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Multi-task control of humanoid robots has been formulated as

“min"f(x) = (|71 — AP 17— 7511%): (1)

A task is any “feature” we want to control on the robot
(e.g. whole posture, end-effector, CoM)

T : R” — R™ (2)

All the tasks cannot be realized perfectly (conflicts)

Necessity of a compromise between tasks

Two main approaches fighting against each other in the
community : weighted priority vs strict priority

Karim Bouyarmane Inria March 16, 2017
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The previous formulation is a particular instance of the general
multiobjective optimization problem (aka vector optimization):

)r(rg)r}f(x) = (fl(X)w--’fP(X))' (3)

e There is no “perfect” solution to the problem, the
so-called ideal point is not a solution in general

| _ . . _
Y = (min (), min fo(x) £ = F(X). (4
e There is a whole subset of X, or equivalently of
Y = f(X), of "optimal” solutions.
e There are different names for these solutions:
Pareto-optimal solution, efficient solution (x*),
nondominated point (y* = f(x*))

LO”O Karim Bouyarmane Inria March 16, 2017 4 /55
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Definitions
e x* is an efficient solution (resp. y* = f(x) is a
nondominated point of ))) if there is no x € X (resp.
y € Y) such that f(x) < f(x*) (resp y < y*), where <

denotes the componentwise order (y! < y? if

11

0001 1¢

1dPPRpsgg,
! 0ogy,

LT
)

Vk yi < y? and y! # y?).
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Definitions
e x* is an efficient solution (resp. y* = f(x) is a

nondominated point of ))) if there is no x € X (resp.
y € Y) such that f(x) < f(x*) (resp y < y*), where <
denotes the componentwise order (y! < y? if
Vk yl < y?Zand y! £ y?).
e The set of all nondominated points of ) is denoted Vy. It
is also known as The Pareto-optimal front.

0100 (4 Pf
Boidey
961009,
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Definitions

e x* is an efficient solution (resp. y* = f(x) is a
nondominated point of ))) if there is no x € X (resp.
y € Y) such that f(x) < f(x*) (resp y < y*), where <
denotes the componentwise order (y! < y? if
Vk yi < yfand yt # y?).

e The set of all nondominated points of ) is denoted Vy. It
is also known as The Pareto-optimal front.

*

e x* is an weakly efficient solution (resp. y* = f(x) is a
weakly nondominated point of ))) if there is no x € X
(resp. y € V) such that f(x) < f(x*) (resp y < y*),
where < denotes the strict componentwise order
(P <y?ifVk yt < y2)

Karim Bouyarmane Inria March 16, 2017 5 /55
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Our thesis : there is no mathematical justification for
favoring any efficient solution over another efficient
solution, they are all “legitimate”, and it is up to the user
and depending on the application to favor one over all the
others.

Karim Bouyarmane Inria March 16, 2017 6 / 55
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Question: where does the weighted priority vs strict priority

debate stand in all of this ?
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o

210010 F gy

Question: where does the weighted priority vs strict priority
debate stand in all of this ?
They are both so-called scalarization schemes of the vector

optimization problem.
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e The weighted-sum scalarization is defined as solving the
problem(s)

y"S(w) = miEZkak(x). (5)

(note : there is one such problem for each given set of
weights w)

e The lexicographic scalarization is defined as solving the
problem

ylex = Iexn}in (A(x),...,f(x)), (6)

Xe

Karim Bouyarmane Inria March 16, 2017 8 /55
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0

Theorem
The weighted-sum scalarization optimum with (strictly)
positive weights, and the lexicographic optimum, are two

particular efficient solutions
ylex S yN’

Vw >0 y"(w) e Yn.
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Jw >0y =y"s(w)

Question :
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01y
1001

k=1

-5 [Definitions
§
So(¥) =1y ey|2wkyk—rymn2vvkyk,0<w , (9)
H k=1
(V)=Sy"ey] Zwky;‘:;nei;}jwkyk, 0O<w
k=1
(10)
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Humanoid multi-task control as QP: robustness and continuity properties
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Theorem
So(Y) C Vun-

Converse:

Theorem
If V is REZ-convex then Sp(Y) = Vun

(A set is RE-convex if its Minkowsky sum with RZ is convex.

R’; is the non-negative quadrant of R”.)
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5 Theorem
§ S(y) C yN.

Converse? not true in general.
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Definition
A solution x* € X is called properly efficient if it is efficient
and IM >0 s.t. Vx e X, Vie {1,...,p}: fi(x) < fi(x*) =
Jje{1,...,p}\ {i} s.t. fi(x*) < f;(x) and

A = 609 _
fi(x) = fi(x*) ~

010010/,
100004y,

In that case the point f(x*) is said to be properly
nondominated in ) and the set of all properly nondominated

points of ) is denoted V.
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:5  Theorem (Geoffrion, 1968)
;:.%‘5 S(y) C ypN.
$ Converse :
e;: Theorem
o If ¥ is RZ-convex then S() = Von.
Is this the best we can hope for then ?

March 16, 2017 15 / 55
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10 years later...
Theorem (Hartley, 1978)
If YV is nonempty, RZ-convex and R2-closed then

Yn C cd(S(Y)).

cl denotes the topological closure. A set is Rg—closed if its

I
la”"”"ona,.u.‘

s
S
8

0,

Minkowsky sum with Rg is closed.
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ht"” conditions,

“rig
(11)

So we end up with, under the

S(YV) Cc Iy Ccd(S()) .

o’l’l’ﬂﬂtdarnng O11ggy
b

119
00]

and some Corollaries.

011000 5,
11010000110}
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Corollary 1
For any € > 0 and any index k, there exists a set of positive
weights 0 < w such that f,(x*) — y. < €, where x* denotes a

solution of problem (5).

March 16, 2017
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7,

Corollary 2
If a given task 7 is realizable exactly, i.e. dx € X' s.t. 7 =
then it can be reached with weighted-sum scalarization of (1)
with positive weights at any given precision, i.e. for any ¢ > 0
(12)

i

there exists 0 < w such that
I7(x*) = 7P <e,

o

019010 Phgygg

where x* is the solution of the w-weighted sum scalarization
of (1):
P
> il —#|1P. (13)
I=1

min
xeX

March 16, 2017 19 / 55
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101114,
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1001dPPgy,

0119,

010000110

Corollary 3
The lexicographic (strict priority) optimum can be approached
at any given precision by positive weighted sum scalarization,

i.e., for any € > 0 there exists a set of positive weights 0 < w

such that ||f(x*) — yt|| < e, where x* is the solution of (13).

March 16, 2017
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what are the consequences of approaching a

Now question

arm

0

desired task acceleration at a given precision ¢, for the task

itself ?

:ovan:b:ruu,se
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Definition
The solutions of a system x = ¢(x, t) are said to be uniformly
ultimately bounded (UUB) if there exists b > 0 and ¢ > 0
such that, for every 0 < a < ¢, there exists T(a, b) > 0 such
that

IX(O)[l <a = Vt=T(a,b), |Ix(®)l| <b.  (14)

b is called an ultimate bound of the solutions. If a can be
arbitrarily large, i.e. if there exists b > 0 such that for every
a > 0 there exists T(a, b) > 0 such that

IX(O)ll <a = vt =T(a,b), [IX(t)l| <b,  (15)

then the solutions are said to be globally uniformly ultimately
bounded with ultimate bound b.

oria Karim Bouyarmane Inria March 16, 2017 22 / 55
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009,
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Definition
The logarithmic norm associated with the vector norm |[|.|| in
R?™ and its subordinate matrix norm ||.|| in R2">2% is defined

as
w(Ag) = |
( k) h—0+

It can be shown that p(Ax) = Amax [3(Ax + Al)], the

1+ hA -1
m ——.

h

maximum eigenvalue of %(Ak +Al.

(16)

Karim Bouyarmane
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Proposition
If u(Ak) < 0 then, for any € > 0, the differential inequality:
(17)

17 = 712 <e,

results in 7, (t) globally uniformly ultimately bounded.
Moreover, for any t +— ¢(t) > 0 such that ¢(t) = O (eZN(Ak) ),

ﬂ the differential inequality
; 17 — 7112 < e(t), (18)
implies, for every initial condition 7,(0),
k() PR 0 (19)

24 / 55

e.‘; , Nk = Agny where Ay € R2% X2 o = 1y — 1f 7 = [ — Dyéy — Pyey,
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® Stabilility of multi-task control

01
100001 |n|onfdffﬂﬂl’lll
20145
1

s
S
s
s

011011

March 16, 2017 25 / 55

Karim Bouyarmane Inria




Multi-task control as a multiobjective optimization problem
Stabilility of multi-task control

Humanoid multi-task control as QP: robustness and continuity properties
Numerical Example

Our aim here is to study the behavior of the system of ordinary

§ differential equations (ODEs) defined by

&

5 G = argmin Zwk||7‘k — 7412, (20)
§3 k=1

March 16, 2017 26 / 55
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= Some notations...
e ai
eg dnl
$ al o adim
£
a2 .
5 vec = . (21)
gg anl *°°  dnm

3 aim

anm
Inria March 16, 2017 27 / 55
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Some properties...
For any vector X and matrices A, B and C such that ABC is
defined we have

X = vecX, (22
vec(ABC) = (CT @ A)vecB, (23
vec(AB) = (I® A)vecB, (24
vec(AB) = (BT @1/)vecA. (25

~— —r N

Karim Bouyarmane Inria March 16, 2017 28 / 55
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£ Definition

gs There exists a so-called commutation matrix K,,, that is the
§ nm x nm permutation matrix which transforms vec AT into
S vec A for any n x m matrix A, i.e. YA € R™™

vec AT = K, vec A.

March 16, 2017 29 / 55
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Definition
A matrix function F : S C R"™™ — RP*4 is differentiable at
C € int(S) if there exists a matrix A(C) € R™*P9 such that,

for U in a neighborhood of 0 in R™*™, we have
vec F(C+ U) =vecF(C) + A(C)vec U+ o(||U]]).  (26)

1010010 Phgyqq, "
“000py 10110

defined by
vecdF(C; U) = A(C)vec U, (27)

is called the differential of F at C with increment U.

If A(C) exists it is unique and the p x g matrix dF (C; U)

March 16, 2017 30 / 55
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1
10111011099, 14

If F is differentiable at C then A(C) defined in the previous

Theorem
§§ definition is the Jacobian of vec F with respect to vec X (X
§ denoting the variable of F) that we will also call the Jacobian
of Fat X -
vec
A(C)=DF(C)= ——| . 28
(€)= DF(C) = s (28)
Inria March 16, 2017 31 /55
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Examples...
The differentials of the mappings GL,(R) — R” X s X!
RPXM 5 RMX X s XT:and R™M — R™", X 5 XTX can

be derived respectively as:

dX~1) = —Xldxx1, (29)

5 d(XT) = Knde7 (30)
(31)

d(XTX) = (Ko + L) (/m ® XT) dX.

March 16, 2017 32 /55
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This framework allows us to give a precise sense to the
H expression

§ oJ

« 0la) . (32)
& q

;o vec J(q)

vec Ji(q

g Gk = DJk(q) = “aq (33)

0110100
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Some last notation (for this part)...

J(q)a

J 0
Tk(€) = (a[lj(q))] Jk(q)>'

g

oq

0 vec jk

Mk =DJk(&) = ot

Z wi Tk (&) T Tk(€),

Karim Bouyarmane Inria

Pk = (€)= (gk(q) _-Tl£> :
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Proposition
Let us suppose B(§) > 0. The system

p
& = argmin Z wie| |7 — Armiel|?
k=1

has an equilibrium if and only if there exists £° such that

“oo, 5811000

P
> wieTi(€0)T A(€%) = 0.

k=1

1010019 PPegygg,,

matrix
<(%<TA/<T ® hn,) Kan2nl i + jkTAkjk) ; (40)

P
N
k=1

Inria

. evaluated at £ is stable.
Oriv Karim Bouyarmane

In that case, the equilibrium is exponentially stable if and only if the

(38)

(39)

March 16, 2017

35 /55



Multi-task control as a multiobjective optimization problem
Stabilility of multi-task control

Humanoid multi-task control as QP: robustness and continuity properties
Numerical Example

In a nutshell, testing the stability of the multi-task control
system amounts to computing the eingenvalues of the matrix

P
B! Z W <(7kTAkT ® hn, ) Kone2nlk + JkTAka> .

Karim Bouyarmane Inria March 16, 2017 36 / 55
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Corollary

* If all the tasks come from a planner, i.e. such that
H Vk v, (£9) = 0, then £° is an equilibrium point of (38). It is
§ exponentially stable if and only if
S; p )
D o wT()TT(E)| D wk T () AT(E®)  (41)

: k=1 k=1

is stable. )

March 16, 2017 37 /55
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For the case of humanoid robot multi-task control, we can build

an explicit representation of the set X in:
TR . ..d . .d ~
min"f(x) = (172 =71 1%, -, [[Fo = 75 1% [ul 2, [1A?) - (42)

L TTTP

:ovan:b:ruu,se‘

March 16, 2017 39 / 55

Inria

Karim Bouyarmane




Stabilility of multi-task control

Multi-task control as a multiobjective optimization problem
Humanoid multi-task control as QP: robustness and continuity properties

Numerical Example

110001 1011010000

Lemma
For the humanoid problem, if Y = f(X) is nonempty, then it is

FdPragy,
ooy

2 2
RPT*_convex and R *_closed.

001

111011000y,

1011000110110100001 10}
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By the Theorem of Hartley, we can “safely” consider the
weighted sum scalarization, spanning almost all Pareto-optimal
solutions, that writes as a QP

Gideyp,,

min x" Qx + 1" x,
: X (43)
subject to Hex = be, Hix < b;,

Karim Bouyarmane Inria March 16, 2017 41 / 55
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0110001101 1010000

Some propositions...

FdPragy,
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111011000y,
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19110001101 101900

0,

Proposition
If X is nonempty then (43) reaches a minimum at a unique

| l’f’lﬂ!{!ﬂmw oy
]

point, i.e. the solution exists and is unique.
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Definition
The system of equations and inequalities

Hex = be, Hix < b;.

is said to be regular if He has full row rank and there exists x

such that H.x = be and H;x < b;.

(44)

Inria
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Proposition

Let x° denote the solution of (43) at an initial point £°. If the system (44)
is regular, then there exists €1 > 0 and K1 > 0 such that, for any update of
the state £ or modelling error (in particular, in M(q), N(q,q), and the
various Jacobians of the robot) the perturbed system

(He+§He)X: be+5be, (H,'+(5H,‘)X § b,‘+§b,', (45)

remains solvable and regular for those perturbations (0He, dHi, d be, 0 b;)

such that
|GG )] <o (o

and, denoting x any solution of (45) with §x = x — x°, we have

w (Gl 1Ga)

Karim Bouyarmane Inria March 16, 2017 45 / 55
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Proposition
Let p=(0Q,0/,0He, dHi, dbe, 0b;) denote a perturbation of the QP (43).

We suppose that He and He + dH. are both full row rank and that the
system (44) is regular at the initial state £°. Then there exists e, > 0 and

KC2 > 0 such that the solution x* = x° 4+ dx of the perturbed QP
(48)

“oo, 5811000

min x (Q 4+ 6Q)x + (I + /)" x,
subject to (He + dHe)x = be + 0be, (Hi + dH;i)x < bi + 0b;

(49)

J
S
3
3
S

exists and is unique and satisfies, whenever ||p||s < €
X" = x°I| < Kallplloo -
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F Proposition

g In the context and with the notations of the previous
§ proposition, the mapping p — x* is well defined on a
neighborhood of 0 and continuous at 0.
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Z2 Figure: Example experiment with the HRP-4 humanoid robot.
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Figure: Tasks and state convergence when varying weights. We plot the trajectories for 27 runs with
different sets of weights Whand, Weom, Wq) € {10_1, 102, 103}3.
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Flgure: Tasks and state convergence from random initial states to assess stability of the system (20).

. randomly sampled i
Karim Bouyarmane

Inria

We plot the trajectories for 10 runs of the hand reaching experiment of the HRP-4 robot starting from 10
tial configurations in the upper-body of the robot (randomly sampled).
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space in 50 X 50 X 50 grid in logartihmic scale ranging from 10~ to 10° along each dimension of the
weight vector (wpos, Weom, Wq) € logspace(—1, 5, 50)3. We plot in color scale and surface plot the

Matrix stability for assessing the stability of the ODE. We discretized the (Wpos, Weom , Wq)

Figure:

maximum real part of the eigenvalues of the matrix from Proposition 7.
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Figure: All 112000 eigenvalues (counting multiplicities) of the 112x112 matrices from Proposition 4 for

storen 1000 set of weights ranging in logarithmic scale from 1071 t0 10°, ie.
(Whand > Weom s Wq) € logspace(—1,5, 10)3. All the eigenvalues are located in the left complex half plane
. which means they are stable.
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Conclusion

@ provide an a posteriori stability criterion, not a controller
design methodology

@ pure existence proof on the weights, not constructive ones

© local asymptotic stability results, not global ones
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Thanks for your attention. Questions welcome.
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