be a subset of A of size at most 2 containing the values
of g(3) at positions v — 1 and v+ 1 (if they exist, i.e. if v >0 and v <n—1
respectively). For any a € Sg, the (W U {v})-sequence ¢g(3) U [v — a] is
valid. We need to show that sex S8 F (). By Lemma 4.4, it is sufficient
to show that for all triplets (5o, 81, 82) € X3, Sz, N Sp, N Ss, # 0.

Let 5y, 81, B2 extend « and such that each wy, = g(By) is invalid. As |A]| >
7, there exists an invalid V;-sequence u such that each uUwy, is an invalid (V'\
{v})-sequence. Indeed, the letters in u can be successively chosen so that
they do not coincide with the letters already present in consecutive positions
in any u U wy: at each step, there are at most 6 such letters, so there
is always a fresh letter available in A. Let v be an input on the edges
incident to V; and, sent to u by f. Let a be the value of v in f(y U «). For
each k, f(yUBk) = uUwg Uv +— a] is valid but uUwy, is not, so an equality
between consecutive positions must involve v and v —1 or v+1, so a € Sg, .
Therefore, Sg, N S, NS, # 0.

By Lemma 4.4, we conclude that there exists a in [ Bex S, which proves
the claim. O
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To each « one can therefore associate such an a(a). We define a proce-
dure on T\ V;. All the vertices except v keep the same local rule as in f.
The new rule for v is, upon reading the restriction a of the input to F,
to output a(a). The procedure only produces valid sequences, and every
sequence on V' \ (V; U {v}) is obtained (extend it to V' \ {v}, that sequence
is obtained by the original procedure). O

Lemma 4.5. Let v have degree 1 in the tree T and u its adjacent vertex.
If T is v-good, then T is u-good.

Proof. We keep the same generation procedure, will only produces valid
sequences. We need to show that every (V'\ {u})-sequence is the restriction
of some produced V-sequence.

First observe that v can take arbitrary values. Indeed, for a € A, take
an invalid V' \ {v}-sequence assigning the value a to the neighbors of v. It
is the restriction of some produced sequence. That sequence is valid, so it
must give value a to v.

Let w be a V'\ {u}-sequence. Let w’ be a V'\ {v}-sequence that coincides
with w on V'\ {u,v} (and gives an arbitrary value to u). By assumption, w’
is the restriction of a sequence that can be obtained from some input. In
that input, change the value of the edge (u,v) to give value w(v) to v. It may
change the value of u, but in any case the produced sequence extends w. [J

Corollary 4.1. If a path generates Eq, (A), then two neighbors must be
connected by an edge.

Proof. Assume for a contradiction that a path T" generates Eq,,(A), with no
edge between consecutive vertices. Let vy, v1,...,v,—1 be the list of vertices
in the order of the path.

Let V; = {vj, ..., vy—1} and T; be the subpath over V;, made of edges (v;, vj+1)
fori<j<mn-—1.
Claim 5. For each 7 < n, T; is v;-good.

Proof. We prove the claim by induction on 4.

For i = 0, as Ty generates Eq,,(A), Tp is vo-good.

Assume that T; is v;-good for some i < n — 1. As v; has degree 1
in T; and v;41 is its adjacent vertex, T; is v;41-good by Lemma 4.5. The
forest T; \ {vi+1} is made of two trees: the singleton {v;} and the rest. By
assumption, v; is not consecutive to v;+1 so by Lemma 4.3, T; \ {v;} = Ti41
is viy1-good over V; \ {v;} = Viy1, which proves the induction step. O
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As a result, T,,_1 is v,_1-good, which is a contradiction as v,_1 as no
consecutive position in V,,—1 = {v,—1}. O

When trying to generalize this technique to trees, this technique stops
working when T is v-good and v — 1 and v + 1 lie in two different subtrees
of T\ {v}. One can remove all the other subtrees by Lemma 4.3, but then v
has degree 2 in the remaining subtree so Lemma 4.5 cannot be applied.

5 Relationship with distributed computing

The problem of generating a language in a local way can be seen as a task
to be solved in the framework of distributed computing. However, there are
key differences with the traditional problems in this area which make our
problem slightly unusual. Let us mention the main differences:

e Relationship between inputs and outputs. Most of the time in dis-
tributed computing, a task involves a particular relationship between
the outputs and the inputs, described in the specification of the task.
For instance, in the consensus task, processed are assigned inputs bits
and they should agree on a common output bit with an important
condition: if the input bits all have a common value, then the output
also takes that value. In our setting, we are only interested in the set
of possible outputs, and not on their relationship with the inputs.

e Explicit communication. In the usual models, communication is al-
lowed either by message-passing, or by shared read-write memory. In
both cases, the processes write pieces of information to be read by
other processes, which is only possible if the protocol works in steps,
often called layers. In our case, communication is only implicit and
made possible by sharing parts of the input, and the whole computa-
tion is made in one step.

e Distributed computing often focuses on the resilience of protocols to
crash failures, to asynchronicity. In our setting, no unpredictable be-
havior is allowed.

Combinatorial topology has been an important way of reformulating
problems in distributed computing, providing topological techniques to prove
impossibility results [HKR13]. We briefly recall the general idea and then
show how the problem of language generation can be reformulated in this
setting.
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5.1 Distributed computing via combinatorial topology

The general problem in distributed computing is that several processes are
required to solve a task together by collaboratively processing a global state
though having only local views on this state. In the combinatorial topology
formulation, the set of all possible configurations is represented by a chro-
matic labeled simplicial complex in which each simplex represents a possible
global state, and its vertices represent the local views of the processes on
that state.

More precisely, each process has a unique identifier (which is an element
of a set C' of colors) and a local view on the global state (which is an
element of a set V' of values, or labels). The set of all possible local views
of the processes is a subset of C' x V, seen as a vertex set V. A global
state is represented by a simplex whose vertices represent the local views
of the processes on this state, so it contains exactly one vertex of each
color, whose label is its local view. Computations are then represented by
chromatic simplicial maps, which send vertices to vertices of the same color,
and simplices to simplices.

This framework has enabled the application of topological techniques to
prove impossibility results in distributed computing. For instance, Sperner’s
lemma, which is a combinatorial formulation of Brouwer’s fixed-point theo-
rem, has been applied to show that the so-called set agreement task is not
solvable in certain models.

5.2 Language generation via combinatorial topology

We now explain how the problem of language generation can be formulated
in this language.

Let L C AT and K be a simplicial complex over I. Let f : B/ — Al be
a hypothetical function such that im(f) = L and Ky C K. We can assume
that J is the set of maximal simplices of K.

A language L C Al induces an output complex Oy, which is a chro-
matic labeled simplicial complex with I as color set and A as label set. For
each element y € L, there is a simplex S = {(4,y;) : ¢ € I} and the vertex set
is the set of pairs (i,a) € I x A appearing in these simplices. In other words,
each simplex represents an element of L, its vertices represent its values at
each position.

Let B be a finite set and B; = B L {Ll} and let K be a simplicial
complex K over I. Let J be the set of maximal simplices of K. We define the
the input complex Zx (B) which is a chromatic labeled simplicial complex
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with I as color set and Bi as label set. For each x € B”, there is a
simplex {(4, x|Wf(i))}, where the partial sequence x|Wf(Z») can be seen as an
element of Bi.

As explained above, we assume no relationship between the inputs and
the outputs, so we do not need a carrier map as in the usual setting, which
we therefore do not redefine.

Our goal is then to find a chromatic simplicial map F : Zx(B) — Of
which is surjective in the sense that every output simplex is the image
of some input simplex. More precisely, F' is a function from the vertices
of T (B) to the vertices of Op, that is color-preserving (i.e. is the identity
on the first component) and sends each input simplex to an output sim-
plex, i.e. each € B’ to an element y € L. We are requiring moreover
that the map is surjective, i.e. each simplex y € L is the image of some
simplex = € B”.

Proposition 5.1. A complex K generates a language L if and only if there
exists B and a surjective chromatic simplicial map F : T (B) — Op.

Proof. We know from Proposition 2.4 that K generates L if and only if
there exists B and F : B’ — Al such that im(F) = L and Kr C K. Such
a map induces a chromatic simplicial map G : I x B; x I x A sending (i, x)
to (i, Fij(z)). Conversely, any such G induces a map from the simplices
of Tx(B) — Op, which is a function F': B/ — L such that Kr C K. O

Although this reformulation opens the possibility of applying techniques
from combinatorial topology to our problem, it does not seem to provide
new insight or simpler proofs for the results of this article. The geometrical
intuition that could be gained by this translation quickly becomes elusive
because the number of vertices and the dimension of the input and output
complexes grow with the length of the strings. Whether topological tech-
niques such as Sperner’s lemma can be applied to our problem is left as an
open question.

5.3 Examples

Let us illustrate the reformulation of the language generation problem on a
few examples.

Let n = 3. We consider two languages in {0,1}3: the set Card<; of se-
quences having at most one occurrence of 1, and the set Uz of sequences hav-
ing exactly one occurrence of 1. We also consider two communication com-
plexes over I3: the complete graph K3 and the graph G obtained from K3
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by removing an edge. Table 1 summarizes which complexes generate which
languages.

Cal’dgl U3
K3 yes no

G no no

Table 1: The table shows which communication complexes generate which
languages

The corresponding output complexes Ocarg < and Oy, are shown in Fig-
ure 5, where the set I3 = {0, 1,2} is identified with the color set {O,O, @},
and the labels in {0, 1} are written on the vertices.

(a) Ocafdgl (b) OU3

Figure 5: The output complexes associated with two languages in {0,1}3

The communication complexes K3 and G together with their associated
input complexes with B = {0, 1} are shown in Figures 6 and 7. In each case,
the maximal simplices of K3 and G are edges and the lengths of the labels
of the vertices in the input complexes correspond to the number of edges
(note that the input complex of K3 is the same complex as in the example
of the muddy children problem [HKR13, Section 1.3.1]).

As explained in Remark 3.2, the complete graph K3 generates Card<y,
moreover there is a generation procedure with input alphabet B = {0,1}.
In other words, there is a surjective chromatic simplicial map from Zg,
to Ocard-,: it sends the vertices , and - to the vertices
of the corresponding colors labeled by 1, and the other vertices to the vertices
labeled by 0 (see [GL, GL] for a visualization).

However, the graph G does not generate Card<;. In other words, there
is no surjective chromatic simplicial map from Zg (for any B) to Ocard, -
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(a) The complete graph K3 (b) The input complex Zg, with B = {0,1}

Figure 6: A communication complex and the associated input complex

For B = {0,1}, it can be easily seen from the pictures: in Zg, every pair
of white and black vertices are joined by an edge, which is not the case
in Ocard., (it corresponds to the fact that the white and black vertices are
not connected by an edge in G, but are not independent w.r.t. L).

We know from Proposition 4.3 that the only complex generating Us is
the full complex. In particular, the complete graph K3 over I3 does not
generate Us hence there is no surjective chromatic simplicial map from T,
to OUg‘

5.4 Some results revisited

Some of the simplest concepts and results of the article can be translated in
the setting of chromatic labeled simplicial complexes.

First, joins of input and output complexes reflects simple properties of
communication complexes and languages:

e A language L is not irreducible, i.e. is a product L; X Lo of two lan-
guages, if and only if the associated output complex Op, is the join
of Or, and Oy,,

e A complex K is disconnected, i.e. is the disjoint union of two com-
plexes K1 and Ko, if and only if the associated input complex Zg is
the join of T, and Zk,.
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(a) A graph G (b) The input complex Zg with B = {0, 1}

Figure 7: A communication complex and the associated input complex

Therefore, Proposition 2.5 which states in particular that an irreducible
language cannot be generated by a disconnected complex, can be reformu-
lated as follows: a simplicial map sends the join of two input complexes
to the join of their images, so a disconnected complex can only generate a
non-irreducible language.

For a communication complex K, the connectedness of its input com-
plex Tx reflects that K is not the full complex:

e If K is the full complex over I, then Zx(B) is a disjoint union of
simplices, one for each element of B, in particular it is disconnected
if |B| > 2,

e If K is a complex over I and is not the full complex, then Zx (B) is
connected. The proof is similar to Proposition 2.1. Let J be the set
of maximal simplices of K and for ¢ € I, let W(i) C J be the set of
maximal simplices of K containing i. Let 2,y € B”, which can be seen
as simplices of Zx (B). Define x = xg,x1,...,x, where z;;1 coincides
with z; on W(i) and with y elsewhere. As (), W(i) = 0, one has z,, = y.
The simplices z; and ;41 of Zx (B) share a vertex (i, i|yy)), so the
simplices z and y in Zx (B) belong to the same connected component.

Therefore, Example 2.4 which states that the only complex generating the
language of constant sequences, is the full complex, can be derived in the fol-
lowing way. Let L be the language of constant sequences over A, with |A| >
2. Its output complex Oy, is the disjoint union of the simplices {(i,a) : i € I'}
for a € A, in particular it is disconnected. If K generates L, then Zx must
be disconnected as well, implying that K is the full complex.
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It is not clear whether more complicated results are easier to obtain using
this framework.

6 Future directions

This study leaves many open questions, let us list a few ones:

What are the minimal complexes generating U,, for arbitrary n?

What are the minimal complexes generating Eq,,(A) for arbitrary n
and A?

Is there a characterization of the languages that can be generated by
a complex which is not the full simplex, i.e. by a non-trivial procedure
in which the cells do not communicate all together. For n = 2, those
languages are the non-irreducible ones, and the situation is already
not clear for n = 3.

Is there a characterization of the languages that can be generated by
a graph, i.e. by a procedure in which cells only communicate in pairs?

Given finite sets A, I, a language L C A’ and a complex K over I, what
is the computational complexity of deciding whether K generates L7
It is decidable because it can be answered by exhaustive search in
a finite space (see Proposition 2.4 implies that the input space of a
potential generating function can be chosen in advance). Is there a
language L for which this problem is as difficult as the general case?

Are the topological properties of complexes generating a language re-
flected in intrinsic properties of the language? For instance, we have
seen with Proposition 2.5 that the connectedness of complexes reflects
the irreducibility of the language. Are there other correspondences,
involving for instance higher-dimensional connectedness notions from
algebraic topology?

In a sequel article [Hoy25], we thoroughly investigate the language of
binary monotonic sequences, whose analysis turns out to be much harder
than the languages studied in the present article.

Finally, when proving that a complex does not generate a language, some
of the arguments follow a common pattern: they consist in progressively de-
riving constraints that eventually lead to a conflict (see for instance Section

3.2).

This type of arguments can be presented in a unified framework, for
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instance in the form of an inference system, and the search for such argu-
ments can be partially automated. It can help analyzing certain languages
but quickly reaches its limits due to the combinatorial explosion of the search

space.
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