


?a ndOmized a‘gOritth for Delaunay triangulations

Poisson Delaunay triangulation



Randomized a‘gOritth for Delaunay triangulations

Randomized backward analysis of binary trees
Randomized incremental construction of Delaunay
Jump and walk

The Delaunay hierarchy

Biased randomized incremental order

Chew algorithm for convex polygon

Poisson Delaunay triangulation

e Poisson distribution
e Slivnyak-Mecke formula
e Blaschke-Petkanschin variables substitution
e Stupid analysis of the expected degree
e Straight walk expected analysis
> _ o @ Catalog of properties
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Sorting

Unbalanced binary tree History graph
Quicksort Conflict graph
O(nlogn) Same analysis

Backwards analysis
Analyse last insertion and sum

Last object is a random object



Randomization

Backwards analysis for Delaunay triangulation



Delaunay triangulation

1 of triangles during incremental construction?
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Alternative analysis

Triangle A with j stoppers ..
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Alternative analysis

Triangle A with j stoppers ..

Probability that it exists in the triangulation of a sample of size an

~ad(l—a) >a(1l—a)s > ] ot if2<j<d
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Alternative analysis

Triangle A with j stoppers ..

Probability that it exists in the triangulation of a sample of size an
~ad(l—a) >a(1l—a)s > ] ot if2<j<d
Size of tbe triangulation of the sample

— Z P [A with j stoppersisthere| x 1A with j stoppers

j=0
1/« 03

> Z 74 X 1A with j stoppers= a’#A with < é stoppers
j=0
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Alternative analysis

Triangle A with j stoppers ..

Probability that it exists in the triangulation of a sample of size an
~af(l-a) 2a’(1-a)s > 30°  f2<5< g

Size of tbe triangulation of the sample

= Z P [A with j stoppersisthere| x 1A with j stoppers = O(an)
j=0
1/ 03

> Z 74 X 1A with j stoppers= a’#A with < é stoppers
j=0
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Alternative analysis

Triangle A with j stoppers ..

Probability that it exists in the triangulation of a sample of size an
~af(l-a) 2a’(1-a)s > 30°  f2<5< g

Size of tbe triangulation of the sample

= Z P [A with j stoppersisthere| x 1A with j stoppers = O(an)
j=0
1/ 03

> Z 74 X 1A with j stoppers= a’#A with < é stoppers
j=0

11 - $ize (order < k Voronoi) < 2% = nk?



Alternative analysis

Triangle A with j stoppers ..

Probability that it exists during the construction
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J+33+2 75+1
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Probability that it exists during the construction
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Alternative analysis

Triangle A with j stoppers ;;;l:.’

Probability that it exists during the construction

_ 3 2 1
J+3 7+2 7+1
f of created triangles
n

= Z P[A with j stoppers appears| x A with j stoppers
j—O

= Z P A with j| — P|A with j 4 1]) x A with <j stoppers



Alternative analysis

Triangle A with j stoppers ..

Conflict graph / History graph

It remains to analyze conflict location
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Alternative analysis

Triangle A with j stoppers ..

Probability that it exists during the construction
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Alternative analysis

Triangle A with j stoppers ;;;l:.’

Probability that it exists during the construction

_ 3 2 1
J+3 7+2 7+1
t of conflicts occuring
n

= Zj x P |A with j stoppers appears| x A with j stoppers
j—O

= Z] x (P[A with j] — P|A with j +1]) x A with < j stoppers
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Alternative analysis

Triangle A with j stoppers ;;;l:.’

Probability that it exists during the construction

_ 3 2 1
J+3 7+2 7+1
1 of conflicts occuring

= Z] x P |A with j stoppers appears| x A with j stoppers
7=0

n

= Z] x (P[A with j] — P|A with j +1]) x A with < j stoppers

1 |
~ jx,—fxnf:()(nzf):O(nlogn)



History graph
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History graph (Delaunay tree)




History graph (Delaunay tree)

it conflict

there was a conflict with
the father

or the stepfather

13 .92 or both
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Jump and walk

Hopefully shorter walk

ﬁ‘ Designed for random points
,‘w O(+/n) expected location time
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Jump and walk (no distribution hvpothesis)Delaunav hierarchv
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Jump and walk (no distribution hvdothesis)Delaunav hierarchy
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point location in O (alog,, n)

point location in O (y/alog, n)









Technical detail







Randomization

How many randomness is necessary?

If the data are not known in advance

shuffle locally

19



Randomization

Drawbacks of random order
non locality of memory access

data structure for point location

o Hilbert sort

20















Drawbacks of random order
non locality of memory access
data structure for point location
S Hilbert sort
Walk should be fast
Last point is not at all a random point

o no control of degree of last point

22





















Triangle A with j stoppers ..
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Triangle A with j stoppers ;.=

Size (order < k Voronoi) < 93 = nk?
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Triangle A with j stoppers ..

Probability that it exists during the construction

_ 3 2 1
J+3 7+2 5+1
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Triangle A with j stoppers ..

Probability that it exists during the construction
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Triangle A with j stoppers ;===

Probability that it exists during the construction
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Triangle A with j stoppers ;===

Probability that it exists during the construction

_ - .—3
—% remains ©(7°)

1 of cgnflicts occuring

= Zj x P |A with j stoppers appears| x A with j stoppers
j=0
2

~ O<Z]]_4> = O(nlogn)
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CGAL

locate using Delaunay hierarchy 6 seconds

Delaunay 2D 1M random points

random order (visibility walk) 157 seconds
z-order 3 seconds

Hilbert order 0.8 seconds
Biased order (Spatial sorting) 0.7 seconds



CGAL

Delaunay 2D 100K parabola points

locate using Delaunay hierarchy 0.3 seconds

random order (visibility walk) 128 seconds
z-order 632 seconds
Hilbert order 46 seconds

Biased order (Spatial sorting) 0.3 seconds

25 -2
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3D

Degree of a random point?

O(n) worst cam

O(1) in practical cases.?

(
O(logn) for random points on a cylinder
(




Randomization

Avoiding point location

21



Delaunay randomized construction

O(n)

28 - 1



Delaunay randomized construction

O(n) + point location

28 - 2



Delaunay randomized construction

O(n) + point location

Use additional information to save on point location

28 - 3



Delaunay randomized construction

O(n) 4+ point location

Use additional information to save on point location

e.g. points are sorted by spatial sort
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Delaunay randomized construction

O(n) + point location

Use additional information to save on point location
e.g. points are sorted by spatial sort
Delaunay of points in convex position

78 - 5  Splitting Delaunay



Delaunay of points in convex position




Delaunay of points in convex position
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Delaunay of points in convex position

o choose a point at random

29 - 3



Delaunay of points in convex position

+

choose a point at random

remove it from convex polygon
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Delaunay of points in convex position

+

choose a point at random
remove it from convex polygon

remember its place
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Delaunay of points in convex position

[P F >

3 point at random
it from /convex\polygon

er its place

4
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Delaunay of points in convex position

Y =

3 point at random
it from /convex\polygon

er its place

with' relevant vertex-triangle pointers

insert point, (location known)

> Y
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Delaunay of points in convex position

choose/a point at random

< remove it from /convex'\polygon
remember its place
Z’ compute Delaunay of n —'1 points
\/4 with relevant vertex-triangle pointers
insert point, (location known) )

>
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Delaunay of points in convex position

o choose/a foint at fandom
remove it fkom /corfvex \polygon 2
p remember it} place
compute Deljunayfof n #'1 points
¢ with relevark veftex-friangle pointers o

insert point, (logatjonfknown)
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Delaunay of points in convex position

o
o choose/a foint at fandom :
remove it fkom /corfvex \polygon 2
o remember it} place
compute Deljunayfof n #'1 points
¢ with relevark veftex-friangle pointers o

insert point, (logatjonfknown)

"
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Delaunay of points in convex position

Analysis
choose a point at random
remove it from convex polygon
remember its place
compute Delaunay of n — 1 points
with relevant vertex-triangle pointers

insert point, (location known)
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Delaunay of points in convex position

Analysis
choose a point at random
remove it from convex polygon
remember its place
compute Delaunay of n — 1 points
with relevant vertex-triangle pointers

insert point, (location known)
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O(1) [model]



Delaunay of points in convex position

Analysis
choose a point at random
remove it from convex polygon
remember its place
compute Delaunay of n — 1 points
with relevant vertex-triangle pointers

insert point, (location known)
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Delaunay of points in convex position

Analysis
choose a point at random
remove it from convex polygon
remember its place
compute Delaunay of n — 1 points
with relevant vertex-triangle pointers

insert point, (location known)

30-4
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Delaunay of points in convex position

Analysis
choose a point at random
remove it from convex polygon O(1)
remember its place
compute Delaunay of n — 1 points
with relevant vertex-triangle pointers

insert point, (location known) O(d°p) = O(1)
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Delaunay of points in convex position

Analysis
choose a point at random
remove it from convex polygon
remember its place
compute Delaunay of n — 1 points
with relevant vertex-triangle pointers

insert point, (location known)
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Delaunay of points in convex position

Analysis
choose a point at random
remove it from convex polygon O(1)
remember its place
compute Delaunay of n — 1 points

fln—1)

insert point, (location known) O(d°p) = O(1)

with relevant vertex-triangle pointers

f(n) = fln—1)+0(1)
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Delaunay of points in convex position

Analysis
choose a point at random
remove it from convex polygon O(1)
remember its place
compute Delaunay of n — 1 points

fln—1)

insert point, (location known) O(d°p) = O(1)

with relevant vertex-triangle pointers

f(n)=fln—-1)+0(1) = O(n)
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Delaunay of points in convex position

Analysis
choose a point at random
remove it from convex polygon O(1)
remember its place

compute Delaunay of n — 1 points

with relevant vertex-triangle pointers fln=1)
insert point, (location known) O(d°p) = O(1)
fn)=fn—-1)+0(1) =0(n)
[Chew 86]
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Splitting Delaunay
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Remove ran
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Splitting Delauna
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Splitting Delaunay

Remove random point p

Split

Insert p in relevant triangulation

32 -1

O(d°p) =6

fln—1)



Splitting Delaunay

Remove random point p O(d°p) =6
Split f(n—1)
Insert p in relevant triangulation still need to locate

32 -2



Splitting Delaunay

Remove random point p O(d°p) =6

Compute and remember N N(p) same color

Split f(n—1)
Insert p in relevant triangulation M need Ilacs
locate = O(1)

32 -3

€



Splitting Delaunay

Remove random point p O(d°p) =6

Compute and remember N N(p) same color not so easy

Split f(n—1)
Insert p in relevant triangulation AT need TmlaeaTe
locate = O(1)

32 -4






But finding this neighbor require at least O(T logT)

and FE(T'logT) may be > Q(1)




Splitting Delaunay find a trick

Remove random point p

Compute and remember N N(p) same color
Split f(n—1)

Insert p in relevant triangulation  locate = O(1)

33-1



Splitting Delaunay find a trick

Take two random points ¢ and ¢’

Remove eroint pe{q,q}

Compute and remember N N(p) same color
Split f(n—1)

Insert p in relevant triangulation  locate = O(1)

33 -2



Splitting Delaunay find a trick

Take two random points ¢ and ¢’

Remove randem point p € {q,¢'}  E(max(d°q,d°q"))
Compute and remember N N(p) same color

Split f(n—1)

Insert p in relevant triangulation  locate = O(1)
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Splitting Delaunay find a trick

Take two random points ¢ and ¢’

Remove random point p € {q,¢'}  E(max(d°q,d°q"))

Compute and remember N N(p) same color
E(min(Ty, Ty )?)

Split f(n—1)

Insert p in relevant triangulation  locate = O(1)
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Splitting Delaunay find a trick

Take two random points ¢ and ¢’

Remove randem point p € {q,¢'}  E(max(d°q,d°q"))

Compute and remember N N(p) same color
E(min(Ty, Ty )?)

Split f(n—1)

Insert p in relevant triangulation  locate = O(1)

X random variable, Y independant copy of X
2E(X)=E(X+Y)=FEmax(X,Y)+min(X,Y)) > E(mazx(X,Y))
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Splitting Delaunay find a trick

Take two random points ¢ and ¢’

Remove randetfvpoint p € {¢.¢'}  E(maxz(d°q,d°q¢")) <12

Compute and remember N N(p) same color
E(min(Ty, Ty )?)

Split f(n—1)

Insert p in relevant triangulation  locate = O(1)

X random variable, Y independant copy of X
2E(X)=E(X+Y)=FEmax(X,Y)+min(X,Y)) > E(mazx(X,Y))
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Splitting Delaunay find a trick

Take two random points ¢ and ¢’

Remove randetfvpoint p € {¢.¢'}  E(maxz(d°q,d°q¢")) <12

Compute and remember N N(p) same color
E(min(Ty, Ty )?)

Split f(n—1)

Insert p in relevant triangulation  locate = O(1)

E(min(X,Y)?) < E(min(X,Y)maz(X,Y)) = E(XY) = E(X)?
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Splitting Delaunay find a trick

Take two random points ¢ and ¢’

Remove randetfvpoint p € {¢.¢'}  E(maxz(d°q,d°q¢")) <12

Compute and remember N N(p) same color
E(min(Ty,Ty)?) < 36

Split f(n—1)

Insert p in relevant triangulation  locate = O(1)

E(min(X,Y)?) < E(min(X,Y)maz(X,Y)) = E(XY) = E(X)?

33-38



Splitting Delaunay find a trick

Take two random points ¢ and ¢’

Remove randetfvpoint p € {¢.¢'}  E(maxz(d°q,d°q¢")) <12
Compute and remember N N(p) same color

E(min(Ty, Ty)?) < 36
Split f(n—1)
Insert p in relevant triangulation locate = O(1)

Thus overall O(n) time

[Chazelle Devillers Hurtado Mora Sacristan Teillaud 2002]
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Randomization

Randomized incremental constructions

34 -2

Simple algorithms
non trivial analysis
good complexities

efficient in practice



Randomization

Randomized incremental constructions

Simple algorithms

non trivial analysis

good complexities C G A L

efficient in practice Delaunay hierarchy

Spatial sorting
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Randomization

Randomized incremental constructions

Simple algorithms

non trivial analysis

good complexities C G A L

efficient in practice Delaunay hierarchy

Spatial sorting
Other tools

divide and conquer

€ nets Good sample with high probability
34 - 4
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Poisson Delaunay triangulation

Poisson distribution

Slivnyak-Mecke formula
Blaschke-Petkanschin variables substitution
Stupid analysis of the expected degree
Straight walk expected analysis

Catalog of properties



Poisson distribution X a Poisson point process

Distribution in A independent from distribution in B.
when ANB =2

Unit uniform rate

1(A)F
PIX 4| = 4] = Y2 oot
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Poisson distribution X a Poisson point process

Distribution in A independent from

when AN B =Y

Unit uniform rate

1(A)F
PIX 4| = 4] = Y2 oot
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Poisson distribution X a Poisson point process

Distribution in A independent from distribution in B.
when ANB =2

Unit uniform rate

1(A)F
PIX 4| = 4] = Y2 oot

PIIXNA|l =0]=e vl

I(A
E[1X N Al = Z kVO e~ Vol — yol(A)
36 -3



Slivnyak-Mecke formula
X a Poisson point process of density n

Sum —— Integral

37 -1



Slivnyak-Mecke formula

Sum —

37 -2

Z Lip(x,q)]

qEX

X a Poisson point process of density n

Integral




Slivnyak-Mecke formula

Sum ———

37 -3

Z Lip(x,q)]

qEX

X a Poisson point process of density n

Integral

=n/RZP[P<Xm{q},q>] dg



Slivnyak-Mecke formula
X a Poisson point process of density n

Sum —— Integral

E Z]-P(Xq) :n/FpP[P(Xﬂ{QLQ)]dC]

qEX

e.g.,

E Z LINNx (0)=q]

qEX

37 - 4



Slivnyak-Mecke formula

Sum ———

e.g.,

37 -5

Z Lip(x,q)]

qEX

Z LINNx (0)=q]

qEX

X a Poisson point process of density n

Integral

=n/RZP[P<Xm{q},q>] dg

=nAQP[D<o,\\q\\>mX:@1 dg



Slivnyak-Mecke formula

Sum ———

e.g.,

37 -6

Z Lip(x,q)]

qEX

Z LINNx (0)=q]

qEX

X a Poisson point process of density n

Integral

=n/RZP[P<Xm{q},q>] dg

n

n

| PIDO.al) 0 X = 0] dg

/ e~nllal® g
R2



Slivnyak-Mecke formula

X a Poisson point process of density n

Sum —— Integral

E Zlmx(z)

qEX

e.g.,

E Z LINNx (0)=q]

qEX

37 -7

=n [ PIP(Y O {ah)] do

=nAQP[D<o,\\q\\>mX:@1 dg

— n/ o~ lall® dq
R2

27 o0
:n/ / e_m"“27“d(9d7“:n><27r><izl
0 0
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Blaschke-Petkantschin variable substitution

/ F(pyq.t) dpdq dt
(R2)3

38 -1



Blaschke-Petkantschin variable substitution

(R2)3

27 27 27
/ / / / / / f(p,q.t)|det(J)|dos dasdazdadydr

38 - 2



Blaschke-Petkantschin variable substitution

(R2)3

27 27 27
/ / / / / f(p,q,t)|det(J)|dardasdazdxdydr

21 2T
//JOO/ / fp,q, )2r°area(arazagz)dardagdasdedydr
4

4

38 - 3



Expected number of triangles in conflict with origin
X a Poisson point process of density n

39 -1
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Expected number of triangles in conflict with origin
_ X a Poisson paint process of density n

E % Z 1[pqr€DT(X)]1[O€D’i8k(pqt)]

p,q,teX?3

39 - 3



Expected number of triangles in conflict with origin
_ X a Poisson paint process of density n

E % Z 1[pqr€DT(X)]1[O€D‘i8k(pqt)]

p,q,teX?3

3

— %/(RQ)S P [X M B(pqt) — @] 1[O€Disk(pqt)] dp dq d¢

Slivnyak-Mecke formula
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Expected number of triangles in conflict with origin
_ X a Poisson paint process of density n

E % Z 1[pqr€DT(X)]1[O€Di8k(pqt)]

p,q,teX?3

3

— %/RQ)B P [X A B(pqt) @] 1[O€Dzsk(pqt)] dpdgdt

2T p2m P2 p27
— _/ // / / / —nmr? 9,3 area(oasas)Rdaydasdazdfd Rdr

Blaschke-Petkantschin formula

39 -5



Expected number of triangles in conflict with origin
X a Poisson paint process of density n

E % Z 1[pqr€DT(X)]1[O€Di8k(pqt)]

p,q,teX?3

3

— %/RQ)B P [X A B(pqt) @] 1[O€Dzsk(pqt)] dpdgdt

27 p2T P2 P27
— —/ // / / / —nwrt 9.3 area(oasas)Rdaydasdazdfd Rdr
— %/ e~ )3 (/ RdR) (/ d@dR) dr (/ / / 2ar6a(a1a2a3)da1da2da3)
0 0 0

39-6



Expected number of triangles in conflict with origin

_ X a Poisson paint process of densgcy n

E % Z Lipgre D1 (X)) 1[0€ Disk(pgt)] _2_ >

p,q,teX?3

3

— %/RQ)B P [X M B(pqt) — @] 1[O€Disk(pqt)] dp dq d¢ 3

27 p2T P2 P27
— —/ // / / / —nwrt 9.3 area(oasas)Rdaydasdazdfd Rdr
2w p27
— %/ e~ (/ RdR) (/ d@dR) dr (/ / / 2areaf a1a2a3)da1da2da3)
0 0 0

Maple computation:

> assume (n>0) :with(LinearAlgebra):

> int ( exp(-n*Pi*r~ 2)*r~ 5,r=0..infinity);

1/(n~ 3xPi~ 3)

> 6*xint (int (int (Determinant ([ [ 1, 1,
[cos(alphal),cos(alpha2),cos
[sin(alphal) ,sin(alpha2),sin

alphal=0..alpha2) ,alpha2=alpha3),alpha3=0..2%Pi);

39 -7 24%Pi~ 2



Expected number of triangles in conflict with origin
_ X a Poisson paint process of density n

E % Z 1[pqr€DT(X)]1[O€Di8k(pqt)]

p,q,teX?3

3

— %/RQ)B P [X A B(pqt) @] 1[O€Dzsk(pqt)] dpdgdt

2T P2 P2 P27
— —/ // / / / —nwrt 9.3 area(oasas)Rdaydasdazdfd Rdr
=1 / e~ 3(/ RdR) (/ dedR) dr ( / / / 2area(a1a2a3)da1da2da3)
0 0 0

o0 2 1
= ”—/ e rdor dr 24n% = Br——24x% = 4
0 2 nem

39 - 8



Expected number of triangles in conflict with origin
_ X a Poisson paint process of density n

E % Z 1[pqr€DT(X)]1[O€Di8k(pqt)]

p,q,teX?3

3

— %/RQ)B P [X A B(pqt) @] 1[O€Dzsk(pqt)] dpdgdt

27 p2T P2 P27
— —/ // / / / —nwrt 9.3 area(oasas)Rdaydasdazdfd Rdr
— %/ e~ )3 (/ RdR) (/ d@dR) dr (/ / / 2ar6a(a1a2a3)da1da2da3)
0 0 0

> r2 1

B '”’—/ 6_n7”“27“32775d7“ U2 = "377 247? = 4
0

= E| DT(Xﬂ{O})(O)} =0
39-9 (you already know (2))
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Straight walk analysis

X a Poisson point process of density n -

1
E 2 Z 1[pqt€DT(X)] 1[p below,q above] 1[pq intersects segment]
| p,q,teX?

40 - 4



Straight walk analysis

E

+E

40 - 5

X a Poisson point process of density n

1
9 E 1[pqt€DT(X)] 1[p below,q above] 1[pq intersects segment]
P,

q,te X3

q,te X3

1
2 E , 1[pqt€DT(X)] 1[p below,q,t above] 1[pq intersects segment]
| D,

1
p) E 1[pqt€DT(X)] 1[p,t below,q above] 1[pq intersects segment|
| p,q,teX?

E 1[pqt€DT(X)] 1[p below,q,t above] 1[pq intersects segment|
| p,q,te X3




Straight walk analysis

E

X a Poisson point process of density n

Z 1[pqt€DT(X)] 1[p below,q,t above] 1[pq intersects segment]

| p,q,te X3

= n’ /(R2)3 P[X N B(pgt) = 0] 1["position“] dp dq dt

Slivnyak-Mecke formula

40 - 6




Straight walk analysis

| p,q,te X3

X a Poisson point process of density n -

E Z 1[pqt€DT(X)] 1[p below,q,t above] 1[pq intersects segment]

— n3/ | P X NB(pqt) = @] 1[ position dp dq dt
R2)3

2T p2T p2m
LT o

: 7"320,7“6@(&1 asaz)dadasdasdrdydr

Blaschke-Petkantschin formula

40 - 7



Straight walk analysis

X a Poisson point process of density n
co prl pr p2m P27 p2m N
3 —nmr .
~ n/ // / / / € 1["p05|t|on"]
0 0O J—1/0 0 0

.r32area(a; asas)dag dasdasgdzdydr

40 - 8



Straight walk analysis

X a Poisson point process of density n
co prl pr p2m P27 p2m N
3 —nmr .
~ n/ // / / / € 1["p05|t|on"]
0 0O J—1/0 0 0

.r32area(a; asas)dag dasdasgdzdydr

o0 T 2T p2T P27 )

~ D —nNT o

— ”/ / / / / e 1["p05|t|on”]
0 —1rJ 0 0 0

.r92area(a;asas)dag dasdasdydr

40 - 9



Straight walk analysi: t o

q, 0425

oo pl pr p271 P :
NG SR
0 JOo J—rJ0 ¢ ®

P, &1

¢

(&

¥ h

o0 T 2T p2mT P27 )
3 —n7Tr
I / / / / / € 1[” position"]
0 —1J 0 0 0
.r92area(oq asas)dar dasdasdydr
oo pl 2m—arcsin h pm-+arcsin h pmw+arcsin h )
0 —1J w+arcsin h — arcsin h — arcsin h
40Th1§ Y .r92area(a;asas)dagdasdag rdhdr

¢



Straight walk analysis

X a Poisson pomt process of density n
2T p27 p2m
— "position"]
—T

r32area(a; asas)dag dasdasdzdydr
oo rl 2m—arcsin h pm-+arcsin h pm-t+arcsin h .
0 —1J w+arcsin h — arcsin h — arcsin h
T32area(a1 asaz)dagdasdayrdhdr

o0 2
~ n3/ e T 3y

1 27w —arcsin h mw+arcsin ww+arcsin h
X / / / / 2area(aasaz)dasdasda;rdh
40 - ]_]_ —1 m—+arcsin h — arcsin h — arcsin h

¢



Straight walk analysis

X a Poisson point process of density n

27T p27T P27
///_/ / / _mrl'posmon]

r32area(a; asas)dag dasdasdzdydr
- 2
~ O —nrre, .3
- ”/O © rdr ask Maple |
1 27w —arcsin h m+arcsin mw+arcsin h
X / / / / 2area( aog)dasdasda;rdh
—1 m+arcsin h — arcsin h — arcsin h

o0 2
~ 7?,3/ 6—n7rr 3 5127“ dT
0

| ¢

9



Straight walk analysis

X a Poisson point process of density n -

1
E 2 Z 1[pqt€DT(X)] 1[p below,q above] 1[pq intersects segment]
p,q,t€X?

- 2
~ n?’/ e S d
0]
1 27T —arcsin h mT+arcsin m+arcsin h
X / / / / 2area( aog)dasdasda;rdh
—1 mw+arcsin h — arcsin h — arcsin h
o 2
~ 77,3/ e T 3 5527“ dr
0

3
512 3 64 ~
40 - 13 9 " 8‘71272,2\/5 - 3n? \/ﬁ - 216\/5
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Sample of other probabilistic results



Expected degree

2D

42 - 1

E[(d°(p)] =6



Expected degree

2D E[(d°(p)] =6

30%

42 _ 9 34567 89 101



Expected degree

2D E[(d°(p)] =6

3D E [(d°(p)] = 282° + 2 ~ 15.535

42 - 3



Expected degree

2D

3D

3D on a cylinder

42 - 4

E[(d°(p)] =6

E [(d°(p)] = 282° + 2 ~ 15.535

E[(d°(p)] = ©(logn)



Expected degree

2D E[(d°(p)] =6

3D E [(d°(p)] = 282° + 2 ~ 15.535

3D on a cylinder E[(d°(p)] = ©(logn)

3D on a,surface O(1) <E[(d°(p)] <O(logn)

R

generic

42 - 5



Expected maximum degree

Poisson distribution intensity 1, window [0, \/n]?

E [max(d°(p)] = © (5557 )

loglogn

43 - 1



Expected maximum degree

Poisson distribution intensity 1, window [0, \/n]?

E [max(d°(p)] = © (5557 )

loglogn

no boundaries!

43 - 2



Expected maximum degree

Poisson distribution intensity 1, window [0, \/n]?

E [max(d°(p)] = © (5557 )

loglogn

Poisson distribution intensity n, bounded domain

E [max(d°(p)] = O (log2+€ n)

43 - 3
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Walk between vertices




rtices

Walk between ve

Compass walk



Walk between vertices

Voronoi path

44 - 5



rtices

Walk between ve

Voronoi path with shortcuts

6

44 -



Walk between vertices

Shortest path
Upper path

Compass walk

Voronoi path with shortcuts

44 -



Walk between vertices
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Walk between vertices

Expected length (experiments)

Euclidean length 1
Shortest path 1.04
1.07
Shortened V. path 1.16
Upper path 1.18
1.27

46 - 1



Walk between vertices

Expected length (experiments)

46 - 2

Euclidean length
Shortest path

Shortened V. path
Upper path

1

1.04
1.07
1.16
1.18
1.27



Smoothed analysis of convex hull

47 - 1



Smoothed analysis of convex hull

K unit ball of R®

47 - 2



Smoothed analysis of convex hull

K unit ball of R®

initial point set

47 - 3



Smoothed analysis of convex hull

K unit ball of R?
initial point set

Add noise, uniform in 6 K

47 - 4



Smoothed analysis of convex hull

K unit ball of R?
initial point set

Add noise, uniform in 0 K

Convex hull "q
L B
Sy

47 - 5



Smoothed analysis of convex hull

K unit ball of R®

special case: (€, k) sample

47 - 6



Smoothed analysis of convex hull

K unit ball of R?
special case: (€, k) sample

Add noise, uniform in d.K



Smoothed analysis of convex hull

K unit ball of R¢

special case: (€, k) sampl

Add noise, uniform in

Convex hull

47 - 8



Smoothed analysis of convex hull

Dimension 2

log bound

lim
T~ 0O lo%n — Our smoothed upper bound
— Our lower bound on regular n-go

— Lower bound from average-case

47 - 9



Smoothed analysis of convex hull

Open problems
Tighter analysis for CH
Delaunay size in 3D

Delaunay walk in 2D

47 - 10






