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ABOUT THE DECISION OF REACHABILITY FORREGISTER MACHINES

Veronique Cortier1
Abstra
t. We study the de
idability of the following problem: givenp aÆne fun
tions f1; : : : ; fp over Nk and two ve
tors v1; v2 2 Nk , is v2rea
hable from v1 by su

essive iterations of f1; : : : ; fp (in this givenorder)?We show that this question is de
idable for p = 1; 2 and unde
idablefor some �xed p.R�esum�e. Nous �etudions le probl�eme d'a

essibilit�e suivant: �etantdonn�ees p fon
tions aÆnes f1; : : : ; fp sur Nk et deux ve
teurs d'entiersv1; v2, est-
e que v2 est a

essible depuis v1 par l'appli
ation su

essivede l'it�eration de f1, puis de f2 et ainsi de suite jusque fp?Nous montrons que 
ette question est d�e
idable pour p = 1; 2 et ind�e
i-dable pour un 
ertain p0 �x�e (et don
 pour tout p � p0).1991 Mathemati
s Subje
t Classi�
ation. 68Q60.

Introdu
tionRea
hability is a fundamental question for 
omputation models: a typi
alsafety property of a rea
tive system is the unrea
hability of some 
atastrophi
state. Rea
hability is straightforwardly de
idable (in a time linear in the numberof states) for �nite-state systems. For other (in�nite-state) 
omputation models,it is most of the time unde
idable.In this paper, we study the border between de
idability and unde
idabilityfor a parti
ular 
omputation model: 
on�gurations are ve
tors of non-negativeintegers. Ea
h move from a 
on�guration to its su

essor is given by an aÆnefun
tion f(X) = AX + B where A is a matrix of non-negative integers and BKeywords and phrases: veri�
ation, in�nite state systems1 Laboratoire Sp�e
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2 VERONIQUE CORTIERis a ve
tor of integers. Su
h aÆne fun
tions are used to model the evolution ofdynami
al systems like the age repartition of trees of a forestry development orthe human population growth (see [9℄): the initial ve
tor represents the initialrepartition and the aÆne fun
tion des
ribe the evolution of this repartition duringa year. They 
an also be used to 
ompute limit traje
tories (see [1℄).Petri nets with transfer are a parti
ular 
ase of this model (
omponents of Aare 0 or 1), hen
e rea
hability is in general unde
idable, see [6℄. Many registerma
hines 
an be also modeled using su
h a 
omputation model.On the de
idability side, in [2℄ B. Boigelot shows thatffk11 � � � fkpp (X) j X 2 Nm ; k1; : : : ; kp 2 N gis de�nable inWS1S (weak monadi
 se
ond order logi
 with one su

essor), hen
erea
hability is de
idable, when f1; : : : ; fk are aÆne fun
tions su
h that the matrixA1; : : : ; An are diagonalizing and their eigenvalues satisfy some 
onditions.Instead of restri
ting the operations on the ve
tors, we 
onsider here somerestri
tion on the 
ontrol. For instan
e, it has been shown in [3℄ that rea
habilityfor extended 
ounter ma
hines be
omes de
idable when the 
ontrol is 
at. We
onsider here the iteration of some aÆne fun
tions with su
h a 
at 
ontrol. Morepre
isely, given arbitrary aÆne fun
tions f1; : : : ; fp, we assume that f1; : : : ; fp areapplied in a �xed order: �rst f1 is applied an arbitrary number of times and thenf1 is not used again, then f2 is applied an arbitrary number of times and thenf2 is not used again, et
 : : : Under these 
onditions, we prove that rea
hability isde
idable for p = 1 (Se
tion 2.1), for p = 2 (Se
tion 3) and unde
idable for somep (Se
tion 4). 1. Preliminaries1.1. Introdu
tionNotation: Ak(N ) is the set of aÆne fun
tions f : N k ! N k su
h that f(X) =AX + B where A is a matrix with nonnegative integer 
omponents and B is ave
tor in Zk .Notation: Mk(N ) is the set of matri
es of size k � k with nonnegative integer
omponents.Notation: Eki denotes the ve
tor in N k su
h that the jth 
oordinate is 1 if j = i,0 otherwise.We 
onsider the following de
ision problem: given f1; : : : ; fp 2 Ak(N ), givenU; V 2 N k , does V belong to ffnpp � � � fn11 (U) j n1; : : : ; np 2 N g?Example 1.1. We 
onsider
f(X) = 0� 1 0 00 1 00 1 1

1AX +0� �100
1A :



ABOUT THE DECISION OF REACHABILITY FOR REGISTER MACHINES 3Petri net extension aÆne fun
tionPetri net A = IdDouble Petri net Id � A � 2IdGeneralized Transfer Petri net 0 � A 8jAj 6= 0Reset Petri net 0 � A � IdFigure 1. Example of transition 
lasses whi
h 
an be modeledby f(X) = AX +B, 
f [7℄
Then f 0� ab


1A = 0� a� 1b
+ b
1A if a � 1; fn0� ab


1A = 0� a� nb
+ nb
1A if a � n:

If a = 0, f 0� ab

1A is not de�ned be
ause f(X) is not allowed to take negativevalues.Then, given U = 0� ab0

1A and V = 0� 0b

1A, where a; b:
 2 N , de
iding if Vbelongs to ffn(U) j n 2 N g is equivalent to de
ide if 
 = ab.This type of transition fun
tions (f(X) = AX +B) is more general than manyother transitions whi
h are 
onsidered in the literature (Figure 1). For example, ifA = Id, we obtain a Petri net. But, on the other hand, there is a strong restri
tionon the 
ontrol: f1; : : : ; fp have to be iterated in a �xed order, whi
h is not the 
asein Petri nets. Su
h a 
ontrol 
orresponds to the notion of \
at automata" in [3℄.

1.2. Useful PropertiesWe 
onsider a partial order on ve
tors of integers in the following way:De�nition 1.2. Let U; V 2 N k , U � V if and only if U 's 
oordinates are allsmaller than those of V .The relation � is a well quasi-order( [5℄). Moreover, it is easy to verify that forevery f 2 Ak(N ) (f(X) = AX + B), f is \in
reasing" for � : if U1 � U2 thenf(U1) � f(U2). This last property uses that A has only non-negative 
omponentsbut does not require anything on B's 
omponents. That is why we 
an allow Bto have negative 
omponents.Notation: We write V e>U if at least one of V 's 
oordinates is greater than the
orresponding one of U , i.e., if U 6� V .Clearly, if V1 � V2 and V2e>U then V1e>U .Notation: The size of V , written jV j, is the sum of the absolute values of its
oordinates.



4 VERONIQUE CORTIER2. De
idability Results2.1. De
idability for one fun
tionSin
e � is a well quasi-order and aÆne fun
tions are in
reasing for �, theproblem stated in introdu
tion is de
idable when p = 1.Theorem 2.1. Given f 2 Ak(N ), U; V 2 N k , V 2 ffn(U) j n 2 N g is de
idable.Proof : We 
onsider the following sequen
e: U; f(U); f2(U); : : : ; fn(U); : : :.If there existsN su
h that fN (U) 6� 0, then the sequen
e is �nite and V 2 ffn(U) jn 2 N g is de
idable.Otherwise there exist N1 < N2 su
h that fN1(U) � fN2(U) be
ause � is a wellquasi-order. Let l = N2 �N1. For all 0 � i � l � 1,fN1(U) � fN2(U)) f i(fN1(U)) � f i(fN2(U))sin
e f is in
reasing, thus fN1+i(U) � fN2+i(U).So we have:8>>><>>>:
fN1(U) � fN1+l(U) � � � � � fN1+kl(U) � � � �fN1+1(U) � fN1+1+l(U) � � � � � fN1+1+kl(U) � � � �...fN1+(l�1)(U) � fN1+(l�1)+l(U) � � � � � fN1+(l�1)+kl(U) � � � �� Either for one of these sequen
es two 
onse
utive terms are equal, thenthis sequen
e be
omes 
onstant.� Or all these sequen
es are stri
tly in
reasing.In 
on
rete terms, we pro
eed on the following way: we 
ompute su

essivelyU; f(U); f2(U); : : : ; fn(U); : : : (and at ea
h step we 
he
k the equality to V ) untilwe �nd fN1(U) � fN2(U), unless the sequen
e is �nite.In this 
ase, the algorithm stops, there is no n su
h that V = fn(U).In the other 
ase (if we �nd fN1(U) � fN2(U)), we 
ompute su

essivelyfN1(U) � fN1+l(U) � fN1+2l(U) � � � � � fN1+kl(U) � � � �until either one of the 
oordinates is greater than the 
orresponding one of V , orthe sequen
e be
omes 
onstant (if two 
onse
utive terms are equal). In the se
ond
ase, ffn(U) j n 2 N g is a �nite set: we 
he
k if V 2 ffn(U) j n 2 N g. Otherwise(if one of the 
oordinates is greater than the 
orresponding one of V ), we try againwith fN1+1(U) � fN1+1+l(U) � fN1+1+2l(U) � � � � � fN1+1+kl(U) � � � �and so on with the l sequen
es. �Nevertheless, even if the algorithm is e�e
tive, we have no bound regardingits 
omplexity. There is another algorithm whi
h is more 
ompli
ated, yielding



ABOUT THE DECISION OF REACHABILITY FOR REGISTER MACHINES 5however an expli
it upper bound whi
h is a tower of exponentials whose heightdepends linearly on k, the number of registers, see [4℄. The main idea of thisalgorithm is to asso
iate to the matrix A its dependen
e graph GA (there is anedge between i and j in GA, labelled by Ai;j if and only if Ai;j 6= 0 ). Then, webreak down the graph GA into strongly 
onne
ted 
omponents and study pre
iselythe behavior of ea
h 
omponent when the aÆne fun
tion is iterated.
3. De
idability for two fun
tionsA result similar to Theorem 2.1 also holds for the 
omposition of two fun
tionsin a given order.Theorem 3.1. Given f; g 2 Ak(N ), U; V 2 N k , then V 2 fgnfm(U) j n;m 2 N gis de
idable.Proof: we pro
eed with three steps:(1) For m �xed, we 
ompute nm su
h that either (gnfm(U))n�nm is not de-�ned or (gnfm(U))n�nm is periodi
 or 8n � nm; gnfm(U)e>V .(2) For n �xed, we show that V 2 fgnfm(U) j m 2 N g is de
idable.(3) We 
ombine the �rst two steps with a kind of 
ross-ruling.

3.1. Behavior of (gnfm(U))n, m fixedWe just give here a re�nement of Theorem 2.1.Theorem 3.2. Given f; g 2 Ak(N ), U; V 2 N k , given m 2 N , there exists nm 2 N(
omputable) su
h that:(1) either 8n � nm gnfm(U)e>V ,(2) or there exist Nm, lm (
omputable) su
h that8n � nm 8i < lm gNm+i+nlmfm(U) = gNm+i+nmlmfm(U),i.e., there exist N 0m, lm su
h that 8n � N 0m 9i < lm gnfm(U) =gN 0n+ifm(U),(3) or gnmfm(U) 6� 0, thus for all n � nm, gnfm(U) is not de�ned.Proof : We just re�ne the proof of Theorem 2.1:Let U 0=fm(U), we 
onsider the following sequen
e: U 0;f(U 0);f2(U 0); : : : ;fn(U 0); : : :Either there exists nm su
h that gnmfm(U 0) 6� 0 (
ase 3).Or there exist N1 < N2 su
h that gN1(U 0) � gN2(U 0). In this 
ase, we 
onsiderthe following sequen
es:8>>><>>>:
gN1(U 0) � gN1+l(U 0) � � � � � gN1+kl(U 0) � � � �gN1+1(U 0) � gN1+1+l(U 0) � � � � � gN1+1+kl(U 0) � � � �...gN1+(l�1)(U 0) � gN1+(l�1)+l(U 0) � � � � � gN1+(l�1)+kl(U 0) � � � �



6 VERONIQUE CORTIER� Either for one of these sequen
es, two 
onse
utive terms are equal, thus thissequen
e is stabilized whi
h implies that all these sequen
es are stabilized(
ase 2).� Or all these sequen
es are in
reasing and we 
ompute ea
h of them un-til one of the 
oordinates of a term of the sequen
e is greater than the
orresponding one of V (
ase 1). �3.2. Behavior of (gnfm(U))m, n fixedTo 
ontrol (gnfm(U))m, we �rst establish a very useful lemma.Lemma 3.3. Let f; g 2 Ak(N ), U 2 N k , let l 2 N ; l > 0. We 
onsider the follow-ing sequen
e: gn(U); gnf l(U); gnf2l(U); : : : ; gnfml(U); : : : (n �xed), then eitherthe sequen
e is eventually stabilized or it is never 
onstant more than k + 1 steps.More formally, this sequen
e has the following property:8m0 ( gnfm0l(U) = gnf (m0+1)l(U) = � � � = gnf (m0+k+1)l(U)=) 8m � m0 gnfml(U) = gnfm0l(U) ):Proof : The proof of this lemma uses elementary properties of algebra.Assume gnfm0l(U) = gnf (m0+1)l(U) = � � � = gnf (m0+k+1)l(U). Let us show thatgnf (m0+k+2)l(U) = gnfm0l(U), whi
h proves by indu
tion that8m � m0 gnfml(U) = gnfm0l(U):f (m0+1)l(U) � fm0l(U); : : : ; f (m0+k+1)l(U) � fm0l(U) are k + 1 ve
tors of thek-dimensional ve
tor spa
e Q k , so they are linearly dependent in Q , thus they arelinearly dependent in Z (by multiplying by an appropriate integer). Thus
9q1; : : : ; qk+1 2 Z k+1Xi=1 qi(f (m0+i)l(U)� fm0l(U)) = 0:

Let N denote the greatest i su
h that qi is di�erent from 0 (1 � N � k + 1).
Then qN (f (m0+N)l(U)� fm0l(U)) + N�1Xi=1 qi(f (m0+i)l(U)� fm0l(U)) = 0:

Applying fk+2�N yields:qN (f (m0+k+2)l(U)� f (m0+k+2�N)l(U))+ N�1Xi=1 qi(f (m0+i+k+2�N)l(U)� f (m0+k+2�N)l(U)) = 0;



ABOUT THE DECISION OF REACHABILITY FOR REGISTER MACHINES 7so,qNgn(f (m0+k+2)l(U)� f (m0+k+2�N)l(U))+ N�1Xi=1 qign(f (m0+i+k+2�N)l(U)� f (m0+k+2�N)l(U))| {z }=0 = 0:
sin
e (by hypothesis)

81 � i � N � 1 gnf (m0+ 1� �k+1z }| {i+ k + 2�N )l(U) = gnf (m0+ 1� �k+1z }| {k + 2�N )l(U):Con
lusion: gnf (m0+k+2)l(U) = gnfm0l(U). �De�nition 3.4. A sequen
e is k-almost in
reasing if this sequen
e is non-de
reasingand if it is never 
onstant more than k steps.Lemma 3.5. For n �xed, V 2 fgnfm(U) j m 2 N g is de
idable.Proof : We 
ompute the sequen
e (fm(U))m until:either there exists N su
h that fN (U) 6� 0, the sequen
e stops and we test ifV 2 fgnfm(U) j m < Ng,or there exist N; l su
h that fN (U) � fN+l(U), then8>>><>>>:
fN (U) � fN+l(U) � � � � � fN+kl(U) � � � �fN+1(U) � fN+1+l(U) � � � � � fN+1+kl(U) � � � �...fN+(l�1)(U) � fN+(l�1)+l(U) � � � � � fN+(l�1)+kl(U) � � � �

whi
h implies8>>><>>>:
gnfN (U) � gnfN+l(U) � � � � � gnfN+kl(U) � � � �gnfN+1(U) � gnfN+1+l(U) � � � � � gnfN+1+kl(U) � � � �...gnfN+(l�1)(U) � gnfN+(l�1)+l(U) �� � �� gnfN+(l�1)+kl(U) �� � �Using Lemma 3.3 (with U 0 = fN (U)), ea
h sequen
e is:� either (k + 1)-almost in
reasing,� or eventually stabilized.Hen
e, for ea
h of these sequen
es, there exists mi (
omputable) su
h that 8m �mi: � either gnfN+i+ml(U)e>V , thus ea
h term of the sequen
e(gnfN+i+ml(U))m�mi is di�erent to V ,� or gnfN+i+ml(U) = gnfN+i+mil(U).In 
on
rete terms, we 
ompute ea
h term W of (gnfN1+i+ml(U))m until:� either W e>V whi
h implies V 62 fgnfm(U) j m 2 N g,



8 VERONIQUE CORTIER� or k+2 
onse
utive terms have the same value, it means that the sequen
eis stabilized, whi
h implies V 62 fgnfm(U) j m 2 N g,� W = V whi
h implies V 2 fgnfm(U) j m 2 N g.One of these 3 
ases is bound to happen. �3.3. Proof of Theorem 3.1We need to 
ontrol gnfm(U) when n and m vary at the same time. We �rstestablish a te
hni
al lemma used to initialize the proof of Theorem 3.1.Lemma 3.6. Let f; g 2 Ak(N ), U 2 N k , let N1; l 2 N k , N1; l > 0.If fN1(U) � fN1+l(U) � fN1+2l(U) � � � � � fN1+ml(U) � � � �
and if 8>>><>>>:

9n0 gn0fN1(U) 6� 09n1 gn1fN1+l(U) 6� 0...9nk gnkfN1+kl(U) 6� 0where ni is the smallest n su
h that gnfN1+il(U) 6� 0, then(1) n0 � n1 � � � � � nk,(2) 8m � k gnkfN1+ml(U) 6� 0Proof : The proof of (1) is easy: gn0�1fN1+l(U) � gn0�1fN1(U) � 0 thusn1 � n0 and so on.The proof of (2) uses again elementary results of algebra.fN1(U); : : : ; fN1+kl(U) are k + 1 ve
tors linearly dependent in Q thus in Z, thus:
9p0; : : : ; pk 2 Z kXi=0 pifN1+il(U) = 0:

Let N denote the greatest i su
h that pi is not equal to 0. Assume pN > 0 (if itis not the 
ase, multiply the equation by �1).Let I = fi j pi > 0; i 6= Ng, J = fj j pj < 0g. For j 2 J , let qj = �pj > 0.pNfN1+Nl(U) +Xi2I pifN1+il(U) =Xj2J qjfN1+jl(U) (1)
whi
h implies pNfN1+Nl(U) �Xj2J qjfN1+jl(U)applying f (k+1�N)l yields:

pNfN1+(k+1)l(U) �Xj2J qjfN1+ �kz }| {(k + 1�N + j) l(U)



ABOUT THE DECISION OF REACHABILITY FOR REGISTER MACHINES 9) pNgnkfN1+(k+1)l(U) �Xj2J qj gnkfN1+(k+1�N+j)l(U)| {z }ith0 
oordonate < 0 (2)
Applying gnk to fN1(U) � � � � � fN1+kl(U) yieldsgnkfN1(U) � � � � � gnkfN1+kl(U):Sin
e gnkfN1+kl(U) 6� 0, there exists i0 su
h that the ith0 
oordinate of gnkfN1+kl(U)is negative, so for all 1 � i � k, the ith0 
oordinate of gnkfN1+il(U) is negative.Thus (using 2), the ith0 
oordinate of gnkfN1+(k+1)l(U) is negative, so:gnkfN1+(k+1)l(U) 6� 0:Hen
e 8m � k gnkfN1+ml 6� 0 by indu
tion. �We are now ready to prove Theorem 3.1.Proof of Theorem 3.1: We 
onsider the sequen
e (fn(U))n.� Either there exists N su
h that fN (U) 6� 0. It is the easy 
ase:fgnfm(U) j n;m 2 N g = fgnfm(U) j n 2 N ; m < NgFor all m < N , we test if V 2 fgnfm(U) j n 2 N g.� Or there exist N; l su
h that fN (U) � fN+l(U) � � � � � fN+kl(U) � � � � .Let us show that V 2 fgnfN+ml(U) j n;m 2 N g is de
idable, whi
h provesthat V 2 fgnfN+i+ml(U) j n;m 2 N g is de
idable for all 1 � i � l (takeU 0 = f i(U)). Thus it implies V 2 fgnfm(U) j n;m 2 N g is de
idable.We �rst 
onsider the sequen
e (gnfN (U))n. Either there exists n0 su
hthat gn0fN (U) 6� 0, then we 
onsider the sequen
e (gnfN+l(U))n, or thereexist n0; l0 su
h that gn0fN (U) � gn0+lfN (U) � � � � , thus 8n gnfN (U) �0. We repeat this (at most k times) until we obtain Case 1 or Case 2.Case 1: 9n0 gn0fN1(U) 6� 09n1 gn1fN1+l(U) 6� 0...9nk gnkfN1+kl(U) 6� 0Applying Lemma 3.6 yields 8m � k gnkfN1+ml(U) 6� 0. Thus, itis enough to test if V 2 fgnfN+ml(U) j m 2 N g for all n < nk (see�gure 2).Case 2: There exists i � k su
h that 8n gnfN+il(U) � 0. We renameN := N + il. So,8n 8m gnfN+ml(U) � gnfN (U) � 0: (3)LetK = (k+1)jV j. We 
onsider (gnfN+Kl(U))n. Applying Theorem3.2 yields 3 
ases:
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fN (U) fN+kl(U)fN+l(U)

nk gnkfN+kl(U) 6� 0 6� 0

gn0fN (U) 6� 0n0n1 gn1fN+l(U) 6� 0

Figure 2. Case 1
e>V

fN+Kl(U)
n0 gn0fN+Kl(U)e>V

Figure 3. Case 2
(1) There exists n0 su
h that gn0fN+Kl(U) 6� 0 whi
h is in
onsis-tent with Equation 3.(2) There exists n0 su
h that 8n � n0 gnfN+Kl(U)e>V . In this
ase, (see Figure 3)8n � n0 8m � K gnfN+ml(U) � gnfN+Kl(U)e>V: (4)Thus we test if V 2 fgnfN+ml(U) j n 2 N g for all m < K andwe test if V 2 fgnfN+ml(U) j m 2 N g for all n < n0 (whi
h isde
idable by Lemma 3.5 with U 0 = fN (U) and f 0 = f l).
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gM1fN+Kl(U)M1 � � �
already 
omputed

fN+Kl(U)

= ====

Figure 4. Case 3(3) There exist M1; l1, su
h that (see Figure 4)8n �M1 9i < l1 gnfN+Kl(U) = gM1+ifN+Kl(U) � V: (5)
In this last 
ase, we 
onsider then:gM1fN+Kl(U) � gM1fN+(K�1)l(U) � � � � � gM1fN (U):Applying Lemma 3.3 yields:� either this sequen
e is already stabilized, so8m � K gM1fN+ml(U) = gM1fN+Kl(U); (6)� or this sequen
e is (k + 1)-almost in
reasing (at least until the Kth termof the sequen
e), so:jgM1fN+Kl(U)j � Kk + 1 + jgM1fN (U)j = jV j+ jgM1fN (U)j) gM1fN+Kl(U)e>Vwhi
h is in
onsistent with Equation 5.Thus we 
laim that8n �M1 8m � K gnfN+ml(U) = gnfN+Kl(U): (7)Indeed, let n �M1, m � K,gnfN+ml(U) = gn0(gM1fN+ml(U))(Equation 6)= gn0(gM1fN+Kl(U)) = gnfN+Kl(U):



12 VERONIQUE CORTIERThus fgnfN+ml(U) j n;m 2 N g = [n�M1fgnfN+ml(U) j m 2 N g[ [m�KfgnfN+ml(U) j n 2 N g:
Thus V 2 fgnfN+ml(U) j n;m 2 N g is de
idable whi
h 
ompletes the proof. �

4. Unde
idability in the general 
aseIn the general 
ase: if an arbitrary number p of fun
tions are iterated in a �xedorder, V 2 ffnpp � � � fn11 (U) j n1; : : : ; np 2 N g be
omes unde
idable.Theorem 4.1. Given f1; : : : ; fp 2 Ak(N ), U; V 2 N k ,then V 2 ffnpp � � � fn11 (U) j n1; : : : ; np 2 N g is unde
idable.We present here the sket
h of the proof, lemmas needed for the proof are de-veloped in se
tions 4.1, 4.2 and 4.3, we 
on
lude with the proof in se
tion 4.4.Se
tion 4.5 presents a re�nement of Theorem 4.1.Sket
h proof: We start from Theorem 3.10 of [8℄ whi
h is a stronger form ofHilbert's Tenth Problem, shown to be equivalent:Theorem 4.2. [8℄ There is a polynomial P(x; y1; : : : ; yN0) with integer 
oef-�
ients su
h that no algorithm exists for de
iding whether or not an arbitraryequation on the form P(x0; y1; : : : ; yN0) = 0where x0 is a positive integer, has a solution in nonnegative integers y1; : : : ; yN0 .From now on, P is reserved for the polynomial mentioned in Theorem 4.2 andN0 is reserved for the degree of P minus 1.A straightforward 
orollary is the following:Corollary 4.3. There is no algorithm for de
iding whether or not an arbitraryequation on the form Q(x1; : : : ; xN0) = 0 where Q is a polynomial with integer
oeÆ
ients and N0 variables, has a solution in nonnegative integers x1; : : : ; xN0 .The idea of the proof is to establish a 
orresponden
e between ea
h polynomialP of N0 variables and a system of aÆne fun
tions (
omputable from P ) whi
hsimulates the 
omputation of P (x1; : : : ; xN0) for ea
h tuple of N0 integers.We establish the 
orresponden
e in the following way:(1) The �rst fun
tions Cmj ;xi 
reate a tuple of integers, (see Lemma 4.4)(2) The fun
tions fmj ;i 
ompute the monomials of P , (Lemma 4.5)(3) The fun
tions A+mi ; A�mi ; D 
ompute P , keeping positiveness at ea
h step,(Lemma 4.7)Then we 
on
lude with Corollary 4.3.Notation: If m is the monomial a�1;:::;�N0x�11 : : : x�N0N0 , let Nm denote 2(�1 +� � �+ �N0)� 1 and Km = Nm�12 .



ABOUT THE DECISION OF REACHABILITY FOR REGISTER MACHINES 134.1. Preparation step: generation of tuple of integersLemma 4.4. For every monomial m = a�1;:::;�N0x�11 : : : x�N0N0 , there exist N0aÆne fun
tions Cm;x1 ; : : : ; Cm;xN0 2 ANm(N ) su
h that 8 a1; : : : ; aN0 2 N ,

CaN0m;xN0 � � �Ca1m;x1ONm =
0BBBBBBBBBBBBB�

a1���a1...aN0���aN00���0

1CCCCCCCCCCCCCA

��1
��N0

9>>>>>>>>>>>>>=>>>>>>>>>>>>>;
Nm

where ONm is the null ve
tor of size Nm. More formally, if �1+ � � �+�j � i <�1 + � � �+ �j + �j+1, the ith 
oordinate of CaN0m;xN0 : : : Ca1m:x1ONm is equal to aj.Proof of Lemma 4.4:We build N0 fun
tions Cm;xj = Id+ Vm;xj where the ith 
oordinate of Vm;xj is 1if �1 + � � �+ �j � i < �1 + � � �+ �j + �j+1, 0 otherwise. �
4.2. Multipli
ations Fun
tions4.2.1. De�nitionsWe generalize Example 1.1 : if i; j; l; N are distin
t integers (N � i; j; l), thereexists a fun
tion fi:j!l : NN ! NN su
h that fi:j!l 
omputes the produ
t of theith 
oordinate by the jth and writes the result on the lth 
oordinate :9n fni:j!l(xiENi + xjENj ) = xjENj + dENl i� d = xixj :4.2.2. Computation of the monomialsLemma 4.5. For every monomial m = a�1;:::;�N0x�11 : : : x�N0N0 , there exist KmaÆne fun
tions fm;1; : : : ; fm;Km 2 ANm(N ) su
h that 8 a1; : : : ; aKm+1 2 N ,
9k1; : : : ; kKm9
1; : : : ; 
Km fkKmm;Km � � � fk1m;1

0BBBBBBBBBB�
a1......aKm+10...0

1CCCCCCCCCCA=
0BBBBBBBBBB�

0
10���0
2���
Kmb

1CCCCCCCCCCA i� b = a1 � � � aKm+1:



14 VERONIQUE CORTIERProof of Lemma 4.5 Let fm;1 = f1;2!Km+2, fm;i = fi+1;Km+i!Km+i+1 for2 � i � Km. �Together with Lemma 4.4, we obtain a straightforward 
orollary:Corollary 4.6. For every monomial m = a�1;:::;�N0x�11 : : : x�N0N0 , there are aÆnefun
tions fm;1; : : : ; fm;Km ; Cm;x1 ; : : : ; Cm;xN0 2 ANm(N ) su
h that8>>>>>>>>>><>>>>>>>>>>:
b 2 N ������ 9k1; � � � ; kKm 2 N ;9
1; : : : ; 
Km 2 N ;9a1; : : : ; aN0 2 N ; fkKmm;Km � � � fk1m;1CaN0m;xN0 � � �Ca1m;x1ONm=

0BBBBBBBBBB�
0
10���0
2���
Kmb

1CCCCCCCCCCA

9>>>>>>>>>>=>>>>>>>>>>;= �n�11 � � �n�N0N0 j n1; : : : ; nN0 2 N	4.3. Computation of PLemma 4.7. Let P be a polynomial of N0 variables, whose 
onstant term is 0.There exists k, there exist aÆne fun
tions f1; : : : ; fn 2 Ak(N ) su
h that
fb 2 N j 9k1; � � � kn fk11 : : : fknn 0k =

0BBB� 0...0b
1CCCAg=fP (n1; � � � ; nN0) j n1; : : : ; nN0 2N g

Proof of Lemma 4.7: Let P be a polynomial of N0 variables, whose 
onstant termis 0.For ea
h monomial m of P , we 
onstru
t aÆne fun
tionsfm;1; : : : ; fm;Km ; Cm;x1 ; : : : ; Cm;xN0 2 ANm(N )as des
ribed in Corollary 4.6.We establish a one-to-one 
orresponden
e between ea
h monomial m of P anda \blo
k" Bm whose size is Nm �Nm. From now on, we will only 
onsider blo
kmatrix and blo
k ve
tors, of the form:0BBBBBB�
Bm1 0 0 0 00 Bm2 0 0 ...0 0 . . . 0 ...0 0 0 BmL 00 � � � � � � 0 1

1CCCCCCA ;
0BBBBB�

Vm1Vm2...VmLa
1CCCCCA

where L is the number of monomials.



ABOUT THE DECISION OF REACHABILITY FOR REGISTER MACHINES 15We transform the fun
tions fm;i and Cm;xi into fun
tions ~fm;i and ~Cm;xi inAN+1(N ), where N =PKi=1Nmi , in the following way:
If Cm;xj = Id+Vm;xj then ~Cm;xj = Id+

0BBBBB�
Vm1Vm2...VmK0

1CCCCCA where Vmj = � Vm;xj if mj = m;0 otherwise.
If fm;i(X) = Am;iX+Vm;i, then ~fm;i(X) =

0BBBBBB�
Bm1 0 0 0 00 Bm2 0 0 ...0 0 . . . 0 ...0 0 0 BmK 00 � � � � � � 0 1

1CCCCCCAX+
0BBBBB�
Vm1Vm2...VmK0

1CCCCCA
where � Bmj = Am;i and Vmj = Vm;i if mj = m;Bmj = Id and Vmj = 0 otherwise.Besides, for ea
h m, letIm = fim; im + 2; im + 3; : : : ; im +Km � 1; im +Km; im +Nm � 1gwhere im is the 
oordinate of the �rst line of blo
k Bm. This set 
orresponds tothe 
oordinates we have to test: after the iterations of fm;1, then fm;2, then, : : :,then fm;Km , we obtain the produ
t of the Km + 1 �rst 
oordinates if and only ifthe 
oordinates whose numbers are in Im � fim +Nm � 1g are equal to zero.We split the monomials of P into 2 
ategories:I = fm j a�1;:::;�N0 � 0g; J = fm j a�1;:::;�N0 < 0g(a�1;:::;�N0 is the 
oeÆ
ient of the monomial m = a�1;:::;�N0x1 : : : xN0 .)For every m in I (resp. in J), we de�ne:A+m (resp. A�m) = Id� EN+1im+2Km + a�1;:::;�N0EN+1N+1 :im+2Km is the number of the line where the multipli
ation's result of xn11 � � �xnN0N0is written.The aim of this distin
tion betweenm 2 I andm 2 J is to iterate �rst all theA+m(we �rst add the nonnegative terms), then the A�m. In this way, if P (a1; : : : ; aN0) �0, we make sure that during the 
omputation of P (a1; : : : ; aN0), the intermediateve
tors remain nonnegative at ea
h iteration.Let D denote a diagonal matrix su
h that if i 2 Sm Im then Di;i = 1 elseDi;i = 0. A
tually, D assigns irrelevant 
oordinates to 0.Applying Corollary 4.6, we obtain the following equivalen
e:9x1 : : : 9xN0 P (x1; : : : ; xN0) = a a � 0



16 VERONIQUE CORTIERif and only if 9nD9n�Am1 : : :9n�AmM 9n+Am1 : : : 9n+AmM09nm1;1 : : :9nm1;Km1 : : :9nmL;1 : : : 9nmL;KmL9n1 : : : 9nN0
DnD MYi=1A�m1n�Am1!0�M 0Yi=1A+m1n+Am11A0� LYi=1KmiYj=1 fnmi;jmi;j 1A N0Yi=1Cnixi!

0BBB� 0...00
1CCCA=0BBB� 0...0a

1CCCA
where L is the number of monomials, M the number of nonnegative mono-mials and M 0 the number of negative monomials. This 
ompletes the proof ofLemma 4.7. �

4.4. Con
lusion: Redu
tion to Hilbert's Tenth ProblemWe 
an now prove Theorem 4.1.Proof : For ea
h polynomial P of degree N0, we asso
iate:~P = � P � a0;:::;0 if a0;:::;0 < 0�P + a0;:::;0 if a0;:::;0 � 0Then P (x1; : : : ; xN0) = 0 i� ~P (x1; : : : ; xN0) = ja0;:::;0j.The 
onstant term of ~P is 0, thus we buildD;A�m1 ; : : : ; A�mMA+m1 ; � � � ; A+mM0 ; fm1;1; : : : ; fm1;Nm1 ; : : : ; fmL;1; : : : ; fmL;NmLfrom ~P as des
ribed in se
tion 4.3.Thus, 9x1 : : :9xN0 P (x1; : : : ; xN0) = 0if and only if 9x1 : : : 9xN0 ~P (x1; : : : ; xN0) = ja0;:::;0jif and only if (see se
tion 4.3)0BBB� 0...0ja0;:::;0j
1CCCA 2 8>>><>>>:DnD � � �CnN0xN0

0BBB� 0...00
1CCCA
���������nD; : : : ; nN0 2 N9>>>=>>>;If V 2 ffnpp : : : fn11 (U) j n1; : : : ; np 2 N g was de
idable, then the Hilbert's tenthproblem would be de
idable too.Con
lusion: V 2 ffnpp � � � fn11 (U) j n1; : : : ; np 2 N g is unde
idable. �



ABOUT THE DECISION OF REACHABILITY FOR REGISTER MACHINES 174.5. Existen
e of a boundWe have shown that, given p 2 N , f1; : : : ; fp 2 Ak(N ) U; V 2 N k , the problemV 2 ffnpp � � � fn11 (U) j n1; : : : ; np 2 N g is unde
idable.A
tually, the number of fun
tions fi 
an be �xed in advan
e (provided thenumber of fun
tions is large enough), it is not a parameter of the problem:Theorem 4.8. There are f1; : : : ; fp aÆne fun
tions in Ak(N ) su
h that, givenU; V 2 N k , the problem V 2 ffnpp � � � fn11 (U) j n1; : : : ; np 2 N g is unde
idable.It follows that:Corollary 4.9. There exists K 2 N , su
h that: for all \�xed" p � K, givenf1; : : : ; fp 2 Ak(N ), U; V 2 N k , the problem V 2 ffnpp � � � fn11 (U) j n1; : : : ; np 2 N gis unde
idable.Proof : To show this last result, we re-use the strong form of Hilbert's tenthproblem: theorem 3.10 of [8℄, 
ited here as Theorem 4.2.We asso
iate with the polynomial P (de�ned in Theorem 4.2), aÆne fun
tionsCx, Cyi , fmi;j , A+mi , A�mi , D 2 AN+1(N ) as in se
tion 4.4. Let a be the 
onstantterm of P . Then:given n0, P(n0; y1; : : : ; ym) = 0 has a solution in nonnegative integers y1; : : : ; ymi� V 2 �DnD � � �Cn1y1 � � �Cnmym U ��nD; : : : ; n1; : : : ; nm 2 N	 ;where U = Cn0x ON+1 and V = jajEN+1N+1 . This is not de
idable, so we 
ompletethe proof. �5. Con
lusionWe have proved that the original rea
hability problem is unde
idable for some�xed number p of fun
tions and that it is de
idable for p = 1 and p = 2. Thereare some restri
tions on the fi whi
h restore the de
idability: for example, if8i 8X jfi(X)j � X (where jV j is the sum of the absolute values of its 
oordi-nates) or if ea
hBi is nonnegative. These minor results are not shown here (see [4℄).A
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