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Poisson Delaunay triangulation

Poisson distribution

Slivnyak-Mecke formula
Blaschke-Petkanschin variables substitution
Stupid analysis of the expected degree
Straight walk expected analysis

Catalog of properties



Poisson distribution X a Poisson point process

Distribution in A independent from distribution in B.
when ANB =0

Unit uniform rate

1(A)F
P(IX 4] = 4] = Y2 oot
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Poisson distribution X a Poisson point process

Distribution in A independent from distribution in B.
when ANB =0

Unit uniform rate

1(A)F
P(IX 4] = 4] = Y2 oot

PIIXNA|l =0]=e vl

I(A
E[1X N Al = Z kVO e~ Vol — yol(A)
36 -3



Slivnyak-Mecke formula
X a Poisson point process of density n

Sum —— Integral
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Sum ———
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Slivnyak-Mecke formula
X a Poisson point process of density n

Sum —— Integral

E Z]-P(Xq) :n/RzP[P(XU{q},q)]dq

qEX

e.g.,

E Z LINNx (0)=q]

qEX
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Slivnyak-Mecke formula

Sum ———

e.g.,
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Slivnyak-Mecke formula

Sum ———

e.g.,

37 -6

Z Lip(x,q)]

qEX

Z LINNx (0)=q]

qEX

X a Poisson point process of density n

Integral

:n/RQp[p(qu},q)] dg

n

n

| PIDO.al) 0 X = 0] dg

/ e=nllal® g
R2



Slivnyak-Mecke formula

X a Poisson point process of density n

Sum —— Integral

E le<xq>

qEX

e.g.,

E Z LINNx (0)=q]

qEX

37 -7

=n [ PIP(YUlaha) do

=nAQP[D<o,\\q\\>mX:@1 dg

— n/ o~ lall® dq
R2

27 o0
:n/ / e_m"“27“d(9d7“:n><27r><izl
0 0

2n T



Blaschke-Petkantschin variable substitution

/ F(psq,t) dpdq dt
(R2)3

38 -1



Blaschke-Petkantschin variable substitution

(R2)3

27 27 27
/ / / / / / f(p,q.t)|det(J)|dar dasdazdadydr
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Blaschke-Petkantschin variable substitution

(R2)3

27 27 27
/ / / / / f(p,q,t)|det(J)|dardasdazdxdydr

21 2T
//JOO/ / fp,q, )2r°area(ayazaz)dardagdasdedydr
4

4

38 - 3



Expected number of triangles in conflict with origin
X a Poisson point process of density n

39 -1



pec

N\

umbe

tri

d

ntlict
ISson poi

origin
cess of density




Expected number of triangles in conflict with origin
X a Poisson point process of density n

E|3 > lpgenrx)lpg cowilioeDisk(pat)
| p,g teX?
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Expected number of triangles in conflict with origin
X a Poisson point process of density n

E 13 Y Lpgenrilpat cowlioeDisk(pat)]
p,q,teX3

3

= %/(R2)3 P[X NB(pgt) = 0] L, cowilioeDisk(pqr)] dp dgdt

Slivnyak-Mecke formula
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Expected number of triangles in conflict with origin
X a Poisson point process of density n

E 13 Y Lpgenrilpat cowlioeDisk(pat)]

| p,g teX?

3

= %/R2)3 P[X NB(pgt) = 0] L, cowilioeDisk(pqr)] dp dgdt

2w P27 po1 27 por 27
_—/ // / / / —nwrton3 area(aiasas)Rdasdasda;ddd Rdr

Blaschke-Petkantschin formula
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Expected number of triangles in conflict with origin
X a Poisson point process of density n

E|3 > lpgenrx)lpg cowilioeDisk(pat)
| p,g teX?

3

= %/R2)3 P[X NB(pgt) = 0] L, cowilioeDisk(pqr)] dp dgdt

2w P27 po1 27 por 27
— —/ // / / / —nwrt o3 area(aiasas)Rdasdasda;dddRdr
27w po1 27 pal427
— %/ e~y (/ RdR) (/ ) dr (/ / / 2area(aasas da3da2da1)
0 0
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Expected number of triangles in conflict with origin

X a Poisson point process of dens;cy n

E % Z 1ipgte DT (X)) L [pgt cow)lioe Disk(pqat)] 2 >

| p,g teX?

3

= %/R2)3 P[X NB(pgt) = 0] Lipgt cowilioepisk(pqr)) dp dgdt

2w P27 po1 27 por 27
— —/ // / / / —nwrt o3 area(aiasas)Rdasdasda;dddRdr
. ) 27w po1 27 pal427
— %/ e " (/ RdR) (/ ) dr (/ / / 2 area( alagag)da3da2da1)
0 0

Maple computation:
> assume (n>0) :with(LinearAlgebra):

> int( exp(-n*Pi*r~ 2)*r~ 5,r=0..infinity);
n317r3

> 6*xint (int (int (Determinant ([ [ 1, 1,
[cos(alphal),cos(alpha2),cos
[sin(alphal) ,sin(alpha2),sin
alpha3=alpha?2..alphal+2*Pi) ,alpha2=alphal..alphal+2:

39 - 7 1272



Expected number of triangles in conflict with origin
X a Poisson point process of density n

E 13 Y Lpgenrilpat cowlioeDisk(pat)]

| p,g teX?

3

= %/R2)3 P[X NB(pgt) = 0] L, cowilioeDisk(pqr)] dp dgdt

2w P27 po1 27 por 27
— —/ // / / / —nwrt o3 area(aiasas)Rdasdasda;dddRdr
27w po1 27 pal427
— %/ e~y (/ RdR) (/ ) dr (/ / / 2area(aasas da3da2da1)
0 0

o0 2

1
= %/ e—"WQr?’z?r%dr 1272 = 2 1272 = 4
0

3 n3 73
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Expected number of triangles in conflict with origin
X a Poisson point process of density n

E 13 Y Lpgenrilpat cowlioeDisk(pat)]

| p,g teX?

3

= %/R2)3 P[X NB(pgt) = 0] L, cowilioeDisk(pqr)] dp dgdt

2w P27 po1 27 por 27
— —/ // / / / —nwrt o3 area(aiasas)Rdasdasda;ddd Rdr
2w pa1 27 pal42m
— %/ e~ 3 (/ RdR) (/ dﬁ) dr (/ / / 2area(aasas da3da2da1)
0 0 0 0 Ja;

o0 2

1
= %3/ e—"”2r32w%dr 1272 = 2 1272 = 4
0

3 n3 73

= E [ DT(XU{O})(O)} =0
39-9 (you already know (2))
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Straight walk analysis

X a Poisson point process of density n -

1
= 2 Z 1[pqt€DT(X)] 1[p below,q above] 1[pq intersects segment]
| p,q,teX?
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Straight walk analysis

E
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X a Poisson point process of density n

1
9 E 1[pqt€DT(X)] 1[p below,q above] 1[pq intersects segment]
P,

q,te X3

q,te X3

1
2 E , 1[pqt€DT(X)] 1[p below,q,t above] 1[pq intersects segment]
| D,

1
p) E 1[pqt€DT(X)] 1[p,t below,q above] 1[pq intersects segment|
| p,q,teX?

E 1[pqt€DT(X)] 1[p below,q,t above] 1[pq intersects segment|
| p,q,te X3




Straight walk analysis

E

X a Poisson point process of density n

Z 1[pqt€DT(X)] 1[p below,q,t above] 1[pq intersects segment]

| p,q,te X3

=n’ /(R2)3 P[X N B(pgt) = 0] 1["position“] dp dq dt

Slivnyak-Mecke formula
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Straight walk analysis

| p,q,te X3

X a Poisson point process of density n -

E Z 1[pqt€DT(X)] 1[p below,q,t above] 1[pq intersects segment]

— n3/ | P X NB(pqt) = @] 1[ position dp dq dt
R2)3

2T p2T p2m
LT i

: 7"320,7“6&(&1 asaz)dadasdasdxdydr

Blaschke-Petkantschin formula

40 - 7



Straight walk analysis

X a Poisson point process of density n
co prl pr p2m P27 p2m N
3 —nNTr .
~ n/ // / / / € 1["p05|t|on"]
0 0O J—1/0 0 0

.r32area(a; asas)dag dasdasgdzdydr
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Straight walk analysis

X a Poisson point process of density n
co prl pr p2m P27 p2m N
3 —nNTr .
~ n/ // / / / € 1["p05|t|on"]
0 0O J—1/0 0 0

.r32area(a; asas)dag dasdasgdzdydr

o0 T 2T p2T P27 )

~ D —nNT o

— ”/ / / / / e 1["p05|t|on”]
0 —1rJ 0 0 0

.r92area(a;asas)dag dasdasdydr
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Straight walk analysit t o

q, 0425

oo pl pr p271 P :
NG S
0 J0Oo J—rJ0 ¢ ®

P, &1

¢

(&

¥

o0 T 2T p2mT P27 )
3 —n7Tr
I / / / / / € 1[” position"]
0 —1J 0 0 0
.r92area(oq asas)dagdosdasdydr
oo pl 2m—arcsin h pm-+arcsin h pmw+arcsin h )
0 —1J w+arcsin h — arcsin h — arcsin h
40Th1§ Y .r92area(a;asas)dagdasdag rdhdr
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Straight walk analysis

X a Poisson pomt process of density n
2T p27 p2m
— "position"]
—T

r32area(a; asas)dag dasdasdzdydr
oo prl 2m—arcsin h pm-+arcsin h pm-t+arcsin h .
0 —1J w+arcsin h — arcsin h — arcsin h
T32area(a1 asaz)dagdasdayrdhdr

o0 2
~ n3/ e T 3y

1 2m —arcsin h mw+arcsin ww+arcsin h
X / / / / 2area(aasas)dasdasda;rdh
40 - ]_]_ —1 m+arcsin h — arcsin h — arcsin h

¢



Straight walk analysis

X a Poisson point process of density n

27T p27T P27
///_/ / / _mrl'posmon]

r32area(a; asas)dag dasdasdzdydr
- 2
~ O —nrre, .3
- ”/O c rdr ask Maple |
1 27w —arcsin h m+arcsin mw+arcsin h
X / / / / 2area(a aag)dasdasda;rdh
—1 m+arcsin h — arcsin h — arcsin h

o0 2
~ 7?,3/ e—fmrr 3 5127“ dT
0

| ¢

9



Straight walk analysis

X a Poisson point process of density n -

1
= 2 Z 1[pqt€DT(X)] 1[p below,q above] 1[pq intersects segment]
p,q,t€X?

- 2
~ n?’/ e M S dy
0]
1 27T —arcsin h mT4+arcsin m+arcsin h
X / / / / 2area(a aag)dasdasda;rdh
—1 mw+arcsin h — arcsin h — arcsin h
- 2
~ 77,3/ e T 3 5527“ dr
0

3
512 3 64 ~
40 - 13 9 " 8‘71272,2\/5 - 3n? \/ﬁ - 216\/5
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Sample of other probabilistic results



Expected degree

2D

42 - 1

E[(d°(p)] =6



Expected degree

2D E[(d°(p)] =6

30%

42 _ 9 34567 89 101



Expected degree

2D E[(d°(p)] =6

3D E [(d°(p)] = 282° + 2 ~ 15.535

42 - 3



Expected degree

2D

3D

3D on a cylinder
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E[(d°(p)] =6

E [(d°(p)] = 282° + 2 ~ 15.535

E[(d°(p)] = ©(logn)



Expected degree

2D E[(d°(p)] =6

3D E [(d°(p)] = 282° + 2 ~ 15.535

3D on a cylinder E[(d°(p)] = ©(logn)

3D on a,surface O(1) <E[(d°(p)] <O(logn)

R

generic

42 - 5



Expected maximum degree

Poisson distribution intensity 1, window [0, /n]?

E [max(d°(p)] = © (5557 )

loglogn

43 - 1



Expected maximum degree

Poisson distribution intensity 1, window [0, /n]?

E [max(d°(p)] = © (5557 )

loglogn

no boundaries!

43 - 2



Expected maximum degree

Poisson distribution intensity 1, window [0, /n]?

E [max(d°(p)] = © (5557 )

loglogn

Poisson distribution intensity n, bounded domain

E [max(d°(p)] = O (log2+€ n)

43 - 3
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Walk between vertices

Voronoi path

44 - 5



rtices

Walk between ve

Voronoi path with shortcuts

6
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Walk between vertices

Shortest path
Upper path

Compass walk

Voronoi path with shortcuts

44 -



Walk between vertices

MK YOS S NAKRA T W2 S OASERS  V NSI A K SRS NORKEA DT REEXMAISEE A NS TN
DN AR g =nortest path s\ MVPIZSIS A Upper path SINEEN MY SN 7o R SN IR S O TN D
- SV QS iy WD TS RS T ALAAS BRI R v&‘bﬂ
VA‘%}V&‘« SRS NI AR, IR A A S e XRK SR NIRRT NS
St RN I IR =R R T ONI R IR BRI AR\ SR SIEKIL X
TR S SE | SGALE CER AR I O 'm%yé‘?éw \Y@g»Yé'gf@ﬂm§§'A{g
X — . ' IN = & ) AN K NI
&;ﬁ%?{g\!wi"\ Compass walk 7| Voronor path §@1‘\\‘§%§V¢W’g§!&€%§'@‘@%ﬂ;}$ fﬁ;%iﬁtﬂ@p%ﬁgym
NSNSy s L A SR A A A A S AR S N
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Walk between vertices

Expected length (experiments)

Euclidean length 1
Shortest path 1.04
1.07
Shortened V. path 1.16
Upper path 1.18
1.27

46 - 1



Walk between vertices

Expected length (experiments)

46 - 2

Euclidean length
Shortest path

Shortened V. path
Upper path

1

1.04
1.07
1.16
1.18
1.27






