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Circle equation
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2 + y

2 � 2ax� 2by + c = 0

x
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0 = 0

Another circle equation

Pencil of circles

� · (x2 + y
2 � 2ax� 2by + c)

+(1� �) · (x2 + y
2 � 2a0x� 2b0y + c

0) = 0

A special ”circle: the radical axis

� = 1
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Power of a point w.r.t a circle

x
2 + y

2 � 2ax� 2by + c

= 0 on the circle

< 0 inside the circle

> 0 outside the circle
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Power of a point w.r.t a circle

x
2 + y

2 � 2ax� 2by + c

blue yields smaller power

black yields smaller power

equal power

(x2 + y
2 � 2a0x� 2b0y + c

0)�

+(1� �) ( ) = 0
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Delaunay triangulation
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triangles

For unstructured mesh: add points and compute Delaunay

Teaser
meshing
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Proof:

Split points

Is diametral circle empty ?

Empty circle =)
The edge is in Delaunay triangulation

Adding a red blue-edge create a cycle =)
The edge is the shortest red-blue edge
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Algorithm choose shorter purple edge

O(n log n) after Delaunay
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n� e+ t+ 1 = 2

3t+ k = 2e

t = 2n� k � 2 < 2n

e = 3n� k � 3 < 3n

2n� 3t� k + 2t = 2

X

p2S

d
�(p) = 2e = 6n� 2k � 6

E(d�(p)) = 1
n

X

p2S

d
�(p) < 6

average on the choice of point p in set of points S
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Triangulation Delaunay

smallest angle

second smallest angle
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Delaunay edge

9 empty circle

Definition
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Delaunay edgelocally w.r.t. a triangulation

9 circle

not enclosing the two neighbors

Definition

neighbor = visible from the edge
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Lemma (8 edge: locally Delaunay) () Delaunay

Proof:

choose an edge

edges of the quadrilateral

are locally Delaunay

Vertices visible through one edge are outside circle

Induction ! all vertices outside circle
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Delaunay () maximize the smallest angle

Two possible triangulation
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Lemma For four points in convex position

Delaunay () maximize the smallest angle

Case 1: smallest angle in corner

9 a smaller angle 2 other triangulation
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Lemma For four points in convex position

Delaunay () maximize the smallest angle

Case 2: smallest angle

9 a smaller angle 2 other triangulation
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along diagonal
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Map: Triangulations �! R6n�3k�4 smallest angle ↵1

second smallest angle ↵2

third smallest angle ↵3
(↵1,↵2,↵3, . . . ,↵6n�3k�4)
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Map: Triangulations �! R6n�3k�4 smallest angle ↵1

second smallest angle ↵2

third smallest angle ↵3
(↵1,↵2,↵3, . . . ,↵6n�3k�4)

sort triangulations in lexicographic order
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Proof:
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Theorem:

Delaunay maximizes minimum angles (in lexicographic order)

Proof:
Let T be the triangulation maximizing angles

=) 8 convex quadrilateral (from 2 triangles 2 T )

the diagonal maximizes smallest angle (in quad)

=) 8 edge, it is locally Delaunay

=) T = Delaunay
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Convex hull Lower bound

A stupid algorithm for sorting numbers

project on parabola

compute convex hull

find lowest point

enumerate x coordinates
in ccw CH order

O(n)

f(n)

O(n)

O(n)

Lower bound on sorting

=) f(n) +O(n) � ⌦(n log n)
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Convex hull Lower bound

A stupid algorithm for sorting numbers

project on parabola

compute convex hull

find lowest point

enumerate x coordinates
in ccw CH order

O(n)

f(n)

O(n)

O(n)

Lower bound on sorting

=) f(n) +O(n) � ⌦(n log n)

Dela
unay



22 - 1

Convex hull Orientation predicate

v

w

n
vwn + ?

����
xw � xv xn � xv

yw � yv yn � yv

���� =

������

1 1 1
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������
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Delaunay Triangulation: incircle predicate
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? = (x, y, x2 + y
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2 = 0
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Delaunay Triangulation: incircle predicate

Space of circles

circle through pqr

 plane through p
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q
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s inside/outside of

above/below s
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incircle predicate
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Delaunay Triangulation: incircle predicate

Degeneracies

Degree 4 vertex in Voronoi diagram

Delaunay quad ? random diagonal ?

assume no degeneracies for a while

Teaser
robust

ness le
cture
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Teaser
lectureDelaunay Triangulation:

Data structure for (Delaunay) triangulation

Representing incidences

Representing hull boundary

Representing user’s data put c in trianglesolors
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Delaunay Triangulation: Diagonal flipping

check edges of quadrilateral
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Delaunay Triangulation: Diagonal flipping
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Delaunay Triangulation: Diagonal flipping
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Delaunay Triangulation: Diagonal flipping

Delaunay is obtained
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Complexity ?

Locally Delaunay

locally convex
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Convex
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Delaunay Triangulation: Diagonal flipping

Complexity ?

Non Delaunay

Non convex

Flip

An hidden edge cannot be visible again

At most n(n�1)
2 edges

Complexity of diagonal flipping is O(n2)
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Complexity ?

Delaunay

Do not care
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Complexity ?

Delaunay

01 01 01 01 01



27 - 10

Delaunay Triangulation: Diagonal flipping

Complexity ?

Encoding a triangulation

0 10 1 0101 01

Flip

swap
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Complexity ?

01 01 01 01 01

0 10 10 10 101

Delaunay

at least
�
n
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�2
flips
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The end


