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Multi-task control of humanoid robots has been formulated as

“ min
x∈X

”f (x) = (||τ̈1 − τ̈d1 ||2, . . . , ||τ̈p − τ̈dp ||2). (1)

• A task is any “feature” we want to control on the robot
(e.g. whole posture, end-effector, CoM)

τk : Rn → Rnk (2)

• All the tasks cannot be realized perfectly (conflicts)

• Necessity of a compromise between tasks

• Two main approaches fighting against each other in the
community : weighted priority vs strict priority
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The previous formulation is a particular instance of the general
multiobjective optimization problem (aka vector optimization):

“ min
x∈X

”f (x) = (f1(x), . . . , fp(x)) . (3)

• There is no “perfect” solution to the problem, the
so-called ideal point is not a solution in general

y I = (min
x∈X

f1(x), . . . ,min
x∈X

fp(x)) 6∈ Y = f (X ) . (4)

• There is a whole subset of X , or equivalently of
Y = f (X ), of “optimal” solutions.

• There are different names for these solutions:
Pareto-optimal solution, efficient solution (x∗),
nondominated point (y∗ = f (x∗))
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Definitions

• x∗ is an efficient solution (resp. y∗ = f (x) is a
nondominated point of Y) if there is no x ∈ X (resp.
y ∈ Y) such that f (x) ≤ f (x∗) (resp y ≤ y∗), where ≤
denotes the componentwise order (y1 ≤ y2 if
∀k y1

k ≤ y2
k and y1 6= y2).

• The set of all nondominated points of Y is denoted YN . It
is also known as The Pareto-optimal front.

• x∗ is an weakly efficient solution (resp. y∗ = f (x) is a
weakly nondominated point of Y) if there is no x ∈ X
(resp. y ∈ Y) such that f (x) < f (x∗) (resp y ≤ y∗),
where < denotes the strict componentwise order
(y1 < y2 if ∀k y1

k < y2
k .)
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Our thesis : there is no mathematical justification for
favoring any efficient solution over another efficient
solution, they are all “legitimate”, and it is up to the user
and depending on the application to favor one over all the
others.
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Question: where does the weighted priority vs strict priority
debate stand in all of this ?

They are both so-called scalarization schemes of the vector
optimization problem.
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• The weighted-sum scalarization is defined as solving the
problem(s)

yws(w) = min
x∈X

p∑
k=1

wk fk(x) . (5)

(note : there is one such problem for each given set of
weights w)

• The lexicographic scalarization is defined as solving the
problem

y lex = lexmin
x∈X

(f1(x), . . . , fp(x)) , (6)
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Theorem

The weighted-sum scalarization optimum with (strictly)
positive weights, and the lexicographic optimum, are two
particular efficient solutions

y lex ∈ YN , (7)

∀w > 0 yws(w) ∈ YN . (8)
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Question : ∃w > 0 y lex = yws(w) ?
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Definitions

S0(Y) =

{
y∗ ∈ Y |

p∑
k=1

wky
∗
k = min

y∈Y

p∑
k=1

wkyk , 0 ≤ w

}
, (9)

S(Y) =

{
y∗ ∈ Y |

p∑
k=1

wky
∗
k = min

y∈Y

p∑
k=1

wkyk , 0 < w

}
.

(10)
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Theorem

S0(Y) ⊂ YwN .

Converse:

Theorem

If Y is Rp
=-convex then S0(Y) = YwN .

(A set is Rp
=-convex if its Minkowsky sum with Rp

= is convex.

Rp
= is the non-negative quadrant of Rp.)
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Theorem

S(Y) ⊂ YN .

Converse? not true in general.
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Definition

A solution x∗ ∈ X is called properly efficient if it is efficient
and ∃M > 0 s.t. ∀x ∈ X , ∀i ∈ {1, . . . , p} : fi (x) < fi (x

∗)⇒
∃j ∈ {1, . . . , p} \ {i} s.t. fj(x∗) < fj(x) and

fi (x
∗)− fi (x)

fj(x)− fj(x∗)
≤ M .

In that case the point f (x∗) is said to be properly
nondominated in Y and the set of all properly nondominated
points of Y is denoted YpN .
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Theorem (Geoffrion, 1968)

S(Y) ⊂ YpN .

Converse :

Theorem

If Y is Rp
=-convex then S(Y) = YpN .

Is this the best we can hope for then ?
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10 years later...

Theorem (Hartley, 1978)

If Y is nonempty, Rp
=-convex and Rp

=-closed then

YN ⊂ cl (S(Y)).

cl denotes the topological closure. A set is Rp
=-closed if its

Minkowsky sum with Rp
= is closed.
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So we end up with, under the “right” conditions,

S(Y) ⊂ YN ⊂ cl (S(Y)) . (11)

and some Corollaries.
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Corollary 1

For any ε > 0 and any index k , there exists a set of positive
weights 0 < w such that fk(x∗)− y Ik < ε, where x∗ denotes a
solution of problem (5).
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Corollary 2

If a given task τk is realizable exactly, i.e. ∃x ∈ X s.t. τ̈k = τ̈dk ,
then it can be reached with weighted-sum scalarization of (1)
with positive weights at any given precision, i.e. for any ε > 0
there exists 0 < w such that

||τ̈k(x∗)− τ̈dk ||2 < ε , (12)

where x∗ is the solution of the w -weighted sum scalarization
of (1):

min
x∈X

p∑
l=1

wl ||τ̈l(x)− τ̈dl ||2 . (13)
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Corollary 3

The lexicographic (strict priority) optimum can be approached
at any given precision by positive weighted sum scalarization,
i.e., for any ε > 0 there exists a set of positive weights 0 < w
such that ||f (x∗)− yL|| < ε, where x∗ is the solution of (13).
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Now question : what are the consequences of approaching a
desired task acceleration at a given precision ε, for the task
itself ?
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Definition

The solutions of a system χ̇ = ϕ(χ, t) are said to be uniformly
ultimately bounded (UUB) if there exists b > 0 and c > 0
such that, for every 0 < a < c, there exists T (a, b) > 0 such
that

||χ(0)|| < a ⇒ ∀t ≥ T (a, b), ||χ(t)|| < b . (14)

b is called an ultimate bound of the solutions. If a can be
arbitrarily large, i.e. if there exists b > 0 such that for every
a > 0 there exists T (a, b) > 0 such that

||χ(0)|| < a ⇒ ∀t ≥ T (a, b), ||χ(t)|| < b , (15)

then the solutions are said to be globally uniformly ultimately
bounded with ultimate bound b.
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Definition

The logarithmic norm associated with the vector norm ||.|| in
R2nk and its subordinate matrix norm ||.|| in R2nk×2nk is defined
as

µ(Ak) = lim
h→0+

||I + hAk || − 1

h
. (16)

It can be shown that µ(Ak) = λmax

[
1
2 (Ak + AT

k )
]
, the

maximum eigenvalue of 1
2 (Ak + AT

k ).
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Proposition

If µ(Ak) < 0 then, for any ε > 0, the differential inequality:

||τ̈k − τ̈dk ||2 < ε , (17)

results in ηk(t) globally uniformly ultimately bounded.
Moreover, for any t 7→ ε(t) > 0 such that ε(t) = O

(
e2µ(Ak )t

)
,

the differential inequality

||τ̈k − τ̈dk ||2 < ε(t) , (18)

implies, for every initial condition ηk(0),

ηk(t) −−−−→
t→+∞

0 . (19)

ηk =

(
ek
ėk

)
, η̇k = Akηk where Ak ∈ R2nk×2nk , ek = τk − τ rk , τ̈dk = τ̈ rk − Dk ėk − Pk ek ,

Ak =

(
0 Ink
−Pk −Dk

)
.
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Our aim here is to study the behavior of the system of ordinary
differential equations (ODEs) defined by

q̈ = argmin

p∑
k=1

wk ||τ̈k − τ̈dk ||2 . (20)
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Some notations...

vec

a11 · · · a1m
...

. . .
...

an1 · · · anm

 =



a11
...

an1
...
...

a1m
...

anm


. (21)
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Some properties...
For any vector X and matrices A, B and C such that ABC is
defined we have

X = vecX , (22)

vec(ABC ) = (CT ⊗ A) vecB , (23)

vec(AB) = (I ⊗ A) vecB , (24)

vec(AB) = (BT ⊗ I ) vecA . (25)
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Definition

There exists a so-called commutation matrix Knm, that is the
nm × nm permutation matrix which transforms vecAT into
vecA for any n ×m matrix A, i.e. ∀A ∈ Rn×m

vecAT = Kmn vecA.
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Definition

A matrix function F : S ⊂ Rn×m → Rp×q is differentiable at
C ∈ int(S) if there exists a matrix A(C ) ∈ Rmn×pq such that,
for U in a neighborhood of 0 in Rn×m, we have

vecF (C + U) = vecF (C ) + A(C ) vecU + o(||U||) . (26)

If A(C ) exists it is unique and the p × q matrix dF (C ;U)
defined by

vec dF (C ;U) = A(C ) vecU , (27)

is called the differential of F at C with increment U.
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Theorem

If F is differentiable at C then A(C ) defined in the previous
definition is the Jacobian of vecF with respect to vecX (X
denoting the variable of F ) that we will also call the Jacobian
of F at X

A(C ) = DF (C ) =
∂ vecF

∂ vecX

∣∣∣∣
C

. (28)
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Examples...
The differentials of the mappings GLn(R)→ Rn X 7→ X−1;
Rn×m → Rm×n, X 7→ XT ; and Rn×m → Rn×n, X 7→ XTX can
be derived respectively as:

d(X−1) = −X−1dX X−1 , (29)

d(XT ) = KnmdX , (30)

d(XTX ) = (Kmm + Im2)
(
Im ⊗ XT

)
dX . (31)
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This framework allows us to give a precise sense to the
expression

“
∂Jk(q)

∂q
” , (32)

as

Gk = DJk(q) =
∂ vec Jk(q)

∂q
. (33)
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Some last notation (for this part)...

γk : ξ 7→ ηk = γk(ξ) =

(
gk(q)− τ rk
Jk(q)q̇

)
. (34)

Jk(ξ) =

(
Jk(q) 0
∂[J(q)q̇]
∂q Jk(q)

)
. (35)

Γk = DJk(ξ) =
∂ vecJk
∂ξ

. (36)

B(ξ) =

p∑
k=1

wkJk(ξ)TJk(ξ) , (37)
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Proposition

Let us suppose B(ξ) > 0. The system

ξ̇ = argmin

p∑
k=1

wk ||η̇k − Akηk ||2 , (38)

has an equilibrium if and only if there exists ξ0 such that

p∑
k=1

wkJk(ξ0)TAkγk(ξ0) = 0 . (39)

In that case, the equilibrium is exponentially stable if and only if the
matrix

B−1
p∑

k=1

wk

((
γTk A

T
k ⊗ I2nk

)
K2nk2nΓk + J T

k AkJk
)
, (40)

evaluated at ξ0 is stable.
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In a nutshell, testing the stability of the multi-task control
system amounts to computing the eingenvalues of the matrix

B−1
p∑

k=1

wk

((
γTk AT

k ⊗ I2nk
)
K2nk2nΓk + J T

k AkJk
)
.
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Corollary

If all the tasks come from a planner, i.e. such that
∀k γk(ξ0) = 0, then ξ0 is an equilibrium point of (38). It is
exponentially stable if and only if[

p∑
k=1

wkJk(ξ0)TJk(ξ0)

]−1 p∑
k=1

wkJ (ξ0)Tk AkJk(ξ0) (41)

is stable.
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For the case of humanoid robot multi-task control, we can build
an explicit representation of the set X in:

“ min
x∈X

”f (x) = (||τ̈1− τ̈d1 ||2, . . . , ||τ̈p − τ̈dp ||2, ||u||2, ||λ̂||2) . (42)
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Lemma

For the humanoid problem, if Y = f (X ) is nonempty, then it is
Rp+2
= -convex and Rp+2

= -closed.
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By the Theorem of Hartley, we can “safely” consider the
weighted sum scalarization, spanning almost all Pareto-optimal
solutions, that writes as a QP

min
x

xTQx + lT x ,

subject to Hex = be , Hix 5 bi ,
(43)
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Some propositions...
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Proposition

If X is nonempty then (43) reaches a minimum at a unique
point, i.e. the solution exists and is unique.

Karim Bouyarmane Inria March 16, 2017 43 / 55



Multi-task control as a multiobjective optimization problem
Stabilility of multi-task control

Humanoid multi-task control as QP: robustness and continuity properties
Numerical Example

Definition

The system of equations and inequalities

Hex = be , Hix 5 bi . (44)

is said to be regular if He has full row rank and there exists x
such that Hex = be and Hix < bi .
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Proposition

Let x0 denote the solution of (43) at an initial point ξ0. If the system (44)
is regular, then there exists ε1 > 0 and K1 > 0 such that, for any update of
the state ξ or modelling error (in particular, in M(q), N(q, q̇), and the
various Jacobians of the robot) the perturbed system

(He + δHe)x = be + δbe , (Hi + δHi )x 5 bi + δbi , (45)

remains solvable and regular for those perturbations (δHe , δHi , δbe , δbi )
such that ∣∣∣∣∣∣∣∣(δHe

δHi

)∣∣∣∣∣∣∣∣ +

∣∣∣∣∣∣∣∣(δbeδbi

)∣∣∣∣∣∣∣∣ ≤ ε1 , (46)

and, denoting x any solution of (45) with δx = x − x0, we have

||δx || ≤

K1

(∣∣∣∣∣∣∣∣(δHe

δHi

)∣∣∣∣∣∣∣∣ +

∣∣∣∣∣∣∣∣(δbeδbi

)∣∣∣∣∣∣∣∣)max{1, ||x0||}(1 + ||x0||) . (47)
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Proposition

Let p = (δQ, δl , δHe , δHi , δbe , δbi ) denote a perturbation of the QP (43).
We suppose that He and He + δHe are both full row rank and that the
system (44) is regular at the initial state ξ0. Then there exists ε2 > 0 and
K2 > 0 such that the solution x∗ = x0 + δx of the perturbed QP

min
x

xT (Q + δQ)x + (l + δl)T x ,

subject to (He + δHe)x = be + δbe , (Hi + δHi )x 5 bi + δbi ,
(48)

exists and is unique and satisfies, whenever ||p||∞ < ε2

||x∗ − x0|| < K2||p||∞ . (49)
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Proposition

In the context and with the notations of the previous
proposition, the mapping p 7→ x∗ is well defined on a
neighborhood of 0 and continuous at 0.
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1 Multi-task control as a multiobjective optimization
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Figure: Example experiment with the HRP-4 humanoid robot.
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Figure: Tasks and state convergence when varying weights. We plot the trajectories for 27 runs with

different sets of weights whand,wcom,wq) ∈ {10−1, 102, 103}3.
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Figure: Tasks and state convergence from random initial states to assess stability of the system (20).
We plot the trajectories for 10 runs of the hand reaching experiment of the HRP-4 robot starting from 10
randomly sampled initial configurations in the upper-body of the robot (randomly sampled).
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Figure: Matrix stability for assessing the stability of the ODE. We discretized the (wpos,wcom,wq)

space in 50× 50× 50 grid in logartihmic scale ranging from 10−1 to 105 along each dimension of the
weight vector (wpos,wcom,wq) ∈ logspace(−1, 5, 50)3. We plot in color scale and surface plot the
maximum real part of the eigenvalues of the matrix from Proposition ??.
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Figure: All 112000 eigenvalues (counting multiplicities) of the 112x112 matrices from Proposition 4 for

1000 set of weights ranging in logarithmic scale from 10−1 to 105, i.e.
(whand,wcom,wq) ∈ logspace(−1, 5, 10)3. All the eigenvalues are located in the left complex half plane
which means they are stable.
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Conclusion

1 provide an a posteriori stability criterion, not a controller
design methodology

2 pure existence proof on the weights, not constructive ones

3 local asymptotic stability results, not global ones
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Thanks for your attention. Questions welcome.
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