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…crystals$are$naturally$occurring$geometric$forms$

Note$the$$

dodecahedral$and$$

icosahedral$forms$are$$

not$truly$regular$

Many$chemically$pure$solids$are$crystals$or$made$up$of$small$crystals:$e.g.$salts,$metals,$minerals.$$

$

XXray$diffracDon$allows$us$to$deduce$the$locaDons$of$atoms$in$the$crystal.$(Laue,$Braggs$(1912)).$$

$

Knowing$the$atomic$arrangements$in$solids$and$molecules$enables$us$to$understand$how$

structure$influences$properDes$and$then$use$this$to$engineer$new$materials.$$

$e.g.$to$predict$thermal,$electrical,$magneDc$properDes$of$crystals.$$
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how$did$scienDsts$deduce$the$internal$structure?$$

Haüy$showed$how$regular$stacking$of$“integral$molecules”$could$explain$$

the$observed$law$of$the$constancy$of$interfacial$angles$$[Stensen$(1660s),$de$l’Isle$(1770s)]$$$

and$led$him$to$derive$the$law$of$raDonal$indices.$$

Haüy’s$theory$of$crystal$habit$(1784)$
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A$material$is$a$crystal$if$it$has$an$essenDally$sharp$diffracDon$paTern.$

“essenDally$sharp’’$means$isolated$local$maxima$of$intensity$

Note:$this$definiDon$is$made$to$include$quasicrystal$diffracDon$paTerns.$$

InternaDonal$Union$of$Crystallography$definiDon$

Bragg’s$law:$$

diffracDon$peaks$occur$at$angles$$

related$to$the$wavelength$and$

lapce$plane$spacing$

Each$spot$above$is$due$to$a$different$$

incident$wavelength$and$lapce$plane.$
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The$locaDons$and$intensiDes$of$the$spots$give$the$

magnitudes$of$the$Fourier$series$coefficients$of$the$

electron$density$in$the$crystal,$ρ(r).$$$
$

…$but$the$Fourier$coefficients$are$complex$numbers,$

so$this$is$not$quite$enough$informaDon$to$invert$the$FT$$$$
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What$crystalline$structures$are$possible?$$

$(within$some$physically$meaningful$class)$$

$

We$assume$structures$that$have$genuine$translaDonal$symmetry.$

$i.e.$they$have$infinite$extent,$$no$defects,$$no$quasicrystals.$

$

What$are$some$physically/$chemically$meaningful$classes?$$

$1.$Lapces$(point$paTerns$generated$by$translaDons)$$

$2.$Symmetric$packings$of$spherical$or$ellipsoidal$grains$$

$3.$Symmetric$arrangements$of$coordinaDon$polyhedra,$other$extended$figures$

$4.$Periodic$geometric$graphs$with$high$symmetry$$

$5.$Periodic$minimal$surfaces$

$6.$DecoraDons$of$periodic$minimal$surfaces$$$

MathemaDcal$challenge:$

Solving$a$crystal$structure,$i.e.$finding$the$electron$density$ρ(r),$therefore$$
$requires$more$than$just$the$intensiDes$of$the$peaks.$$

Typically,$simulated$diffracDon$paTerns$from$hypothesized$models$are$$

$tested$against$the$observed$paTern.$$
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diamond$

sphere$packing$to$ $simple$covalent$bonding$structure$

zeolite$LTA$ metal$organic$frameworks$ mulDcomponent$entangled$MOFs$

increasingly$complex$framework$materials$$



On$the$colour$of$wing$scales$in$buTerflies:$iridescence$

and$preferred$orientaDon$of$single$gyroid$photonic$

crystals$RW$Corkery,$EC$Tyrode$$Interface$Focus$(2017)$

The$mulDple$faces$of$selfXassembled$lipidic$systems.$

G$Tresset$PMC$Biophys$(2009)$

P$surface$ Gyroid$ D$surface$

Highly$symmetric,$triplyXperiodic$$

minimal$surfaces$form$e.g.$as$$

selfXassembled$bilayers$of$lipids$$

called$“cubic$phases”.$see$$e.g.$

ST$Hyde$et$al$“The$Language$of$Shape”$(1996)$



MathemaDcal$challenge:$$What$crystalline$structures$are$possible$

assuming$structures$that$have$translaDonal$symmetry?$$

Lapces,$Point$groups,$Space$groups$$(in$R3)$

Isometries$of$R3$are$translaDon,$rotaDon$about$a$fixed$line,$screw$rotaDon,$$$

$inversion$in$a$point,$rotoXinversion,$reflecDon$in$a$mirror$plane,$glide$translaDon.$$

rotoXinversion$

glide$

screw$



MathemaDcal$challenge:$$What$crystalline$structures$are$possible$

assuming$structures$that$have$genuine$translaDonal$symmetry?$$

Lapces,$Point$groups,$Space$groups$$(in$R3)$

Isometries$of$R3$are$translaDon,$rotaDon$about$a$fixed$line,$screw$rotaDon,$$$

$inversion$in$a$point,$rotoXinversion,$reflecDon$in$a$mirror$plane,$glide$translaDon.$$

$

Lapce:$$given$three$linearly$independent$vectors$in$R3,$$a,b,c,$$
$a$lapce$is$the$set$of$all$points$%ha$+$kb$+$lc%$where%h,k,l$are$integers.$$
$There$are$14$different$symmetry$classes$of$lapce.$(Bravais,$1848)$$

1$parameter$

2$parameters$

3$parameters$

2$parameters$

4$parameters$ 6$parameters$



Combinatorial$topology$of$lapces$(our$first$foray$into$topology)$

There$are$five$combinatorially$different$ways$to$cut$open$the$3Xtorus$=$R3$/$L.$$

These$are$found$by$construcDng$Voronoi$domains$of$lapce$point$paTerns$

$called$“WignerXSeitz$cells”$by$physicists.$

hTp://www.danielcelton.com/wpXcontent/uploads/2013/07/special_space_filling_polyhedra.png$

(Recall$there$are$two$combinatorially$different$ways$to$cut$open$the$2Xtorus)$$$



MathemaDcal$challenge:$$What$crystalline$structures$are$possible$

assuming$structures$that$have$genuine$translaDonal$symmetry?$$

Periodic$nets$$(Sunada’s$Topological$Crystallography)$

quoDent$by$

translaDons,$L$

X$is$a$periodic$graph$

Q$=$X/L$$

Given$a$finite$quoDent$graph$what$periodic$structures$can$cover$it?$

$

Sunada’s$method$via$standard$covering$space$techniques:$$

$1.$Let$b$=$the$first$Bep$number$of$the$graph$Q$(also$called$the$“genus”)$$

$2.$There$is$a$unique$maximal$abelian$covering$graph,$Xab$sipng$in$Rb.$$

$3.$Any$lowerXdimensional$periodic$graph$over$Q$must$also$be$covered$by$Xab$$

$4.$This$implies$a$simple$condiDon$relaDng$subgroups$of$H1(Q)$(the$first$$

$ $homology$group)$to$the$existence$of$periodic$covers$of$Q.$$$

See$also$work$by$

Klee,$Eon,$in$the$$

crystallography$$

literature$$$$



Periodic$nets$$(Sunada’s$Topological$Crystallography)$

Xab$Q$

project$down$111$axis$

Project$down$other$nonXzero$

integer$axes$to$get$infinitely$many$

possible$2d$crystals…$$

$

All$these$have$crossed$edges$

Get$geometry$$

via$“canonical$

placements”$
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Figure 7. K4.

K4 crystal is then defined to be the standard
realization of the K4 lattice. The definition as
such is quite simple. But its concrete construc-
tion is a bit involved and put in practice by
following the recipe at the end of the previous
section. Consider three closed paths c1 =

(e2, f1, e3), c2 = (e3, f2, e1), c3 = (e1, f3, e2) in
Figure 7. The cycles c1, c2, c3 constitute a Z-basis
of H1(K4,Z), and satisfy ∥c1∥

2 = ∥c2∥
2 = ∥c3∥

2 =

3, ⟨ci, cj⟩ = −1 (i ≠ j) as vectors inH1(K4,R) = R3

(note that, if ci =
""""""""""""""""""""""""""""""""""""""""""""""""→
OPi , then Pi’s are three vertices

of the regular tetrahedron with the barycen-
ter O). Looking at the projections of 1-chains
e1, e2, e3, f1, f2, f3 onto H1(K4,R), and expressing
them as linear combinations of c1, c2, c3, we obtain

v(e1) = −
1

4
c2 +

1

4
c3, v(e2) =

1

4
c1 −

1

4
c3,

v(e3) = −
1

4
c1 +

1

4
c2,

v(f1) =
1

2
c1 +

1

4
c2 +

1

4
c3, v(f2) =

1

4
c1 +

1

2
c2 +

1

4
c3,

v(f3) =
1

4
c1 +

1

4
c2 +

1

2
c3.

Since the vectors ±v(e1),±v(e2),±v(e3), ±v(f1),
±v(f2),±v(f3) give a building block, we get a
complete description of the K4 crystal.

To see how edges are joined mutually, the
following observation is more useful. In the K4

crystal, the terminuses p1, p2, p3 of three edges
with a common origin p form an equilat eral tri-
angle with the barycenter p; thus being contained
in a plane, say α. If β is the plane containing the
equilateral triangle for the origin p3 (see Figure 9),
then the dihedral angleθ betweenα andβ satisfies
cosθ = 1/3; that is, θ is the dihedral angle of the
regular tetrahedron.

The K4 crystal looks no less beautiful than
the diamond crystal. Its artistic structure has in-
trigued me for some time. The reader may agree
with my sentiments if he would produce a model

Figure 8. K4 crystal (created by Hisashi Naito).
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The$“K4$crystal”$

Periodic$nets$$(A$cauDonary$tale…)$

CrystalsThatNatureMight
MissCreating
Toshikazu Sunada

N
o one should have any objections
against the claim that the diamond
crystal, the most precious gem pol-
ished usually with the brilliant cut,
casts a spell on us by its stunning

beauty. The beauty would be more enhanced
and its emotional appeal would be raised to a
rational one if we would explore the microscopic
structure, say the periodic arrangement of carbon
atoms, which is actually responsible for the
dazzling glaze caused by the effective refraction
and reflection of light. Figure 1, found in many
textbooks of solid state physics, illustrates the
arrangement of atoms together with the bonding
(depicted by thin lines) of atoms provoked by
atomic force. A close look at this figure (or its
readymade model preferably) reveals that, as a
1-dimensional diagram in space, the diamond
crystal is a join of the same hexagonal rings1

and has “very big” symmetry, thereby being
conspicuously distinguished from other crystals
by its “microscopic beauty”.

The purpose of this article is to provide a new
crystal 2 having a remarkable mathematical struc-
ture similar to that of the diamond crystal. This
“crystal”, which we prosaically call the K4 crystal
with good reason, has valency 3, is a web of the
same decagonal rings, and has very big symmetry.

Toshikazu Sunada is professor of mathematics at Meiji
University, Tama-ku, Kawasaki, Japan. His email address
is sunada@math.meiji.ac.jp.
1The chair conformation in chemical terminology. One
may observe that 12 hexagonal rings gather at each
atom.
2This is different from the so-called diamond polytypes
such as lonsdaleite, a rare stone of pure carbon discov-
ered at Meteor Crater, Arizona, in 1967.

Figure 1. Carbon atoms in the diamond crystal.

A significant difference is that the K4 crystal has
chirality while the diamond crystal does not. Since
“nature favors symmetry” as is justified by plenty
of examples, it makes sense to ask if this mathe-
matical object exists in nature as a real crystal, or
may be synthesized with some atoms (by allowing
double bonds in an appropriate way if necessary).

As mentioned above, a crystal in the mathe-
matical sense is a periodic figure of 1 dimension
consisting of vertices (points representing po-
sitions of atoms) and edges (lines representing
bonding of atoms), by ignoring the physical char-
acters of atoms and atomic forces which may be
different one by one. In other words, a crystal is
considered as an infinite graph realized periodi-
cally in space. This interpretation offers us two
distinct notions of symmetry; one is extrinsic sym-
metry, the same as the classical notion bound up
directly with beauty of the spatial object, which
thus depends on realizations and is described
in terms of congruent transformations of space;

208 Notices of the AMS Volume 55, Number 2
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K4 crystal is then defined to be the standard
realization of the K4 lattice. The definition as
such is quite simple. But its concrete construc-
tion is a bit involved and put in practice by
following the recipe at the end of the previous
section. Consider three closed paths c1 =
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ter O). Looking at the projections of 1-chains
e1, e2, e3, f1, f2, f3 onto H1(K4,R), and expressing
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Since the vectors ±v(e1),±v(e2),±v(e3), ±v(f1),
±v(f2),±v(f3) give a building block, we get a
complete description of the K4 crystal.

To see how edges are joined mutually, the
following observation is more useful. In the K4

crystal, the terminuses p1, p2, p3 of three edges
with a common origin p form an equilat eral tri-
angle with the barycenter p; thus being contained
in a plane, say α. If β is the plane containing the
equilateral triangle for the origin p3 (see Figure 9),
then the dihedral angleθ betweenα andβ satisfies
cosθ = 1/3; that is, θ is the dihedral angle of the
regular tetrahedron.

The K4 crystal looks no less beautiful than
the diamond crystal. Its artistic structure has in-
trigued me for some time. The reader may agree
with my sentiments if he would produce a model

Figure 8. K4 crystal (created by Hisashi Naito).
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In$fact$known$to$Laves$

since$1933!$

$

Has$been$rediscovered$

and$renamed$many$

Dmes…$$

$

See$Hyde,$O’Keeffe,$

Proserpio$(2008)$$

Angew.$Chem.$Int.$Ed.$

response$to$above$$

headline$$

2008$–$NoDces$of$the$AMS$



Periodic$nets$(DelgadoXFriedrich’s$SyStRe$key)$

ComputaDonal$challenge:$How$can$we$determine$when$two$quoDent$graph$$

representaDons$for$a$periodic$net$encode$the$same$structure?$$

Olaf$DelgadoXFriedrich’s$method:$$

$1.$Start$with$a$labelled$quoDent$graph.$$$

$ $ $i.e.$a$single$rep$for$each$vertex$and$edge$

$2.$Transform$to$a$“good”$form$$$

$ $vertex$reps$should$be$connected,$$

$ $edge$reps$should$include$unit$translaDons$

$3.$Construct$the$barycentric$placement$with$respect$to$crystallographic$coordinates.$

$ $i.e.$each$vertex$is$at$the$centreXofXmass$of$its$edge$adjacent$neighbours.$

$4.$Use$exact$raDonal$arithmeDc$to$find$all$affine$automorphisms$of$the$net.$

$5.$Deduce$the$space$group$symmetry$of$the$net.$$

$6.$Construct$a$canonical$form$for$the$labelled$quoDent$graph.$$

$

see$ODF$and$M$O’Keeffe$(2003)$Acta$Cryst$A.$$

“IdenDficaDon$of$and$symmetry$computaDon$for$periodic$nets”$$

Caveat:$$procedure$only$works$when$nets$are$“neighbourXunique”,$$

i.e.$all$verDces$have$unique$coordinates$in$their$barycentric$placement.$$

simple$cubic:$

v1,$$v2$+$(tx,ty,tz)$

1$$$$$1$$$$$$1$$$0$$$0$

1$$$$$1$$$$$$0$$$1$$$0$

1$$$$$1$$$$$$0$$$0$$$1$



possibilities compatible with crystallographic symmetry). A
quasiregular net has a vertex figure that is a quasiregular
polyhedron, namely a cuboctahedron. It is straightforward
to show these are the only possibilities and that there is just
one 3-periodic net for each case, except for the case of the
hexagon which can only lead to a 2-periodic structure.14 In
Fig. 5 we show these nets and their augmented forms and some
of their properties are listed in Table 1. They are:
srs. 3-coordinated, vertex figure triangle. The net has the

same topology as the –Si–Si– net in SrSi2, hence the symbol. It

has some special properties: it is the only chiral (symmetry
I4132) regular net and it is the only 3-coordinated 3-periodic
net with 3-fold symmetry axis at the site of the vertex (actual
symmetry 32 = D3), and thus the only 3-coordinated net with
one kind of edge.
nbo. 4-coordinated, vertex figure square. This is the net of

the atoms in NbO, hence the symbol.
dia. 4-coordinated, vertex figure tetrahedron. This is the net

of the diamond structure met above and, we hope, familiar.
pcu. 6-coordinated, vertex figure octahedron. The augmen-

ted net (linked octahedra) is the –B–B– net in CaB6 and is
given symbol cab. pcu is special in the sense that it is the net of
the only regular tiling of Euclidean space (a tiling of space by
just one kind of regular polyhedron).
bcu. 8-coordinated, vertex figure cube. This is the net of the

body-centered cubic lattice, considered as 8-coordinated (we
also like on occasion to include second-nearest neighbors to
then consider body-centered cubic as 14-coordinated, but then
the net is different and we use symbol bcu-x). The augmented
net (symbol pcb) is made up of linked cubes and sometimes
called polycubane.
fcu. 12-coordinated, vertex figure cuboctahedron. This is the

net of the face-centered cubic lattice and well known as the
structure of cubic closest sphere packing. Also familiar is the
fact that there are two kinds of hole in the structure corre-
sponding to the centers of the two kinds of tile. The tiles are
regular tetrahedra and octahedra which occur in the ration
2:1. The augmented net (symbol ubt) is the –B–B– net of UB12.

Fig. 4 The augmented version of a tiling of a cylinder by squares. This

is the only one-periodic way of linking polygons by one kind of edge.

Fig. 5 The regular and quasiregular (fcu) nets in their normal and augmented conformations.

1038 | Phys. Chem. Chem. Phys., 2007, 9, 1035–1043 This journal is !c the Owner Societies 2007

Periodic$nets$X$The$Regular$Nets$

What$are$the$$

highestXsymmetry$$

periodic$nets?$

$

Vertex$figures$are$

regular$polygons$or$$

polyhedra$

$

All$verDces$related$by$

symmetries$of$the$net$

$

Vertex$site$symmetry*$

is$a$symmetry$of$the$net$

$

see$ODF,$O’Keeffe,$Yaghi$

(2003)$Acta$Cryst$A.$

$

hTp://rcsr.net/$

*$only$orientaDon$preserving$isometries$ faceXcentred$cubic$is$quasiXregular$



MathemaDcal$challenge:$$What$crystalline$structures$are$possible$

assuming$structures$that$have$genuine$translaDonal$symmetry?$$

Lapces,$Point$groups,$Space$groups$$(in$R3)$

Isometries$of$R3$are$translaDon,$rotaDon$about$a$fixed$line,$screw$rotaDon,$$$

$inversion$in$a$point,$rotoXinversion,$reflecDon$in$a$mirror$plane,$glide$translaDon.$$

$

Lapce:$$given$three$linearly$independent$vectors$in$R3,$$a,b,c,$$
$a$lapce$is$the$set$of$all$points$%ha$+$kb$+$lc%$where%h,k,l$are$integers.$$
$There$are$14$different$symmetry$classes$of$lapce.$(Bravais,$1848)$$

Space$group:$A$discrete$group$of$isometries$of$R3$that$contains$a$lapce$subgroup.$

$There$are$230$space$groups$(Federov,$Schoenflies,$1890X91)$

How$can$we$best$understand$the$space$groups?$$

Point$group:$A$symmetry$group$that$fixes$at$least$one$point.$$$

$There$are$32$point$groups$compaDble$with$translaDonal$symmetry$(Hessel,$1830)$

$RotaDons$must$be$of$order$2,3,4$or$6.$$$$

$ $This$result$is$derived$by$considering$the$WignerXSeitz$cells$because$

$ $$they$can$be$shown$to$have$the$full$symmetry$of$the$lapce.$$



InternaDonal$Tables$for$Crystallography$

hTp://it.iucr.org$$$(definiDve$but$paywalled)$$

hTp://www.cryst.ehu.es$$(Bilbao$crystallographic$server,$free)$

Standard$classificaDon$is$by$lapce$type,$centering,$point$group$symmetry$

$e.g.$$P432$$has$a$cubic$lapce,$primiDve$centering$(no$extra$translaDons),$$$

$ $ $ $point$group$is$432$(i.e.$the$octahedral$group)$$

$

InternaDonal$tables$list$the$$

locaDon$of$the$origin,$generators$for$the$lapce$

order$of$the$group$modulo$lapce$translaDons$

one$rep.$for$each$symmetry$operaDon$(wrt$crystallographic$coordinates)$

Wyckoff$“special$posiDons”$(i.e.$fixed$points,$lines,$planes)$

Asymmetric$unit$(i.e.$a$fundamental$domain$for$the$group)$

The$tables$are$“data$heavy”,$not$at$all$intuiDve$or$easy$to$visualize$$

$without$long$term$experience$and$memorizaDon.$$$

enter$Orbifolds:$$a$topological$perspecDve$on$$

$geometric$groups$(Thurston,$1970s,$a|er$Satake,$1956)$$



image$credit:$MarDn$von$Gagern$X$hTp://www.morenaments.de/gallery/exampleDiagrams/$

2d$topology$warmXup$

Symmetry$group$is$G,$translaDon$lapce$subgroup$is$L$≈$Z2$$

We’re$going$to$construct$the$quoDent$spaces:$$R2/L$and$R2/G$



R2/L$$$
the$translaDonal$cell$$

glues$up$into$a$torus$

R2/G$
the$asymmetric$domain$

glues$up$into$a$sphere$$

with$four$cone$points.$



There$are$17$crystallographic$plane$groups,$“wallpaper$groups”$

$idenDfied$up$to$isomorphism$by$their$quoDent$spaces$R2/G$

(Conway$1992)$

(Int.$Tables$Cryst)$(Hyde,$Ramsden,$R.$2014)$



image$credits:$Jeff$Weeks$hTp://geometrygames.org/CurvedSpaces/index.html$

hTp://www.geom.uiuc.edu/video/sos/materials/overview/$

the$translaDonal$cell$is$a$cube.$$

glue$up$opposite$faces$into$a$

3Xtorus.$

3d$periodic$space$

Start$with$a$simple$(primiDve)$cubic$translaDon$lapce$group$L$

Construct$the$quoDent$space$$R3/L$



4Xfold$axes:$

Wykoff$e,$f$

The$space$group$P432$
is$the$group$of$orientaDonXpreserving$symmetries$of$the$simple$cubic$lapce.$$

Let’s$construct$the$quoDent$space%R3/%(P432)%.$



4Xfold$axes:$

Wykoff$e,$f$

3Xfold$axes:$

Wykoff$g$

The$space$group$P432$
is$the$group$of$orientaDonXpreserving$symmetries$of$the$simple$cubic$lapce.$$

Let’s$construct$the$quoDent$space%R3/%(P432)%.$



4Xfold$axes:$

Wyckoff$e,$f$

3Xfold$axes:$

Wyckoff$g$

2Xfold$axes:$

Wyckoff$h,i,j$

The$space$group$P432$
is$the$group$of$orientaDonXpreserving$symmetries$of$the$simple$cubic$lapce.$$

Let’s$construct$the$quoDent$space%R3/%(P432)%.$$



4Xfold$axes:$

Wyckoff$e,$f$

3Xfold$axes:$

Wyckoff$g$

2Xfold$axes:$

Wyckoff$h,i,j$

a$

a$

b$

c$

d$

The$space$group$P432$
is$the$group$of$orientaDonXpreserving$symmetries$of$the$simple$cubic$lapce.$$

Let’s$construct$the$quoDent$space%R3/%(P432)%.$

The$fundamental$

domain$for$the$$

group$is$1/24th$

of$the$cube$$



a$

a$

b$

c$

d$

glue$up$3$pairs$of$faces$to$get$a$$

3Xsphere$with$singular$lines$

i.e.$a$3Xorbifold$$

a$

b$

c$

d$

g$(3)$ f$(4)$

e$(4)$

h$(2)$

i$(2)$

j$(2)$

The$space$group$P432$
is$the$group$of$orientaDonXpreserving$symmetries$of$the$simple$cubic$lapce.$$

Let’s$construct$the$quoDent$space%R3/%(P432)$



Space$group$3Xorbifolds$are$compact$3Xmanifolds$with$singular$points,$lines,$boundaries.$$

$

MathemaDcians$know$that$194$of$the$230$space$groups$have$orbifolds$that$are$constructed$$

$as$fibred$spaces$over$2Xorbifolds.$The$remaining$36$are$the$cubic$space$groups.$$

$

Dunbar$began$tabulaDng$3Xorbifolds$in$“Geometric$Orbifolds”$(1988)$Rev.$Mat.$$

$Johnson$at$Oak$Ridge$NL$started$developing$“Crystallographic$Topology”$$

$Online$“Orbifold$Atlas”$from$late$1990s$has$all$cubic$space$group$orbifolds.$$

$but$only$a$UK$mirror$survives$at$hTp://www.ccp14.ac.uk/$

$

Conway$and$Thurston$used$the$orbifold$concept$to$devise$an$orbifold$notaDon$$

$for$the$spaces$groups$BUT$it$is$not$as$userXfriendly$as$the$2Xorbfiold$notaDon.$$

$see$$Conway$et$al$“On$ThreeXdimensional$Space$Groups”$Beitrage.$Alg.$Geom.$(2001)$

$and$Conway,$Burgiel,$GoodmanXStrauss,$The%Symmetries%of%Things,$AK$Peters,$2008.$
$

EnumeraDon$of$Dlings$of$space$via$Delaney$symbols$(special$triangulaDons$of$orbifolds)$$

$See$e.g.$ODF,$“Data$structures$and$algorithms$for$Dlings”$Theo%Comp%Sci%(2003)%%
%
…$and$all$the$new$work$coming$out$of$algorithmic$3Xmanifold$topology.$$

MathemaDcal$challenge:$$What$crystalline$structures$are$possible$

assuming$structures$that$have$genuine$translaDonal$symmetry?$$

PaTern$EnumeraDon$in$3Xorbifolds$



MathemaDcal$challenge:$$What$crystalline$structures$are$possible$

assuming$structures$that$have$genuine$translaDonal$symmetry?$$

a$2Xsphere$in$a$3Xsphere:$

becomes$a$2Xorbifold$(2223)$$
inside$a$3Xorbifold$(P432)$

a$

b$

c$

d$

(3)$ (4)$

(4)$
(2)$

(2)$

a$

a$

b$

c$

d$

cut$open$again$

My$current$strategy$is$to$focus$on$orientaDonXpreserving$space$groups$

(every$space$group$has$an$indexX2$subgroup$that$is$orientaDonXpreserving)$$



a$

b$

c$

d$

a$
a$

b$

c$

d$

there$are$extra$(mirror)$symmetries,$but$these$don’t$preserve$an$orientaDon$of$space$



a$

b$

c$

d$

a$
a$

b$

c$

d$

as$a$minimal$surface$there$are$even$further$symmetries,$but$these$swap$sides$of$the$surface$$

image$credit:$Myf$Evans$



Periodic$surfaces$are$$

covered$by$the$$

hyperbolic$plane$

See$hTp://epinet.anu.edu.au$$

$

“The$monster$paper”$

Ramsden,$Robins,$Hyde$

Acta$Cryst$A$(2009)$

image$credit:$Stuart$Ramsden$



Wrapping$hyperbolic$Dlings$$

onto$the$periodic$surfaces$$

gives$us$3Xperiodic$nets.$

Tilings$enumerated$

using$2D$Hyperbolic$

Delaney$symbols$

$

Nets$idenDfied$using$

SyStRe$

image$credit:$Stuart$Ramsden$



Fang,$Chen,$Yang,$Hu,$Liu.$$(2012)$$

Inorganic$Chemistry$CommunicaDons$22:101$
MOF$synthesis$of$sqc1121$

Zhou,$Li,$Liu,$Li.$(2012)$

J.$Am.$Chem.$Soc.$134:67$
$

“permanent$porosity$and$$

CO2$capture$ability”$$

sqc13520$

MetalXorganic$framework$synthesis$



Evans,$Hyde,$Robins$(2013)$Acta$Cryst$A$69:241$$

Tilings$by$ribbons$can$project$to$mulDXcomponent$catenated$nets$



Evans,$Hyde,$Robins$(2013)$Acta$Cryst$A$69:262$$

…$and$generalised$3Xperiodic$weavings$



Physics$of$Pruney$Fingers$Revealed$
BY$LISA$GROSSMAN$

hTp://www.wired.com/wiredscience/2011/03/pruneyXfingerXphysics/$

Evans,$Hyde$(2011)$“From$threeXdimensional$weavings$to$swollen$corneocytes”$$

J.$R.$Soc.$Interface$8:1274$$$

…$with$curious$physical$properDes$



Final$recap$

1.  Brief$history$of$crystals$and$their$geometry$$

2.  Crystalline$material$structure$types$$

3.  The$space$groups$–$crystalline$symmetries$

4.  Orbifolds$–$geometry$and$topology$of$the$space$groups$$

5.  PaTern$enumeraDon$within$orbifolds$$

–  Delaney$Dress$combinatorial$Dling$theory$

–  RCSR$and$EPINET$databases$
–  …$and$the$current$fronDer$

Current$challenges:$$

–  Characterise$the$periodic$nets$that$$are$carried$by$3D$Dlings$and/
or$2D$surface$Dlings.$$$

–  Classify$and$disDnguish$different$modes$of$catenaDon$in$mulDX

component$nets$and$weavings.$(Links$and$knoTed$graphs$in$R3/L)$

–  Spread$the$joy$of$orbifolds.$$$



Entangled%labyrinths,%%
Minimal%surfaces%
by$Julie$Brooke,$ANU$

ThankXyou$


